
4.4 Probability



4.4.1 Probability & Types of Events

Probability Basics

What  key words and t erm inolog y are used wit h probabilit y?

An experiment  is a repeatable activity that has a result that can be o bserved o r reco rded

Trials  are what we call the repeats o f the experiment

An o utco me  is a po ssible result o f a trial

An event  is an o utco me o r a co llectio n o f o utco mes

Events are usually deno ted with capital letters: A, B, etc

n(A) is the number o f o utco mes that are included in event A

An event can have o ne o r mo re than o ne o utco me

A sample space  is the set o f all po ssible o utco mes o f an experiment

This is deno ted by U

n(U) is the to tal number o f o utco mes

It can be represented as a list  o r a table

How do I calculat e basic probabilit ies?

If all o utco mes are equally likely  then pro bability fo r each o utco me is the same

Pro bability fo r each o utco me is 
1

n (U)

T heo retical pro bability  o f an event can be calculated witho ut using an experiment by dividing

the number o f o utco mes o f that event by the to tal number o f o utco mes

P (A)=
n (A)

n (U)

This is given in the f o rmula bo o klet

Identifying all po ssible o utco mes either as a list o r a table can help

Experimental pro bability  (also  kno wn as relative f requency) o f an o utco me can be calculated

using results fro m an experiment by dividing its frequency by the number o f trials

Relative f requency  o f an o utco me is 
Frequency of that outcome from the trials

Total number of trials (n)

How do I calculat e t he expect ed num ber of  occurrences of  an out com e?

T heo retical pro bability can be used to  calculate the expected number o f  o ccurrences  o f an

o utco me fro m n trials

If the pro bability o f an o utco me is p and there are n trials then:

The expected number o f o ccurrences is np
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This do es no t mean that there will exactly np o ccurrences

If the experiment is repeated multiple times then we expect the number o f o ccurrences to

average o ut to  be np

What  is t he com plem ent  of  an event ?

The pro babilities o f all the o utco mes add up to  1

Co mplementary events are when there are two  events  and exactly o ne  o f them will o ccur

One event has to  o ccur but bo th events can no t o ccur at the same time

The co mplement o f  event A is the event where event A do es no t happen

This can be tho ught o f as no t A

This is deno ted A'

P (A)+P (A')=1
This is in the f o rmula bo o klet

It is co mmo nly written as P(A')=1−P(A)

What  are different  t ypes of  com bined event s?

The intersectio n o f two  events (A and B) is the event where bo th A and B o ccur

This can be tho ught o f as A and B

This is deno ted as A∩B
The unio n o f two  events (A and B) is the event where A o r B o r bo th o ccur

This can be tho ught o f as A o r B

This is deno ted A∪B
The event where A o ccurs given that event B has o ccurred is called co nditio nal pro bability

This can be tho ught as A given B

This is deno ted A |B

How do I find t he probabilit y of  com bined event s?

The pro bability o f A o r B (o r bo th) o ccurring can be fo und using the fo rmula

P ( )A∪B =P ( )A +P ( )B −P ( )A∩B
This is given in the f o rmula bo o klet

Yo u subtract the pro bability o f A and B bo th o ccurring because it has been included twice

(o nce in P(A) and o nce in P(B) )

The pro bability o f A and B  o ccurring can be fo und using the fo rmula

P (A∩B )=P (A)P (B |A)

A rearranged versio n is given in the f o rmula bo o klet

Basically yo u multiply the pro bability o f A by the pro bability o f B then happening

Exam T ip

In an exam drawing a Venn diagram o r tree diagram can help even if the questio n do es no t ask

yo u to
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a)

b)

c)

Worked example

Dave has two  fair spinners, A and B. Spinner A has three sides numbered 1, 4, 9 and spinner B has

fo ur sides numbered 2, 3, 5, 7. Dave spins bo th spinners and fo rms a two -digit number by using

the spinner A fo r the first digit and spinner B fo r the seco nd digit. 

T  is the event that the two -digit number is a multiple o f 3.

List all the po ssible two -digit numbers.

Find P(T) .

Find P(T') .
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Independent & Mutually Exclusive Events

What  are m ut ually exclusive event s?

Two  events are mutually exclusive  if they canno t bo th o ccur

Fo r example: when ro lling a dice the events "getting a prime number" and "getting a 6" are

mutually exclusive

If A and B are mutually exclusive events then:

P(A∩B)=0

What  are independent  event s?

