
4.6 Normal Distribution

AA HL



4.6.1 The Normal Distribution

Properties of Normal Distribution

The bino mial distributio n is an example o f a discrete pro bability distributio n. The no rmal distributio n is

an example o f a co ntinuo us  pro bability distributio n.

What  is a cont inuous random  variable?

A co ntinuo us rando m variable (o ften abbreviated to  CRV) is a rando m variable that can take any

value  within a range o f in�nite values

Co ntinuo us rando m variables usually measure  so mething

Fo r example, height, weight, time, etc

What  is a cont inuous probabilit y dist ribut ion?

A co ntinuo us pro bability distributio n is a pro bability distributio n in which the rando m variable X  is

co ntinuo us

The pro bability o f X  being a particular value is always z ero

P(X=k)=0  fo r any value k

Instead we de�ne the pro bability density f unctio n f (x)   fo r a speci�c value

This is a functio n that describes the relative likeliho o d  that the rando m variable wo uld be

clo se to  that value

We talk abo ut the pro bability  o f X  being within a certain range

A co ntinuo us pro bability distributio n can be represented by a co ntinuo us graph (the values fo r X
alo ng the ho riz o ntal axis and pro bability density  o n the vertical axis)

The area under the graph between the po ints x=a  and x=b  is equal to  P(a≤X≤b)

The to tal area under the graph equals 1

As P(X=k)=0fo r any value k, it do es no t matter if we use strict o r weak inequalities

P(X≤k)=P(X<k) fo r any value k when X is a co ntinuo us rando m variable

What  is a norm al dist ribut ion?

A no rmal distributio n is a co ntinuo us pro bability distributio n

The co ntinuo us rando m variableX  can fo llo w a no rmal distributio n if:

The distributio n is symmetrical

The distributio n is bell-shaped

If X  fo llo ws a no rmal distributio n then it is deno ted X∼N(μ, σ2)

μ is the mean

σ  is the variance2
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σ is the standard deviatio n

If the mean changes then the graph is translated ho riz o ntally

If the variance  increases then the graph is widened ho riz o ntally  and made taller vertically  to

maintain the same area

A small variance  leads to  a tall curve with a narro w centre

A large variance  leads to  a sho rt  curve with a wide  centre

What  are t he im port ant  propert ies of  a norm al dist ribut ion?

The mean is μ
The variance  is σ

If yo u need the standard deviatio n remember to  square ro o t this

The no rmal distributio n is symmetrical abo ut

Mean = Median = Mo de = μ
There are the results:

Appro ximately two -thirds (68%) o f the data lies within o ne standard deviatio n o f the mean

(μ ± σ)

Appro ximately 95% o f the data lies within two  standard deviatio ns  o f the mean (μ ± 2σ)

Nearly all o f  the data (99.7 %) lies within three standard deviatio ns  o f the mean (μ ± 3σ)

2
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Modelling with Normal Distribution

What  can be m odelled using  a norm al dist ribut ion?

A lo t o f real-life co ntinuo us variables can be mo delled by a no rmal distributio n pro vided that the

po pulatio n is large eno ugh and that the variable is symmetrical with o ne mo de

Fo r a no rmal distributio n X  can take any real value, ho wever values far fro m the mean (mo re than 4

standard deviatio ns away fro m the mean) have a pro bability density o f practically z ero

This fact allo ws us to  mo del variables that are no t de�ned fo r all real values such as height

and weight

What  can not  be m odelled using  a norm al dist ribut ion?

Variables which have mo re than o ne mo de  o r no  mo de

Fo r example: the number given by a rando m number generato r

Variables which are no t symmetrical

Fo r example: ho w lo ng a human lives fo r

Exam T ip

An exam questio n might invo lve di�erent types o f distributio ns so  make it clear which

distributio n is being used fo r each variable

a)

b)

Worked example

The rando m variable S  represents the speeds (mph) o f a certain species o f cheetahs when they

run. The variable is mo delled using N(40, 100) .

Write do wn the mean and standard deviatio n o f the running speeds o f cheetahs.

State two  assumptio ns that have been made in o rder to  use this mo del.
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4.6.2 Calculations with Normal Distribution

Calculating Normal Probabilities

Thro ugho ut this sectio n we will use the rando m variable X∼N(μ, σ2) . Fo r X distributed no rmally, X

can take any real number. Therefo re any values mentio ned in this sectio n will be assumed to  be real

numbers.

How do I �nd probabilit ies using  a norm al dist ribut ion?

