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4.5.1Discrete Probability Distributions

Discrete Probability Distributions
Whatis adiscreterandom variable?

= Arandomvariable is avariable whose value depends onthe outcome of arandomevent
= Thevalue of the randomyvariable is not knownuntil the eventis carried out (this is whatis
meant by 'random’'inthis case)

= Randomyvariables are denoted usinguppercaseletters (X, Y etc)
= Particularoutcomes ofthe eventare denoted usinglowercase letters (X, y, etc)

= P(X= X) means "the probability of the randomvariable X taking the value X"
= Adiscreterandomyvariable (oftenabbreviated to DRV) canonlytake certainvalues withinaset
= Discreterandomyvariables usually count something
= Discreterandomyvariables usuallycan only take afinite numberof values butitis possible that
it cantake aninfinite numberof values (see the examples below)
= Examples of discrete randomvariables include:
= The numberoftimesacoinlands onheadswhenflipped 20 times
= this has afinite numberofoutcomes:{0,1,2,..,20}
= The numberof emails amanagerreceives withinanhour
= this has aninfinite numberofoutcomes:{1,2,3,..}
= The numberoftimesadiceisrolleduntilitlandsonaé
= this has aninfinite numberofoutcomes:{1,2,3,..}
= The numberthatadicelands onwhenrolled once
= this has a finite numberof outcomes:{1,2,3,4,5,6}

Whatis aprobabilitydistribution of adiscreterandom variable?

= Adiscrete probability distributionfullydescribes allthe values that adiscrete random variable
cantake alongwiththeirassociated probabilities
= Thiscanbe giveninatable
= QOritcanbegivenas afunction(called adiscrete probabilitydistributionfunctionor"pdf")
= Theycanberepresented byverticalline graphs (the possible values foralong the horizontal
axis and the probability on the vertical axis)
= Thesumof the probabilities of allthe values of adiscrete randomvariableis 1

= This is usuallywritten ZP(X= x)=1
= Adiscrete uniformdistributionis one where the randomvariable takes afinite numberof values
eachwithanequal probability

1

= |fthere are nvalues thenthe probabilityof eachoneis ;
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Howdo lcalculate probabilities using a discrete probability distribution?

= Firstdraw atable to represent the probability distribution
= [fitis givenas afunctionthenfind each probability
= |f anyprobabilities are unknownthenuse algebrato represent them
» Formanequationusing ZP(X=X) =1
= Addtogetherall the probabilities and make the sumequalto 1
» Tofind P(X=k)
» IfKisa possible value of the randomvariable X then P(X= k) will be giveninthe table
« Ifkisnotapossiblevalue then P(X=k) =0
= To find P(XS]()
= |dentifyallpossible values,XI., that X cantake which satisfyXI. <k

= Addtogetheralltheircorresponding probabilities
- P(X<k)= 2. P(X=x)
XI.SI{ !
= Some mathematicians use the notation F(X) to represent the cumulative distribution
- F(x)=P(X<x)
= Usingasimilarmethod youcanfind P(X<k),P(X> k) and P(XZ k)
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= As allthe probabilities add up to lyou canformthe following equivalent equations:
« P(X<k)+P(X=k)+P(X>k)=1
- P(X>k)=1-P(X<k)
« P(X>k)=1-P(X<k)

Howdo Ilknowwhichinequalitytouse?

. P(XS k) would be used forphrases suchas:
= Atmost,no greaterthan,etc

. P(X< k) would be used forphrases suchas:
= Fewerthan

. P(XZ k) would be used forphrases suchas:
= Atleast,no fewerthan,etc

. P(X> k) would be used forphrases suchas:
= Greaterthan,etc
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@ Worked example
The probability distribution of the discrete random variable X is given by the function
kx? x=-3,-1,2,4

0 otherwise.

P(X=X)={

a) 1

Show that k = % .

Construct o +able

X =3 -V| 2| &
- lok Substitute n the values of x
(X-x) q k k A' k e.%‘ P(x= -33__ k(-3)l= qk

~__

The probabilities add up to 1
A +k+ bk +lbl =1
30k =)

b)  cCalculate P(X'<3).
Shditwte k info the probabilities

% S3-V 2 4
X¢3: X=-3,-,2
P(X 53) 2 P(X=-3) 4 P(x:'\)‘*P(XQ)
3 | 2
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4.5.2 Expected Values

Expected Values E(X)
What does E(X)meanand howdo lcalculate E(X)?

= E(X)means the expected value orthe meanof arandomvariable X
= The expected value doesnotneed to be anobtainable value of X
= Forexample:the expected value numberoftimes acoinwillland ontails when flipped 5 times
is2.5
= Foradiscreterandomvariable,itis calculated by:

= Multiplying eachvalue of X withits corresponding probability
= Addingallthese terms together

E(X) =2 xP(X=x)

= Thisis giveninthe formulabooklet
= |ookoutforsymmetrical distributions (where the values of Xare symmetrical and their
probabilities are symmetrical) as the mean of theseis the same as the median
= Forexample:if Xcantake the values1,5,9 with probabilities 0.3,0.4,0.3 respectivelythen by
symmetry the meanwould be 5

Howcanldecideif agameis fair?

= Let Xbe therandomyvariable that represents the gain/loss of aplayerinagame
= Xwillbe negativeif thereis aloss
= Normallythe expected gainorloss is calculated bysubtracting the cost to play the game from
the expected value of the prize
= _|If E(X)is positive thenit means the playercanexpect to make a gain
= |f E(X) is negative thenit means the playercanexpect to make aloss
= The gameis called fairif the expected gainis O
= E(X=0
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@ Worked example

Daphne pays $15 to playa game where she wins a prize of $1,$5, $10 or $100. The random variable

W represents the amount she wins and has the probability distribution shownin the following
table:

10

w 1 5 100

P(W=w)| 035 | 05 | 0.05 0.1
a) Calculate the expected value of Daphne's prize.

Expected value of a

Fomu\a book‘d discrete random E(X)=)xP(X=x)

variable X'

E(W)= ZNP(N‘—' w\
= |x0.35 + 5x05 + |0x0:0§+10DA0.|

Expected value = $13.35

b) Determine whetherthe game is fair.

A qome s fair s expected go‘m/loas is 0

Pize - Cost
3.35 -15 =-1.65

Expeded loss is $| b5 so qome is not fair
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