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4.5.1The Binomial Distribution

Properties of Binomial Distribution
Whatis abinomialdistribution?

= Abinomialdistributionis adiscrete probability distribution
= Adiscreterandomvariable X follows abinomial distributionif it counts the number of
successes whenanexperiment satisfies the following conditions:
= There are a fixed finite number of trials (n)
= The outcome of eachtrialisindependent of the outcomes of the othertrials
= There are exactly two outcomes of eachtrial (success or failure)
= The probability of successis constant (p)
= If X follows abinomial distributionthenitis denoted X"'B(H,p)
= nisthe number of trials
= pisthe probability of success
= The probability of failureis 1- pwhichis sometimes denoted as g
= The formulaforthe probability of rsuccessfultrials is given by:

. P(X=r)=HCrXp’(1 —p)”‘fforr=0, 1,2,...,n

n!
= ﬂCr=mwheren!=HX(n—I)X(n—2)X...X3X2X1

= Youwillbe expected to use the distributionfunctiononyour GDC to calculate probabilities
with the binomial distribution

What aretheimportant properties of abinomial distribution?

= The expected number (mean)of successfultrialsis
E(X)=np

= Youare giventhisinthe formulabooklet
= The variance of the numberof successfultrialsis

Var(X) =np(1 - p)

= Youare giventhisinthe formulabooklet
= Squarerootto getthe standard deviation
= The distributioncanbe represented visuallyusing avertical line graph
= |f pisclose to O thenthe graphhas atailto the right
= |f piscloseto1thenthe graphhas atailto the left
= |f piscloseto 0.5thenthe graphis roughly symmetrical
= If p=0.5thenthe graphis symmetrical
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Modelling with Binomial Distribution
Howdolsetup abinomialmodel?

= |dentify what atrialis inthe scenario
= Forexample:rollingadice, flippingacoin,checkinghaircolour
= Identify whatthe successfuloutcomeisinthe scenario
= Forexample:rollingaé,landing ontails, having black hair
= |dentify the parameters
= nis the numberof trials and pis the probabilityof success ineach trial
= Make sure youclearly state what yourrandomvariable is

= Forexample, let X be the numberof studentsinaclass of 30 with black hair

What canbe modelledusing abinomial distribution?

= Anythingthatsatisfies the four conditions

= Forexample:let T be the numberof times afaircoinlands ontails when flipped 20 times:
= Atrialis flippingacoin:There are 20 trials so n=20
= Wecanassumeeachcoinflipdoesnotaffectsubsequentcoinflips:theyareindependent
= Asuccessis whenthe coinlands ontails:Two outcomes - tails ornot tails (heads)
= The coinis fair: The probability of tails is constant withp=0.5
= Sometimes it might seemlike there are more thantwo outcomes
= Forexample:let Y be the numberofyellow cars thatare inacarpark fullof 100 cars
= Althoughthere are more thantwo possible colours of cars, here the trialis whetheracaris
yellow so there are two outcomes (yellow ornotyellow)
» Y would stillneed to fulfilthe otherconditions inorderto follow a binomial distribution
= Sometimes asample may be takenfromapopulation
= Forexample:30% of peopleinacityhave blue eyes,asample of 30 people fromthe cityis
takenand X is the numberof themwith blue eyes
= Aslongasthe populationis large and the sample is random thenit canbe assumed that
eachpersonhas a30% chance of having blue eyes

What cannot be modelledusing abinomialdistribution?

= Anything where the numberof trials is not fixed oris infinite
= The numberofemailsreceivedinanhour
= The numberoftimesacoinis flippeduntilitlands onheads
= Anythingwhere the outcome of one trial affects the outcome of the other trials
= The numberofcaramels thatapersoneats whentheyeat 5 sweets fromabagcontaining 6
caramels and 4 marshmallows
= [fyoueatacaramelforyourfirstsweetthenthere areless caramels leftinthe bagwhen
youchooseyoursecond sweet
= Anything where there are more thantwo outcomes of a trial
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= Aperson'sshoesize
= The numberadicelands onwhenrolled
= Anythingwhere the probability of success changes
= The numberoftimes thatapersoncanswimalengthofaswimmingpoolinunderaminute

when swimming 50 lengths
= The probabilityof swimmingalapinunderaminute willdecrease as the persongets

tired
= The probabilityis not constant

O ExamTip

= Anexamquestionmightinvolve different types of distributions so make it clearwhich
distributionis beingused foreachvariable

@ Worked example

Itis knownthat 8% of alarge populationare immune to a particularvirus. Mark takes asample of
50 people fromthis population.Mark uses abinomialmodelforthe numberof people in his
sample that are immune to the virus.

a) State the distribution that Mark uses.
A trial is Lheckina i+ a person is immune to the  virus
A suuess 1s i the person is immune.
Let X be the aumber of pesple in the sample immune to the virus

X~ B(50,0.08)

Probability of
Number of gl
people it\\sa/w‘nple bkeing immune. o the virus

b) State two assumptions that Mark must make inorderto use abinomialmodel.

