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Exam Papers Practice

4.4.1Probability & Types of Events

Probability Basics
What keywords and terminologyare used with probability?

= Anexperimentis arepeatable activitythat has aresult thatcanbe observed orrecorded
= Trials are what we call the repeats of the experiment
= Anoutcomeis apossibleresult of atrial
= Aneventisanoutcomeoracollectionofoutcomes
= Events are usuallydenoted with capitalletters: A, B etc
= n(A)is the numberofoutcomes thatareincludedinevent A
= Aneventcanhave one ormore thanone outcome
= Asample spaceisthesetofall possible outcomes of anexperiment
= Thisisdenoted by U
= n(U)isthetotalnumberofoutcomes
= |tcanberepresentedasalist oratable

Howdo lcalculatebasic probabilities?

= [falloutcomes are equally likely then probabilityforeachoutcome is the same

1
= Probabilityforeachoutcomeis =7~
g n(U)

= Theoreticalprobability of anevent canbe calculated without using an experiment by dividing
the numberofoutcomes of that event by the totalnumberof outcomes

P(A) = #

= Thisis giveninthe formulabooklet
= |dentifyingallpossible outcomes eitheras alistoratable canhelp

= Experimental probability (also known as relative frequency) of anoutcome canbe calculated
usingresults froman experiment by dividingits frequency by the numberof trials

Frequency of that outcome from the trials

= Relative frequency of anoutcomeis 3
Y Total number of trials (n)

Howdo lcalculatethe expectednumberof occurrencesof anoutcome?

= Theoreticalprobability canbe used to calculate the expected numberof occurrences of an
outcome from ntrials
= |fthe probabilityof anoutcome is pand there are ntrials then:
= The expected numberofoccurrencesis np
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= Thisdoes not meanthat there willexactly npoccurrences

= [fthe experimentis repeated multiple times thenwe expectthe numberofoccurrences to
average outto be np

Whatisthecomplement of anevent?

= The probabilities of allthe outcomesaddup to 1

= Complementaryevents are whenthere are two events and exactly one of themwilloccur
= Oneeventhastooccurbutbotheventscannotoccuratthe sametime

= The complement of event Ais the event where event Adoes not happen
= Thiscanbe thoughtofasnot A
= Thisisdenoted A’

P(A)+P(A") =1

= Thisisinthe formulabooklet

= [tiscommonlywrittenas P(A') =1- P(A)
What are different types of combined events?

= Theintersectionoftwo events (Aand B)is the event where bothAand Boccur
= This canbe thoughtofas Aand B

» Thisisdenotedas AN B

= Theunionoftwo events (Aand B)is the eventwhere Aor Borbothoccur
= Thiscanbe thoughtofas AorB

= Thisisdenoted AU B

= The eventwhere Aoccurs giventhatevent Bhas occurred is called conditional probability
= This canbe thoughtas Agiven B

» Thisisdenoted A | B
Howdo I find the probabilityof combined events?

= The probabilityof Aor B(orboth) occurringcanbe found using the formula
P(AUB)=P(A) +P(B)-P(ANB)

= Thisis giveninthe formulabooklet

= Yousubtractthe probabilityof Aand Bbothoccurringbecauseithas beenincluded twice
(onceinP(A)and onceinP(B))
= The probabilityof Aand B occurring canbe found using the formula

P(ANB)=P(A)P(B|A)

= Arearranged versionis giveninthe formulabooklet
= Basicallyyoumultiply the probability of Abythe probabilityof Bthenhappening

O Exam Tip

= InanexamdrawingaVenndiagramortree diagramcanhelp evenif the questiondoes notask
youto

Page 2 of 14
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

@ Worked example

Dave has two fairspinners, Aand B.Spinner Ahas three sides numbered 1,4, 9 and spinner Bhas
foursides numbered 2,3,5,7.Dave spins both spinners and forms a two-digit numberbyusing
the spinner Aforthe first digit and spinner Bforthe second digit.

T'is the event that the two-digit numberis amultiple of 3.

a) List all the possible two-digit numbers.
A Two-way table would be a systematic way
to list all the outcomes

2 3 5 3
L1213 15 1#]

kb2 43 45 4
92 93 95 13

b Find P(T).

“— Number of multiples of 3
Pm- )‘—Tofal number of outcomes

{2154 45%} are the multiples-of 3
P(T) ¢

¢ Fnd P(T).

P+ P(T7)=) = P(T') =1-P(T)
T 1-

pry =
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Independent & Mutually Exclusive Events
What are mutually exclusive events?

= Two events are mutually exclusive if theycannot bothoccur
= Forexample:whenrollingadice the events "getting a prime number"and "gettinga 6" are
mutually exclusive
= |f Aand Bare mutually exclusive events then:

- P(ANB)=0
What areindependent events?