Two  events are independent  if o ne o ccurring do es no t affect the pro bability o f  the o ther

o ccurring

Fo r example: when flipping a co in twice the events “getting a tails o n the first flip” and “getting

a tails o n the seco nd flip” are independent

If A and B are independent events then:

P(A |B)=P(A)  and P(B |A)=P(B)

If A and B are independent events then:

P(A∩B)=P(A)P(B)

This is given in the f o rmula bo o klet

This is a useful fo rmula to  test whether two  events are statistically independent

How do I find t he probabilit y of  com bined m ut ually exclusive event s?

If A and B are mutually exclusive  events then

P ( )A∪B =P ( )A +P ( )B
This is given in the f o rmula bo o klet

This o ccurs because P( )A∩B =0
Fo r any two  events A and B the events A∩B  and A∩B'  are mutually exclusive  and A is the

unio n o f these two  events

P(A)=P(A∩B)+P(A∩B')
This wo rks fo r any two  events A and B
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a)

b)

c)

Worked example

A student is cho sen at rando m fro m a class. The pro bability that they have a do g is 0.8, the

pro bability they have a cat is 0.6 and the pro bability that they have a cat o r a do g is 0.9. 

Find the pro bability that the student has bo th a do g and a cat.

Two  events, Q  and R , are such that P(Q)=0 .8  and P(Q∩R)=0 .1.

Given that Q  and R  are independent, find P(R) .

Two  events, S  and T , are such that P(S)=2P(T) .

Given that S  and T  are mutually exclusive and that P(S∪T)=0 .6  find P(S)  and P(T) .
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4.4.2 Conditional Probability

Conditional Probability

What  is condit ional probabilit y?

Co nditio nal pro bability  is where the pro bability o f an event  happening can vary depending o n

the o utco me o f a prio r event

The event A happening given that  event B has happened is deno ted A|B

A co mmo n example o f co nditio nal pro bability invo lves selecting multiple o bjects fro m a bag

witho ut replacement

The pro bability o f selecting a certain item changes depending o n what was selected befo re

This is because the to tal number o f items will change as they are no t replaced o nce they

have been selected

How do I calculat e condit ional probabilit ies?

So me co nditio nal pro babilities can be calculated by using co unting o utco mes

Pro babilities witho ut replacement can be calculated like this

Fo r example: There are 10 balls in a bag, 6 o f them are red, two  o f them are selected witho ut

replacement

To  find the pro bability that the seco nd ball selected is red given that the first o ne is red

co unt ho w many balls are left:

A red o ne has already been selected so  there are 9 balls left and 5 are red so  the

pro bability is 
5
9

Yo u can use sample space diagrams to  find the pro bability o f A given B:

reduce yo ur sample space to  just include o utco mes fo r event B

find the pro po rtio n that also  co ntains o utco mes fo r event A

There is a fo rmula fo r co nditio nal pro bability that yo u can use

P(A |B)=
P(A∩B)

P(B)

This is given in the f o rmula bo o klet

This can be rearranged to  give  P( )A∩B =P( )B P(




)A B
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a)

b)

c)

Worked example

In a class o f 30 students: 19 students have a do g, 17 students have a cat and 11 have bo th a do g

and a cat. One student is selected at rando m.

Find the pro bability that the student has a do g.

Find the pro bability that the student has a do g given that they have a cat.

Find the pro bability that the student has a cat given that they have a do g.
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4.4.3 Sample Space Diagrams

Venn Diagrams

What  is a Venn diag ram ?

A Venn diagram is a way to  illustrate events  fro m an experiment  and are particularly useful when

there is an o verlap between po ssible o utco mes

A Venn diagram co nsists o f

a rectangle  representing the sample space (U)

The rectangle is labelled U 

So me mathematicians instead use S o r ξ 

a circle  fo r each event

Circles may o r may no t o verlap depending o n which o utco mes  are shared between

events

The numbers in the circles represent either the f requency  o f that event o r the pro bability  o f that

event

If the f requencies  are used then they sho uld add up to  the to tal f requency

If the pro babilities  are used then they sho uld add up to  1

What  do t he different  reg ions m ean on a Venn diag ram ?

