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4.4.1 Discrete Probability Distributions

Discrete Probability Distributions

What  is a discret e random  variable?

A rando m variable is a variable who se value depends o n the o utco me o f a rando m event

The value o f the rando m variable is no t kno wn until the event is carried o ut (this is what is

meant by 'rando m' in this case)

Rando m variables  are deno ted using upper case letters  (X, Y , etc )

Particular o utco mes  o f the event are deno ted using lo wer case letters  (x, y , etc)

P(X=x)  means "the pro bability o f the rando m variable X  taking the value x "

A discrete  rando m variable (o ften abbreviated to  DRV) can o nly take certain values  within a set

Discrete rando m variables usually co unt  so mething

Discrete rando m variables usually can o nly take a finite number o f values but it is po ssible that

it can take an infinite number o f values (see the examples belo w)

Examples  o f discrete rando m variables include:

The number o f times a co in lands o n heads when flipped 20 times

this has a finite number o f o utco mes: {0,1,2,…,20}

The number o f emails a manager receives within an ho ur

this has an infinite number o f o utco mes: {1,2,3,…}

The number o f times a dice is ro lled until it lands o n a 6

this has an infinite number o f o utco mes: {1,2,3,…}

The number that a dice lands o n when ro lled o nce

this has a finite number o f o utco mes: {1,2,3,4,5,6}

What  is a probabilit y dist ribut ion of  a discret e random  variable?

A discrete pro bability distributio n fully describes all the values  that a discrete rando m variable

can take alo ng with their asso ciated pro babilities

This can be given in a table

Or it can be given as a f unctio n (called a discrete pro bability distributio n functio n o r "pdf")

They can be represented by vertical line graphs  (the po ssible values fo r alo ng the ho riz o ntal

axis and the pro bability o n the vertical axis)

The sum o f  the pro babilities  o f all the values  o f a discrete rando m variable is 1

This is usually written ∑P(X=x)=1
A discrete unif o rm distributio n is o ne where the rando m variable takes a finite number o f values

each with an equal pro bability

If there are n values then the pro bability o f each o ne is 
1
n
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How do I calculat e probabilit ies using  a discret e probabilit y dist ribut ion?

First draw a table  to  represent the pro bability distributio n

If it is given as a functio n then find each pro bability

If any pro babilities are unkno wn then use algebra to  represent them

Fo rm an equatio n using ∑P(X=x)=1
Add to gether all the pro babilities and make the sum equal to  1

To  find P(X=k)

If k  is a po ssible value o f the rando m variable X  then P(X=k)  will be given in the table

If k  is no t a po ssible value then P(X=k)=0
To  find P(X≤k)

Identify all po ssible values, x i , that X  can take which satisfy x i≤k
Add to gether all their co rrespo nding pro babilities

P(X≤k)=∑
x i≤k

P(X=x i)

So me mathematicians use the no tatio n F(x)  to  represent the cumulative distributio n

F(x)=P(X≤x)

Using a similar metho d yo u can find P(X<k) , P(X>k)  and P(X≥k)
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As all the pro babilities add up to  1 yo u can fo rm the fo llo wing equivalent equatio ns:

P(X<k)+P(X=k)+P(X>k)=1
P(X>k)=1−P(X≤k)

P(X≥k)=1−P(X<k)

How do I know which inequalit y t o use?

P(X≤k)  wo uld be used fo r phrases such as:

At mo st , no  greater than , etc

P(X<k)  wo uld be used fo r phrases such as:

Fewer than

P(X≥k)  wo uld be used fo r phrases such as:

At least , no  fewer than , etc

P(X>k)  wo uld be used fo r phrases such as:

Greater than , etc
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a)

b)

Worked example

The pro bability distributio n o f the discrete rando m variable X  is given by the functio n

P(X=x)=
⎧
⎪
⎪
⎨
⎪
⎪
⎩

kx ²
0

x=−3, −1, 2, 4
otherwise.

Sho w that k=
1
30 .

Calculate P(X≤3) .
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4.4.2 Mean & Variance

Expected Values E(X)

What  does E(X) m ean and how do I calculat e E(X)?

E(X) means the expected value  o r the mean o f a rando m variable X

The expected value do es no t need to  be an o btainable value o f X

Fo r example: the expected value number o f times a co in will land o n tails when �ipped 5 times

is 2.5

Fo r a discrete  rando m variable, it is calculated by:

Multiplying each value  o f X  with its co rrespo nding pro bability

Adding all these terms to gether

E (X)=∑xP (X=x)

This is given in the f o rmula bo o klet

Lo o k o ut fo r symmetrical distributio ns (where the values o f X are symmetrical and their

pro babilities are symmetrical) as the mean o f these is the same as the median

Fo r example: if X can take the values 1, 5, 9 with pro babilities 0.3, 0.4, 0.3 respectively then by

symmetry the mean wo uld be 5

How can I decide if  a g am e is f air?