Mark needs to assume that :

*each person in the population has an 7 chance
of being immune

‘the sample is random and the people are independent
a person being immune does not affect the
immuaif'a of others

FM' ex(m\p\ee
If ol 5D came from the same family then
they would not be independent

c) Calculated the expected numberof peopleinthe sample that are immune to the virus.
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Fm-mula book\ef %i(n:)nB'\iFrll ::I;]s)tribution

E(X) = 50x 008 i Lo

L people

4.5.2 Calculating Binomial Probabilities

Calculating Binomial Probabilities

Throughout this sectionwe will use the random variable X ~ B(I], p) .Forbinomial, the probability of

X takinganon-integerornegative value is always zero. Therefore anyvalues of X mentioned in this
sectionwillbe assumed to be non-negative integers.

Howdolcalculate P(X= x): the probabilityof asingle value for abinomial
distribution?

= Youshould have a GDC that cancalculate binomial probabilities
= Youwantto use the "Binomial Probability Distribution" function

= Thisis sometimes shortened to BPD,Binomial PD orBinomial Pdf
= Youwillneedto enter:

= The X'value - the value of xforwhichyouwant to find P(X= X)
= The 'n'value -the number of trials
= The p'value - the probability of success
= Some calculators will give youthe option of listing the probabilities for multiple values of xat
once
= Thereis aformulathatyoucanuse butyouare expected to be able to use the distribution
functiononyourGDC

n P(X: X) =HCX XpX(l —p)II_X
n!

n -_—
x rflln-1)!

Howdo lcalculate P(a< X< b): the cumulative probabilities forabinomial
distribution?

= Youshould have a GDC that cancalculate cumulative binomial probabilities
= Mostcalculators will find P(a < X< b)

= Some calculators canonlyfind P(XS b)
= Theidentities below willhelpinthis case
= Youshould use the "Binomial Cumulative Distribution" function
= Thisis sometimes shortened to BCD, Binomial CD orBinomial Cdf
= Youwillneedto enter:
= Thelowervalue - thisis the value a
= This canbezerointhecaseP(XS b)
= The uppervalue - thisis the value b

= This canbe ninthe case P(XZ a)
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= The 'n'value - the number of trials
= The'p'value - the probability of success

Howdo I find probabilitiesif myGDC only calculates P(X< x)?

= To calculate P(X<x)justenterxinto the cumulative distributionfunction

= To calculate P(X<x)use:

» P(X<x)=P(X < x—1)whichworks when Xis a binomial random variable
. P(X<5)=P(X<4)

= To calculate P(X> x) use:

» P(X>x)=1-P(X < x) whichworks foranyrandomvariable X
= P(X>5)=1-P(X<5)

= To calculate P(X>x) use:

. P(XZ X) =1- P(XS X — 1) whichworks when Xis a binomial random variable
= P(X>5)=1-P(X<4)

= To calculate P(a< X< b)use:
« P(a<X<b)=P(X<b)—P(X<a—1)whichworkswhen Xis a binomial random
variable
= P(5<X<9)=P(X<9)-P(X<4)

Whatif aninequalitydoes not have the equals sign (strictinequality)?

= Forabinomial distribution(asitis discrete)youcould rewrite all strict inequalities (<and >) as
weakinequalities (<and >) byusing the identities forabinomial distribution
« P(X<x)=P(X<x-1)andP(X>x)=P(X>x+1)
= Forexample:P(X<5)=P(X<4)and P(X>5)=P(X>6)
= |thelpsto thinkaboutthe range of integers youwant
= |dentifythe smallestand biggestintegersintherange
= |[f yourrange has no minimum ormaximumthenuse Oorn

- P(X<b)=P(0<X<b)
- P(X>a)=P(a<X<n)

- Pla<X<b)=Pla+1<X<b)
» P(5<X<9)=P(6<X<9)
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- PlasX<b)=PlasX<b-1)
= P(5<X<9)=P(5<X<8)

- Pla<X<b)=Pla+1<X<b-1)
= P(5<X<9)=P(6<X<8)

O ExamTip

= |fthe questionisincontextthenwrite downthe inequalityas well as the finalanswer
= This means you stillmight gainamark evenif youaccidentally type the wrong numbers

into yourGDC
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@ Worked example
The random variable X’\'B(40, 0.35).Find:

) P(X=10).
\denh% n and P n:=k0 p-035
Use binomial Prohabilﬁt\ distribution on GDC
P(X=10) = 0.05%056...

P(X=10) = 0.053 (3sf)|

i P(X<10).
\dentify upper 0nd lower values
P(X<10) = P(D ¢ X ¢10)
Use  binomial cumulative dis*nbu’rion on GDC
P(X<10) = 0.12049 .

P(X <10) = 021 (ML-

i P(8<X<15).

\denﬁfg upper 0nd lower values
P(8< Xc15) = P(q ¢ X¢ )

Use \omom\o\ (umu\(ﬂive dis’mbu’r'non on GDC
P(Q ¢ X¢ ) = 0.5%%23 .

P(3<X<15): 0.542 (3sf)
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