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4.4 .1Discrete Probability Distributions

Discrete Probability Distributions
Whatis a discrete random variable?

= Arandom variable is a variable whose value depends on the outcome of arandom event
= Thevalue of the random variable is not known until the event s carried out (this is what is meant by
‘random’'in this case)

» Random variables are denoted using upper case letters (X, Y etc)
= Particular outcomes of the event are denoted using lower case letters (X, Y, etc)

] P(X= X) means "the probability of the random variable X taking the value X"
= Adiscrete random variable (often abbreviated to DRV) can only take certain values within a set
= Discrete random variables usually count something
= Discrete random variables usually can only take a finite number of values but it is possible thatit can
take aninfinite number of values (see the examples below)
= Examples of discrete random variables include:
= The number of times a coinlands on heads when flipped 20 times
= thishas afinite number of outcomes:{0,1,2,..,20}
= The number of emails a managerreceives within an hour
= this has aninfinite number of outcomes:{1,2,3,..}
= Thenumber of times adiceisrolleduntilitlandsonaé
= this has aninfinite number of outcomes:{1,2,3,..}
= Thenumberthatadicelands onwhenrolled once
= this has afinite number of outcomes:{1,2,3,4,5,6}

What is a probability distribution of a discrete random variable?

= Adiscrete probability distribution fully describes all the values that a discrete random variable can
take along with their associated probabilities
= Thiscanbe giveninatable
= QOritcanbe givenasafunction (called a discrete probability distribution function or "pdf")
= Theycanberepresented by vertical line graphs (the possible values for along the horizontal axis
and the probability on the vertical axis)
= The sum of the probabilities of all the values of a discrete random variableis1

= Thisisusually written 2 . P(X=x)=1
= Adiscrete uniform distributionis one where the random variable takes a finite number of values each
with an equal probability

1

= |fthere are nvaluesthen the probability of each oneis ;
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How do | calculate probabilities using a discrete probability distribution?

= Firstdraw a table to represent the probability distribution

= [fitis givenasafunctionthenfind each probability

= |f any probabilities are unknown then use algebra to represent them
= Form anequationusing Z P(X= X) =1

= Addtogetherall the probabilities and make the sumequal to1
« Tofind P(X=k)

« If kis a possible value of the random variable X then P(X = k) will be given in the table
= If Kisnota possible value then P(X=k) =0

« Tofind P(X <k)
= |dentify all possible values, Xi’ that X can take which satisfy Xi <k

] Addtogetheralltheircorrespondingprobabilities
P(X<k)= 2. P(X=x)

X<k

= Some mathematicians use the notation F(X) torepresent the cumulative distribution
- F(x)=P(X<x)
= Using a similar method you can find P(X < k), P(X> k) and P(XZ k)
= Asallthe probabilities add up to 1you can form the following equivalent equations:
P(X<k)+P(X=k)+P(X>k)=1
P(X>k)=1-P(X<k)
P(X>k)=1-P(X<k)

How do | know which inequality to use?

. P(X < k) would be used for phrases such as:
= Atmost,no greaterthan, etc

. P(X < k) would be used for phrases such as:
= Fewerthan

. P(X > k) would be used for phrases such as:
= Atleast,nofewerthan,etc

« P(X > k) would be used for phrases such as:
= Greaterthan,etc
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@ Worked example

The probability distribution of the discrete random variable X is given by the function

P(X=X)={kX2 xX= —3., -1,2,4
0 otherwise.
a) 1
Showthat kK = %
Construct a table
x [=3[-1] 2] «

Px- lok Substitute n the values of x
(l-x) qk k l‘l’k e‘%. P(x=‘3)=b(-3)1=4k

~__~

The probabilities add up to 1
Qe +k+ bk+lble = |
30k =)

b)  calculate P(X'<3).

Swbskihdte k ink the probabilities
X “3|-l| 2| &

ruen | & | o 5 [ %

X3 X=-3-,2

P(X £3) = P(X=-3) 4 P(x=-1) + P(X=2)
bude

P(x¢3) = 4
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4.4.2 Mean & Variance

Expected Values E(X)
What does E(X) mean and how do | calculate E(X)?

= E(X) means the expected value or the mean of arandom variable X

= The expectedvalue does notneed to be an obtainable value of X

= Forexample: the expected value number of times a coin will land on tails when flipped 5 times is 2.5
= Foradiscreterandomvariable,itis calculated by:

= Multiplying each value of X withits corresponding probability

= Addingall these terms together

E(X) =2 xP(X=x)

= Thisis givenin the formula booklet
= ook out for symmetrical distributions (where the values of X are symmetrical and their probabilities
are symmetrical) as the mean of these is the same as the median
= Forexample:if X cantake the values1, 5, 9 with probabilities 0.3, 0.4, 0.3 respectively then by
symmetry the meanwould be 5

How can | decide if agame s fair?