A'  is represented by the regio ns that are no t in the A circle

A∩B  is represented by the regio n where the A and B circles o verlap

A∪B  is represented by the regio ns that are in A o r B o r bo th

Venn diagrams sho w ‘AND’ and ‘OR’ statements easily

Venn diagrams also  instantly sho w mutually exclusive  events as these circles will no t o verlap

Independent events can no t be instantly seen

Yo u need to  use pro babilities to  deduce if two  events are independent
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How do I solve probabilit y problem s involving  Venn diag ram s?

Draw, o r add to  a given Venn diagram, filling in as many values as po ssible fro m the info rmatio n

pro vided in the questio n

It is usually helpful to  wo rk fro m the centre o utwards

Fill in intersectio ns  (o verlaps) first

If two  events are independent yo u can use the fo rmula

P(A∩B)=P(A)P(B)

To  find the co nditio nal pro bability P(A |B)

Add to gether the frequencies/pro babilities in the B circle

This is yo ur deno minato r

Out o f tho se frequencies/pro babilities add to gether the o nes that are also  in the A circle

This is yo ur numerato r

Evaluate the fractio n
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Exam T ip

If yo u struggle to  fill in a Venn diagram in an exam:

Label the missing parts using algebra

Fo rm equatio ns using kno wn facts such as:

the sum o f the pro babilities sho uld be 1

P(A∩B)=P(A)P(B) if A and B are independent events
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a)

b)

c)

Worked example

40 peo ple are asked if they have sugar and/o r milk in their co ffee. 21 peo ple have sugar, 25

peo ple have milk and 7 peo ple have neither.

Draw a Venn diagram to  represent the info rmatio n.

One o f the 40 peo ple are rando mly selected, find the pro bability that they have sugar but

no t milk with their co ffee.

Given that a perso n who  has sugar is selected at rando m, find the pro bability that they have

milk with their co ffee.
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Tree Diagrams

What  is a t ree diag ram ?

A tree diagram is ano ther way to  sho w the o utco mes o f co mbined events

They are very useful fo r intersectio ns o f events

The events o n the branches must be mutually exclusive

Usually they are an event and its co mplement

The pro babilities o n the seco nd sets o f branches can depend  o n the o utco me o f the first event

These are co nditio nal pro babilities

When selecting the items fro m a bag:

The seco nd set o f branches will be the same  as the first if the items are replaced

The seco nd set o f branches will be the different  to  the first if the items are no t replaced

How are probabilit ies calculat ed using  a t ree diag ram ?

To  find the pro bability that two  events happen to gether yo u multiply  the co rrespo nding

pro babilities o n their branches

It is helpful to  find the pro bability o f all co mbined o utco mes o nce yo u have drawn the tree

To  find the pro bability o f an event yo u can:

add to gether the pro babilities o f the co mbined o utco mes  that are part o f that event

Fo r example: P(A∪B)=P(A∩B)+P(A∩B')+P(A'∩B)

subtract  the pro babilities o f the co mbined o utco mes that are no t part o f that event fro m 1

Fo r example: P(A∪B)=1−P(A'∩B')

Do I have t o use a t ree diag ram ?
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If there are multiple events  o r trials then a tree diagram can get big

Yo u can break do wn the pro blem by using the wo rds AND/OR/NOT  to  help yo u find pro babilities

witho ut a tree

Yo u can speed up the pro cess by o nly drawing parts o f the tree that yo u are interested in

Which event s do I put  on t he first  branch?

If the events A and B are independent  then the o rder do es no t matter

If the events A and B are no t independent  then the o rder do es matter

If yo u have the pro bability o f A given B then put B o n the first set  o f branches

If yo u have the pro bability o f B given A then put A o n the first set  o f branches

Exam T ip

In an exam do  no t waste time drawing a full tree diagram fo r scenario s with lo ts o f events

unless the questio n asks yo u to

Only draw the parts that yo u are interested in
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a)

b)

c)

Worked example

20%  o f peo ple in a co mpany wear glasses. 40%  o f peo ple in the co mpany who  wear glasses are

right-handed. 50%  o f peo ple in the co mpany who  do n’t wear glasses are right-handed.

Draw a tree diagram to  represent the info rmatio n.

One o f the peo ple in the co mpany are rando mly selected, find the pro bability that they are

right-handed.

Given that a perso n who  is right-handed is selected at rando m, find the pro bability that

they wear glasses.
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