The area under a no rmal curve  between the po ints x=a  and x=b  is equal to  the pro bability 

P(a<X<b)

Remember fo r a no rmal distributio n yo u do  no t need to  wo rry abo ut whether the inequality is

strict (< o r >) o r weak (≤ o r ≥)

P(a<X<b)=P(a≤X≤b)

Yo u will be expected to  use  distributio n functio ns o n yo ur GDC  to  �nd the pro babilities when

wo rking with a no rmal distributio n

How do I calculat e P(X = x): t he probabilit y of  a sing le value f or a norm al

dist ribut ion?

The pro bability o f a single value  is always z ero  fo r a no rmal distributio n

Yo u can picture this as the area o f a single line is z ero

P(X=x)=0
Yo ur GDC is likely to  have a "No rmal Pro bability Density" functio n

This is so metimes sho rtened to  NPD, No rmal PD o r No rmal Pdf

IGNORE T HIS FUNCT ION fo r this co urse!

This calculates the pro bability density f unctio n at a po int NOT  the pro bability

How do I calculat e P(a < X < b): t he probabilit y of  a rang e of  values f or a norm al
dist ribut ion?

Yo u need a GDC  that can calculate cumulative no rmal pro babilities

Yo u want to  use the "No rmal Cumulative Distributio n" functio n

This is so metimes sho rtened to  NCD, No rmal CD o r No rmal Cdf

Yo u will need to  enter:

The 'lo wer bo und' - this is the value a

The 'upper bo und' - this is the value b

The 'μ' value - this is the mean

The 'σ' value - this is the standard deviatio n

Check the o rder caref ully  as so me calculato rs ask fo r standard deviatio n befo re mean

Remember it is the standard deviatio n
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so  if yo u have the variance then square ro o t it

Always sketch a quick diagram to  visualise which area yo u are lo o king fo r

How do I calculat e P(X > a) or P(X < b) f or a norm al dist ribut ion?

Yo u will still use the "No rmal Cumulative Distributio n" functio n

P(X>a)  can be estimated using an upper bo und that is su�ciently bigger than the mean

Using a value that is mo re than 4 standard deviatio ns bigger than the mean is quite accurate

Or an easier o ptio n is just to  input lo ts o f 9's fo r the upper bo und (99999999... o r 10 )

P(X<b)  can be estimated using a lo wer bo und that is su�ciently smaller than the mean

Using a value that is mo re than 4 standard deviatio ns smaller than the mean is quite accurate

Or an easier o ptio n is just to  input lo ts o f 9's fo r the lo wer bo und with a negative sign

(-99999999... o r -10 )

Are t here any usef ul ident it ies?

P(X<μ)=P(X>μ)=0 .5
As P(X=a)=0  yo u can use:

P(X<a)+P(X>a)=1
P(X>a)=1−P(X<a)

P(a<X<b)=P(X<b)−P(X<a)

These are useful when:

The mean and/o r standard deviatio n are unkno wn

Yo u o nly have a diagram

Yo u are wo rking with the inverse distributio n

Exam T ip

Check carefully whether yo u have entered the standard deviatio n o r variance into  yo ur GDC

99

99
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i)

ii)

iii)

Worked example

The rando m variable Y∼N(20,52) . Calculate:

P(Y=20) .

P(18≤Y<27) .

P(Y>29)
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Inverse Normal Distribution

Given t he value of  P(X < a) how do I �nd t he value of  a?

Yo ur GDC  will have a functio n called "Inverse No rmal Distributio n"

So me calculato rs call this InvN

Given that P(X<a)=p  yo u will need to  enter:

The 'area' - this is the value p

So me calculato rs might ask fo r the 'tail' - this is the left tail as yo u kno w the area to  the left

o f a

The 'μ' value - this is the mean

The 'σ' value - this is the standard deviatio n

Given t he value of  P(X > a)  how do I �nd t he value of  a?

If yo ur calculato r do es  have the tail o ptio n (left, right o r centre) then yo u can use the "Inverse

No rmal Distributio n" functio n straightaway by:

Selecting 'right' fo r the tail

Entering the area as 'p'

If yo ur calculato r do es no t  have the tail o ptio n (left, right o r centre) then:

Given P(X>a)=p
Use P(X<a)=1−P(X>a)  to  rewrite this as

P(X<a)=1−p
Then use the metho d f o r P(X < a) to  �nd a

Exam T ip

Always check yo ur answer makes sense

If P(X < a) is less than 0.5 then a sho uld be smaller than the mean

If P(X < a) is mo re than 0.5 then a sho uld be bigger than the mean

A sketch will help yo u see this
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Worked example

The rando m variable  W∼N(50, 36) .