= Two events are independent if one occurringdoes not affect the probability of the other
occurring
= Forexample:whenflippingacointwice the events “getting a tails onthe first flip” and “getting
atailsonthe second flip” areindependent
= |f Aand Bareindependent events then:
« P(A|B)=P(A) and P(B|A) =P(B)
= |f Aand Bareindependent events then:
« P(ANB)=P(A)P(B)
= Thisis giveninthe formulabooklet
= Thisis ausefulformulato test whethertwo events are statisticallyindependent

Howdo Ifind the probabilityof combined mutuallyexclusive events?

= |f Aand Bare mutually exclusive events then

P(AUB)=P(A) +P(B)

= Thisis giveninthe formulabooklet

» This occurs because PLAN B) =0

= Foranytwo events Aand Bthe events A N Band AN B' are mutually exclusive and Ais the
unionofthese two events

« P(A)=P(ANB)+P(ANB")

= Thisworks foranytwo events Aand B
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@ Worked example

a) Astudentis chosenatrandomfromaclass.The probabilitythat theyhave adogis 0.8, the
probabilitytheyhave acatis 0.6 and the probability that theyhave acatoradogis 0.9.
Find the probabilitythat the student has bothadogand acat.

Let D be evet "has a dog' and C be “has a at’
P(D u )= P(D) +P(C) - P(DNC)

09 =08 +06 -P(DnC)
P(Dnc):=0.5

b) Two events, Q and R, are suchthat P(Q) =0.8 and P(Q N R) =0.1.
Giventhat Q and R are independent, find P(R).

Q and R independent = P(QNR) = P(Q)P(R)
01:08+P(R) :/P(R)= 55

PR)- 0125 o' 5

c) Two events, S and T ,are such that P(S) =2P(T).
Giventhat Sand T are mutually exclusive and that P(SU T) =0.6find P(S) and P( T).

Sond T mitually exclusie P(SuT) = P(s) +P(T)
0.6= P(S) + P(T)

0.6 20Ty 5 pr) P():2(

06 =3P(1) \

P(M):02 and P(S) =04
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4.4.2 Conditional Probability

Conditional Probability
Whatis conditional probability?

= Conditionalprobability is where the probability of an event happening canvarydependingon
the outcome of apriorevent
= The event Ahappening giventhat event Bhas happenedis denoted A|B
= Acommonexample of conditional probabilityinvolves selecting multiple objects fromabag
without replacement
= The probabilityofselectingacertainitemchanges dependingonwhatwas selected before
= Thisis because the totalnumberofitems willchange as theyare notreplaced once they
have beenselected

Howdo Icalculate conditional probabilities?

= Some conditional probabilities can be calculated byusing countingoutcomes
= Probabilities without replacement canbe calculated like this
= Forexample:There are 10 ballsinabag, 6 of themare red,two of them are selected without
replacement
= To find the probability that the second ball selected is red given that the first oneis red
count how manyballs are left:
= Aredonehasalreadybeenselected so there are 9 balls leftand 5 are red so the

5
robabilityis ——
p y 9

= Youcanuse sample space diagrams to find the probability of Agiven B:
= reduceyoursample space to justinclude outcomes forevent B
= find the proportionthatalso contains outcomes forevent A

= Thereisaformulaforconditional probabilitythatyoucanuse

P(ANB)
P(B)
= Thisis giveninthe formulabooklet

» This canbe rearranged to give P(A N B) = P(B)P(A | B)

- P(A|B)=
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@ Worked example

Inaclass of 30 students:19 students have adog, 17 students have acatand 1Thave bothadog
and acat.One studentis selected atrandom.

a) Find the probabilitythat the studenthas adog.

let D be event  has q dog" and C be “has a at”

_ n(D) = Number who have dogs
Fo) 0 (U) <= Total number of students

PO) = 33

b) Find the probability that the student has adoggiventhat theyhave acat.

I} hae a cat of which |l ‘also have a dog

P(D\(): :_‘} COu\d also use P(D\C) . P(g(r:;)

c) Find the probabilitythat the student has a cat giventhat theyhave adog.

19 hae a dog of which |l also have a cat

P(c|D) - % (ould olso use P(C D) P(;(?);))
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4.4 .3 Sample Space Diagrams

VennDiagrams
Whatis aVenndiagram?

= AVenndiagramis awayto illustrate events froman experiment and are particularlyuseful when
thereis anoverlap betweenpossible outcomes
= AVenndiagramconsists of
= arectangle representingthe sample space (U)
= Therectangleislabelled U
= Some mathematiciansinstead use Soré
= acircleforeachevent
= Circles mayormaynotoverlap dependingonwhichoutcomes are shared between
events
= The numbersinthe circles represent eitherthe frequency of that event orthe probability of that
event
= |fthe frequencies are used thentheyshould add up to the totalfrequency
= |[fthe probabilities are used thentheyshould addup to 1

What do the differentregions meanonaVenndiagram?

Alis represented bytheregions thatare notinthe Acircle

« ANBis represented bythe regionwhere the Aand Bcircles overlap

= AUBis represented bytheregions thatarein Aor Borboth
= Venndiagrams show ‘AND’ and ‘OR’ statements easily
= Venndiagrams also instantly show mutually exclusive events as these circles willnot overlap
= Independent events cannotbeinstantlyseen
= Youneedto use probabilities to deduce if two events are independent
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Howdo lIsolve probability problemsinvolving Venndiagrams?

