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4.4 .1Discrete Probability Distributions

Discrete Probability Distributions

Whatis adiscreterandom variable?

= Arandomyvariable is avariable whose value depends onthe outcome of arandomevent

= Thevalue of the randomvariable is not knownuntil the eventis carried out (this is what is
meant by 'random’'inthis case)

Randomvariables are denoted usingupper case letters (X, Y etc)
Particular outcomes of the event are denoted usinglower caseletters (X, YV, etc)

P(X= X) means "the probability of the random variable X takingthe value X"
Adiscreterandomyvariable (often abbreviated to DRV) can onlytake certainvalues withinaset
= Discreterandomyvariables usually count something
= Discreterandomyvariables usuallycan onlytake afinite numberof values butitis possible that
it cantake aninfinite numberofvalues (see the examples below)
Examples of discrete randomvariables include:
= The numberoftimesacoinlands onheads whenflipped 20 times
= this has afinite numberofoutcomes:{0,1,2,..,20}
= The numberofemails amanagerreceives withinanhour
= this has aninfinite numberofoutcomes:{1,2,3,..}
= The numberoftimesadiceisrolleduntilitlandsonaé
= this has aninfinite numberofoutcomes:{1,2,3,..}
= The numberthatadicelands onwhenrolled once
= this has a finite numberof outcomes:{1,2,3,4,5,6}

Whatis aprobabilitydistribution of adiscreterandom variable?

Adiscrete probability distributionfullydescribes all the values that a discrete random variable

cantake alongwith theirassociated probabilities

= Thiscanbe giveninatable

= QOritcanbe givenas afunction(called adiscrete probabilitydistributionfunctionor"pdf")

= Theycanberepresented byverticalline graphs (the possible values foralong the horizontal
axis and the probability on the vertical axis)

The sumof the probabilities of allthe values of adiscrete randomyvariable is 1

» This is usually written ZP(X= x)=1

Adiscrete uniformdistributionis one where the randomvariable takes a finite numberofvalues
eachwithanequal probability

1

= |fthere are nvalues thenthe probabilityofeachoneis ;
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Howdo Icalculate probabilities using a discrete probability distribution?

= Firstdraw atable to represent the probability distribution
= [fitis givenas afunctionthenfind each probability
= |f anyprobabilities are unknown thenuse algebrato represent them
* Formanequationusing ZP(X= x)=1
= Addtogetherallthe probabilities and make the sumequalto 1
= To find P(X=k)
» If Kis apossible value of the randomvariable X then P(X= k) willbe giveninthe table
» Ifkisnota possible value then P(X=k) =0
« Tofind P(X<k)
= |dentifyall possible values,XI.,thatXcantake which satisfyXI. <k

= Addtogetheralltheircorresponding probabilities

- P(X<k)= 2 P(X=x)

XI.SI(
= Some mathematicians use the notation F(X) to represent the cumulative distribution
- F(x)=P(X<x)
= Usingasimilarmethod youcanfind P(X< ]{),P(X>k) and P(XZ]()
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= As allthe probabilities add up to lyoucanformthe following equivalent equations:
- P(X<k)+P(X=k) +P(X>k)=1
- P(X>k)=1-P(X<k)
» P(X>k)=1-P(X<k)

Howdo lknowwhichinequalitytouse?

P(XS k) would be used forphrases suchas:
= Atmost,no greaterthan,etc

P(X < k) would be used for phrases such as:
= Fewerthan

P(XZ k) would be used forphrases suchas:
= Atleast,no fewerthan,etc

P(X > k) would be used for phrases such as:
= Greaterthan,etc
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@ Worked example

The probability distribution of the discrete random variable X is given by the function

kx?

x=-3,-1,2,4
0 otherwise.

P(X=x) ={

a) 1
Showthat k= ——

30°
Construct a +able

X - -\ | 2
> u Substtute n the values of x
P(x=x) [Ak | k | &k| lbk

\/ eq. P(X=-3)= k(-3)*- Ak

The probabilities add up to 1
Qe +k+ bk+lble = |
30k =)

b  calculate P(X'<3).

Shskitte k inbp the prol\abihﬁes

x  [-3]afa]y

INERERERE
POX=2 | {5 1 35 | 75| 18

X¢3: X=-3,-,2

P(X ¢3) = P(X=-3) 4+ P(x = -1) + P(X=2)

sed o ¥ &
w *wtis

P(X<3) = &
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4.4.2Mean & Variance

Expected Values E(X)
What does E(X)meanand howdolcalculate E(X)?

= E(X)means the expected value orthe meanofarandomvariable X
= The expectedvalue doesnotneed to be anobtainable value of X
= Forexample:the expected value numberoftimes acoinwillland ontails whenflipped 5 times
is2.5
= Foradiscreterandomyvariable,itis calculated by:
= Multiplying eachvalue of X withits corresponding probability
= Addingallthese terms together

E(X) =2 xP(X=x)

= Thisis giveninthe formulabooklet
= Lookoutforsymmetricaldistributions (where the values of Xare symmetrical and their
probabilities are symmetrical) as the mean of theseis the same as the median
= Forexample:if Xcantake the values1,5,9 with probabilities 0.3,0.4,0.3 respectivelythenby
symmetry the meanwould be 5

Howcanldecideif agameis fair?