Find the value o f w  such that P(W>w)=0 .175.
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4.6.3 Standardisation of Normal Variables

Standard Normal Distribution

What  is t he st andard norm al dist ribut ion?

The standard no rmal distributio n is a no rmal distributio n where the mean is 0 and the standard

deviatio n is 1

It is deno ted by Z
Z∼N(0, 12)

Why is t he st andard norm al dist ribut ion im port ant ?

Any no rmal distributio n curve  can be transfo rmed to  the standard no rmal distributio n curve by a

ho riz o ntal translatio n and a ho riz o ntal stretch

Therefo re we have the relatio nship:

Z=
X−μ
σ

Where X∼N(μ, σ2)  and Z∼N(0, 12)

Pro babilities are related by:

P(a<X<b)=P
⎛
⎜
⎜

⎝

a−μ
σ <Z<

b−μ
σ

⎞
⎟
⎟

⎠
This will be useful when the mean o r variance is unkno wn

So me mathematicians use the functio n Φ(z)  to  represent P(Z<z)

z-values

What  are z-values (st andardised values)?

Fo r a no rmal distributio n X∼N(μ, σ2) the z-value (standardised value) o f an x-value tells yo u

ho w many standard deviatio ns it is away fro m the mean

If z = 1 then that means the x-value is 1 standard deviatio n bigger than the mean

If z = -1 then that means the x-value is 1 standard deviatio n smaller than the mean

If the x-value is mo re than the mean then its co rrespo nding z-value will be po sitive

If the x-value is less than the mean then its co rrespo nding z-value will be negative

The z-value can be calculated using the fo rmula:

z=
x−μ
σ

This is given in the f o rmula bo o klet

z-values can be used to  co mpare values fro m di�erent distributio ns
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Finding Sigma and Mu

How do I �nd t he m ean (μ) or t he st andard deviat ion (σ) if  one of  t hem  is unknown?

If the mean o r standard deviatio n o f X∼N(μ, σ2)  is unkno wn then yo u will need to  use the

standard no rmal distributio n

Yo u will need to  use the fo rmula

z=
x−μ
σ  o r its rearranged fo rm x=μ+σz

Yo u will be given a pro bability f o r a speci�c value  o f

P(X<x)=p  o r P(X>x)=p
To  �nd the unkno wn parameter:

ST EP 1: Sketch the no rmal curve

Label the kno wn value and the mean

ST EP 2: Find  the z-value  fo r the given value o f x

Use the Inverse No rmal Distributio n to  �nd the value o f z  such that P(Z<z)=p  o r 

P(Z>z)=p
Make sure the directio n o f the inequality fo r Z  is co nsistent with the inequality fo r X
Try to  use lo ts o f  decimal places  fo r the z-value o r sto re yo ur answer to  avo id ro unding

erro rs

Yo u sho uld use at least o ne extra decimal place within yo ur wo rking than yo ur intended

degree o f accuracy fo r yo ur answer

ST EP 3: Substitute  the kno wn values into  z=
x−μ
σ  o r x=μ+σz

Yo u will be given and o ne o f the parameters (μ o r σ) in the questio n

Yo u will have calculated z in STEP 2

ST EP 4 : So lve  the equatio n

How do I �nd t he m ean (μ) and t he st andard deviat ion (σ) if  bot h of  t hem  are
unknown?

If bo th o f them are unkno wn then yo u will be given two  pro babilities fo r two  speci�c values o f x

The pro cess is the same as abo ve

Yo u will no w be able to  calculate two  z -values

Yo u can fo rm two  equatio ns  (rearranging to  the fo rm x=μ+σz  is helpful)

Yo u no w have to  so lve the two  equatio ns simultaneo usly  (yo u can use yo ur calculato r to  do

this)

Be careful no t to  mix up which z -value go es with which value o f x
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Worked example

It is kno wn that the times, in minutes, taken by students at a scho o l to  eat their lunch can be

mo delled using a no rmal distributio n with mean μ minutes and standard deviatio n σ minutes.

Given that 10%  o f students at the scho o l take less than 12 minutes to  eat their lunch and 5%  o f

the students take mo re than 40 minutes to  eat their lunch, �nd the mean and standard deviatio n

o f the time taken by the students at the scho o l.
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