= Draw,oradd to agivenVenndiagram, fillingin as manyvalues as possible fromthe information
provided inthe question
= |tisusuallyhelpfulto work fromthe centre outwards
= Fillinintersections (overlaps) first
= [ftwo events areindependentyoucanuse the formula
- P(ANB)=P(A)P(B)
= ToﬁndtheconditionalprobabilityP(A|B)
= Addtogetherthe frequencies/probabilities inthe Bcircle
= Thisis yourdenominator
= Qutofthose frequencies/probabilities add togetherthe ones thatare also inthe Acircle
= Thisis yournumerator
= Evaluate the fraction
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O ExamTip

= [fyoustruggle to fillinaVenndiagraminanexam:
= |abelthe missing parts usingalgebra
= Formequations usingknownfacts suchas:
= the sumofthe probabilities should be 1
= P(ANB)=P(A)P(B)if Aand B are independent events
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@ Worked example

40 people are asked if theyhave sugarand/ormilkintheircoffee.21people have sugar, 25
people have milk and 7 people have neither.

a) Draw aVenndiagramto represent the information.

Find the (entre F‘\rs’r
eb “" Total should be &0
| (U-x) ra+ (25-x) +3 =40

53-x:40 =~ x=13

b) One of the 40 people are randomlyselected, find the probability that they have sugar but
notmilk with theircoffee.

S ond not M s the pat of S circle that does
not incude M

P(SnmM)- %0 Remember fo write as a fracion
' '\/of the total
:P(SnM‘) 2 ?

c) Giventhatapersonwho has sugaris selected atrandom, find the probability that they have
milk with theircoffee.

G‘wer\ that Sugar has been selected we onlg want the
S crele  as our tfotal

Out of the § arcde 13 also hae wmilk
P(MIS) = 3
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Tree Diagrams
Whatis atreediagram?

= Atreediagramis anotherwayto show the outcomes of combined events
= Theyare veryusefulforintersections of events
= The events onthe branches must be mutually exclusive
= Usuallytheyare anevent and its complement
= The probabilities onthe second sets of branches candepend onthe outcome of the firstevent
= These are conditional probabilities
= Whenselectingtheitems fromabag:
= Thesecondsetofbranches willbe the same as the firstif the items are replaced
= Thesecondsetofbranches will be the different to the firstif theitems are not replaced

Howare probabilities calculated using a tree diagram?

= To find the probability that two events happentogetheryoumultiply the corresponding
probabilities ontheirbranches
= |tis helpfulto find the probability of allcombined outcomes once you have drawn the tree
= To find the probability of aneventyoucan:
= addtogetherthe probabilities of the combined outcomes that are part of that event

« Forexample: LAUB)=P(ANB)+P(ANB")+P(A'N B)

= subtract the probabilities of the combined outcomes that are not part of that event from1

= Forexample:P(A U B) =]1- P(A' N B')

Dolhavetouseatreediagram?
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= |f there are multiple events ortrials then atree diagram can get big
= Youcanbreak downthe problembyusingthe words AND/OR/NOT to helpyou find probabilities

withoutatree
= Youcanspeedupthe process byonlydrawing parts of the tree that you are interestedin

Which eventsdolputonthe firstbranch?

= |fthe events Aand Bareindependent thenthe orderdoes not matter

= [fthe events Aand Bare notindependent thenthe orderdoes matter
= |[f youhave the probabilityof Agiven Bthenput Bonthe first set of branches
= |[f youhave the probabilityof Bgiven Athenput Aonthe first set of branches

O ExamTip

= |[nanexamdo notwaste time drawingafulltree diagramforscenarios withlots of events

unless the questionasks youto
= Onlydraw the parts that you are interested in
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@ Worked example

20% of peopleinacompanywearglasses.40% of people inthe companywho wearglasses are
right-handed.50% of people inthe companywho don’t wearglasses are right-handed.

a) Draw atree diagramto represent the information.

liet G be the eedt s 3‘0336“ and R be “is riahf-hanoled"
2 1\

0s-R 407, of people who wear

g(a 0o g! %\asSes are righf—handed
Branches 0.% C 0'5‘/2\

Ooof ;\odn'f r
odd fo) _ LA = O AT

05~ | Qlasses are right-handed

b) One of the peopleinthe companyare randomlyselected, find the probability that they are
right-handed.

Find opfions that  contain "R

ou”R  P(GNR)=0.2x04 = 0.08
Mulhplg

BsRf a|mg bmmhes

0.5%, 0528 P(G'NR): 0.5% 0.5 =04

02.G

05 Q‘
P(R) = P(anR) s P(GnRY) = 008 +0.k

P(R) = 0.48

c) Giventhatapersonwho isright-handed is selected atrandom, find the probability that
theywearglasses.

_ PlanR) 008
AGIR) = PR) ~ 0.k

PLGIRY: ¢
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