= |etXbetherandomvariable that represents the gain/loss of a playerinagame
= Xwillbe negative if thereis aloss
= Normally the expected gain orloss is calculated by subtracting the cost to play the game from the
expected value of the prize
= |f E(X)is positive thenit means the player can expect to make a gain
= |f E(X)is negative then it means the player can expect to make aloss
= The gameis called fair if the expected gainis O
= EX)=0
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@ Worked example

Daphne pays $15 to play a game where she wins a prize of $1, $5, $10 or $100. The random variable W
represents the amount she wins and has the probability distribution shown in the following table:

w 1 5 10 100
P(W=w)| 035 | 05 | 005 | 01
a) Calculate the expected value of Daphne's prize.
Formula booklet [E5ewan"™  [sn-orores
E(W) = ZmP(N= w\
= |x0.35 + 5% 05 +10x 0.0§ +100+0.|
Expeded value = $13.35
b)

Determine whether the gameis fair.

A qome is fair s expected gmnﬂoas is 0

Prze - Cost
13.36 -5 =-1.65

Exped'ed loss s »ﬁ' b5 s qome is not fair


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

Variance Var(X)
What does Var(X) mean and how do | calculate Var(X)?

= Var(X) means the variance of arandom variable X
= The standard deviationis the square root of the variance
= This provides a measure of the spread of the outcomes of X
= Thevariance and standard deviation can never be negative
= Thevariance of Xis the mean of the squared difference between X and the mean

Var (X) =E(X - p)2

= Thisis givenin the formula booklet
= Thisformula canberearrangedinto the more useful form:

Var (X) =E(X2) - [E(X)]?

= Thisis givenin the formula booklet
= Compare this formula to the formula for the variance of a set of data
= This formula works for both discrete and continuous X

How do | calculate E(X2) for discrete X?

= E(X2) means the expected value or the mean of the random variable defined as X2
= Foradiscreterandomvariable, itis calculated by:

= Squaring each value of X to get the values of X?

= Multiplying each value of X? with its corresponding probability

= Addingall these terms together

« E(X2)= 2 x2P(X=x)
= Thisis givenin the formula booklet as part of the formula for Var(X)
- Var(X) = 2_x2P(X=x) — u?

= E(f(X)) can be foundin a similarway
Is E(X2) equal to E(X)2?

= Definitely not!
= Theyare only equalif X can only take one value
= E(X2)is the mean of the values of X2
= E(X)2is the square of the mean of the values of X
= Toseethe difference
= |magine arandomvariable X that can only take 1and -1with equal chance
= EX)=0soE(X)2=0
= Thesquarevaluesareland1soE(X2) =1
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@ Worked example

The score onagame isrepresented by the random variable S defined below.

0 1 2 10

P(S_S) 0.4 0.3 0.25 0.05

Calculate Var(S).

Calculate  E(S)
Formula  booklet Focsctee | Jrco-Tera-n]

E() = ZP(S=5) = 0x0k + 1x0.3 +2x0.25 + 10x0.05 = |3
(alculate E(S?)
E(5)= I2P($=s) = 0%k + 0.3 +2%0.25+ 10x0.05 = b3
Calculate  Var (S)
Formula  booklet [variance

Var () = E(5) - [E(9)) = 63-13"
Var(5) = L6l

Var(X)=E(X - 1)’ = E{Xz)—[E(X)]:|
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Transformation of a Single Variable
How do I calculate the expected value and variance of a transformation of X?

= Suppose Xis transformed by the function f to form a new variable T = f(X)
= Thismeans the functionfis applied to all possible values of X
= Create anew probability distribution table

= The toprow contains the values ti = f(Xi)
= The bottomrow still contains the values P(X= Xi) which are unchanged as:
P(X=x)=P(AX)=1f{x))=P(T=1t)
= Some values of Tmay be equal so you can add their probabilities together
= Themeanis calculatedinthe same way

- E(T)= 2. P(X=x)
= Thevarianceis calculated using the same formula

- Var(T)=E(T?) - [E(T)]?
Are there any shortcuts?

= There are formulae which can be usedif the transformationis linear

» T=aX+ bwhereaandb are constants
= |fthe transformationis notlinear then there are no shortcuts
= You willhave to first find the probability distribution of T

What are the formulae for E(aX + b) and Var(aX + b)?

= |f aandb are constants then the following formulae are true:

- E(aX + b) = aE(X) + b

« Var(aX + b) = a2 Var(X)

= These are givenin the formula booklet

= Thisis the same aslinear transformations of data

= Themeanis affected by multiplication and addition/subtraction

= Thevarianceis affected by multiplication but not addition/subtraction
= Rememberdivision can be written as a multiplication

X 1

a a
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@ Worked example
X is arandom variable such that E(X) = 5and Var(X) =4.

Find the value of:

»  E@BX+5)
@ Var(3X+5)
i) Var(2 — X).

Formu\a booklei' Linear transformation of a E(aX +b)=aE(X)+b
single random variable Var(aX +b)= a* Var(X)

E(3x+5) = 3E(X) +5 = 3(5) +5 |E(3x +5)= 20
Var (3x+5) = 3*Var (X) = 4(4) Var(3X+5) =36
Var(2-X) = (1) Var (X) = 1(%) Var(2-X): &
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