Let X be the rando m variable that represents the gain/lo ss  o f a player in a game

X will be negative  if there is a lo ss

No rmally the expected gain o r lo ss is calculated by subtracting the co st to  play  the game fro m

the expected value  o f the priz e

If E(X) is po sitive  then it means the player can expect to  make a gain

If E(X) is negative  then it means the player can expect to  make a lo ss

The game is called f air if the expected gain is 0

E(X) = 0
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a)

b)

Worked example

Daphne pays $15 to  play a game where she wins a priz e o f $1, $5, $10 o r $100. The rando m variable 

W  represents the amo unt she wins and has the pro bability distributio n sho wn in the fo llo wing

table:

w 1 5 10 100

P(W=w) 0.35 0.5 0.05 0.01

Calculate the expected value o f Daphne's priz e.

Determine whether the game is fair.
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Variance Var(X)

What  does Var(X) m ean and how do I calculat e Var(X)?

Var(X) means the variance o f a rando m variable X

The standard deviatio n is the square ro o t  o f the variance

This pro vides a measure o f  the spread  o f the o utco mes o f X

The variance and standard deviatio n can never be negative

The variance o f X is the mean o f  the squared di�erence  between X and the mean

Var ( )X =E ( )X−μ 2

This is given in the f o rmula bo o klet

This fo rmula can be rearranged into  the mo re useful fo rm:

Var ( )X =E ( )X2 −[E ( )X ]²
This is given in the f o rmula bo o klet

Co mpare this fo rmula to  the fo rmula fo r the variance o f  a set o f  data

This fo rmula wo rks fo r bo th discrete  and co ntinuo us X

How do I calculat e E(X² ) f or discret e X?

E(X² ) means the expected value  o r the mean o f the rando m variable de�ned as X²

Fo r a discrete  rando m variable, it is calculated by:

Squaring each value o f X to  get the values o f X

Multiplying each value  o f X  with its co rrespo nding pro bability

Adding all these terms to gether

E( )X2 =∑x2P( )X=x
This is given in the fo rmula bo o klet as part o f the fo rmula fo r Var(X)

Var ( )X =∑x ²P(X=x)−μ ²
E(f (X)) can be fo und in a similar way

Is E(X² ) equal t o E(X)² ?

De�nitely no t!

They are o nly equal if X can o nly take o ne value

E(X²) is the mean o f  the values o f  X²

E(X)² is the square o f  the mean o f  the values o f  X

To  see the di�erence

Imagine a rando m variable X that can o nly take 1 and -1 with equal chance

E(X) = 0 so  E(X)²  = 0

The square values are 1 and 1 so  E(X² ) = 1

2

2
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Exam T ip

In an exam yo u can enter the pro bability distributio n into  yo ur GDC using the statistics mo de

Enter the po ssible values as the data

Enter the pro babilities as the frequencies

Yo u can then calculate the mean and variance just like yo u wo uld with data

Worked example

The sco re o n a game is represented by the rando m variable S  de�ned belo w.

s 0 1 2 10

P(S=s)
0.4 0.3 0.25 0.05

Calculate Var (S) .
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Transformation of a Single Variable

How do I calculat e t he expect ed value and variance of  a t ransf orm at ion of  X?

Suppo se X is transf o rmed  by the functio n f to  fo rm a new variable T = f(X)

This means the functio n f is applied to  all po ssible values o f X

Create a new pro bability distributio n table

The to p ro w co ntains the values t i= f
( )
x i

The bo tto m ro w still co ntains the values P
( )
X=x i  which are unchanged as:

P
( )
X=x i =P

( )
f ( )X = f

( )
x i =P(T= t i)

So me values o f T may be equal so  yo u can add their pro babilities to gether

The mean is calculated in the same way

E( )T =∑tP(X=x)

The variance  is calculated using the same fo rmula

Var ( )T =E( )T ² − ⎡
⎢
⎣

⎤
⎥
⎦

E( )T 2

Are t here any short cut s?

There are fo rmulae which can be used if the transfo rmatio n is linear

T=aX+b  where a and b are co nstants

If the transfo rmatio n is no t linear then there are no  sho rtcuts

Yo u will have to  �rst �nd the pro bability distributio n o f T

What  are t he f orm ulae f or E(aX + b) and Var(aX + b)?

If a and b are co nstants then the fo llo wing fo rmulae are true:

E(aX + b) = aE(X) + b
Var (aX + b) = a ²Var (X)

These are given in the f o rmula bo o klet

This is the same as linear transf o rmatio ns o f  data

The mean is a�ected by multiplicatio n and additio n/subtractio n

The variance is a�ected by multiplicatio n but no t additio n/subtractio n

Remember divisio n can be written as a multiplicatio n

X
a =

1
a X

Page 9 of 10
For more help visit our website www.exampaperspractice.co.uk



(i)

(ii)

(iii)

Worked example

X  is a rando m variable such that E(X)=5and Var (X)=4.

Find the value o f:

E(3X+5)

Var (3X+5)

Var (2−X) .
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