= Let Xbe therandomyvariable thatrepresents the gain/loss of aplayerina game
= Xwillbe negative if thereis aloss
= Normallythe expected gainorloss is calculated bysubtracting the cost to play the game from
the expected value of the prize
= _|f E(X)is positive thenit means the playercan expect to make again
= |f E(X)is negative thenit means the playercanexpect to make aloss
= The gameis called fairif the expected gainis O
= E(X=0
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@ Worked example

Daphne pays $15 to playa game where she wins aprize of $1,$5, $10 or $100. The random variable

W represents the amount she wins and has the probability distribution shownin the following
table:

10

w 1 5 100

P(W=w)| 035 | 05 | 005 | 0.01
a) Calculate the expected value of Daphne's prize.

Expected value of a

Formu\o bookld discrete random E(X)=) xP(X=x)

variable X

E(W): ZmP(N‘—' w\
= |x0.35 + 5x05 +|0x0.05+10040|

Expected value = $13.35

b) Determine whetherthe game is fair.

A qome s fair s expected gum/loss is 0

Pree - cost
13.35 -15 =-1.65

Expeded loss is ~t>| 63 50 qame is not fair
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Variance Var(X)
What does Var(X)meanandhowdolcalculate Var(X)?

= Var(X)means the variance of arandomvariable X
= The standard deviationis the squareroot of the variance
= This provides ameasure of the spread of the outcomes of X
= Thevariance and standard deviationcannever be negative
= The variance of Xis the meanof the squared difference between Xand the mean

Var(X) =E(X - p)2

= Thisis giveninthe formulabooklet
= This formulacanbe rearranged into the more useful form:

Var(X) =E(X2) - [E(X)]?

= Thisis giveninthe formulabooklet
= Compare this formulato the formulaforthe variance of aset of data
= This formulaworks forbothdiscrete and continuous X

Howdolcalculate E(X2)fordiscrete X?

= E(X2)means the expected value orthe meanof the randomvariable defined as X2
= Foradiscreterandomyvariable,itis calculated by:

= Squaring eachvalue of Xto get the values of X2

= Multiplying eachvalue of X2 withits corresponding probability

= Addingallthese terms together

- BE(X2) =2 x2P(X=x)

= Thisis giveninthe formulabooklet as part of the formulaforVar(X)
- Var(X) = 2 x?P(X=x) — u?

= E(f(X))canbe foundinasimilarway
Is E(X2)equalto E(X)2?

= Definitely not!
= Theyare onlyequalif Xcanonlytake one value
= E(X2)is the meanof the values of X2
= E(X)2is the square of the meanof the values of X
= To seethedifference
= |magine arandomvariable Xthat canonlytake 1and -1withequal chance
= E(X)=0soE(X)2=0
= Thesquarevalues are land 1so E(X2) =1
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O Exam Tip

= |nanexamyoucanenterthe probability distributioninto your GDC using the statistics mode
= Enterthe possible values as the data
= Enterthe probabilities as the frequencies

= Youcanthencalculate the meanand variance just like youwould withdata

@ Worked example

The score onagameisrepresented bythe random variable S defined below.

S 0 1 2 10

P(S= S) 0.4 0.3 0.25 0.05

Calculate Var(S) .

Colulate  E(S)

Formula  booklet [ecctvieste
E() = ZsP(S=5) = 00k + 1x0.3+2x0.25 + 10x0.05 = 1.3
Ca\(u\a‘re E(Sl)

E(5)= I2P($=s) = 0x0k + Ix0.3 +2%0.25+ 10x0.05 = b3

Colculate  Var (5)
Formula  booklet [varionce

E(X)=> xP(X=x)

Var(X)=E(X - u)’ = E(Xl)—[E(X)]zl

Var (5) = E(5) - [E®) = 6.3-13°
Var(S) = k.61
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Transformation of a Single Variable
Howdo lcalculate the expected value and variance of atransformationof X?

= Suppose Xis transformed by the function fto formanew variable 7= f(X)
= This means the function fis applied to all possible values of X
= Create anew probability distributiontable

= Thetoprow contains the values ti = f(XI.)
= The bottomrow stillcontains the values P(X= Xi) which are unchanged as:
P(X=x)=P(AX)=1f{x))=P(T=t)
= Somevalues of Tmaybe equalso youcanadd theirprobabilities together
= The meanis calculated inthe same way

- E(T)= 2. tP(X=x)
= Thevariance is calculated usingthe same formula

- Var(T) =E(T?) - [E(T)]?
Are thereanyshortcuts?

= There are formulae whichcanbe used if the transformationis linear

» T=aX+ bwhere aand bare constants
= |fthe transformationis not linear thenthere are no shortcuts
= Youwillhave to first find the probability distributionof T

What arethe formulae for E(aX+ b)and Var(aX+ b)?

= |f aand bare constants thenthe following formulae are true:

- E(aX + b) = aB(X) + b

« Var(aX + b) = a?Var(X)

= Theseare giveninthe formulabooklet

= Thisis the same as linear transformations of data

= The meanis affected by multiplication and addition/subtraction

= Thevarianceis affected by multiplicationbut not addition/subtraction
= Rememberdivisioncanbe writtenas amultiplication

X 1
[ _=_X
a a
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@ Worked example
Xis arandomvariable such that E(X) = 5and Var(X) =4.

Find the value of:

0 E@BX+5)
(i) Var(3X+5)
(i) Var(2 - X).

Linear transformation of a E(aX +b) =aE(X)+b
Formu\a boo\de{— single random variable )
Var(aX +b)=a’ Var(X)

E(3x+5) = 3E(X) +5 = 3(5) +5 |E(3X +5)= 20
Var (3x+5) = 3*Var(X) = (&) Var(3X+5) = 3b
\/ar(Z‘X3:(‘|)2Var(X\ E |(4) Var(l-X): b
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