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4.3.1Non-linear Regression

Non-linear Regression
Whatisnon-linearregression?

= Youhave alreadyseenthatlinearregressionis whenyoucanuse astraightline to fit bivariate data
= Non-linearregressionis whenyoucanuse acurve (ratherthanastraightline) to fit bivariate data
= |nyourexamtheregressioncould be:

= Linear y=ax+b

= Quadratic: y=ax2+bx+c¢

= Cubic: y=ax3+bx2+cx+d
= Exponential: ¥ = abX or y = aebx
= Power Yy = axb

= sine: y=asin(bx+c)+d

Howdo Ifindthe equationof the non-linearregressionmodel?

= UsingyourGDC:
= Type the two sets of the datainto your GDC
= Selecttherelevant model
= The examquestionwilltellyouwhichmodelto use
= YourGDC willcalculate the constants
= Youcanuselogarithms to linearise exponential and power relationships
= Power: ¥ = ax? thenIny=Ina+ blnx
= lnyand Inx willhave alinearrelationship
= Exponential: ¥y = abX thenIny =Ina+ xInb

= h’ly and X will have alinearrelationship

O ExamTip

= YoucanuseyourGDC to plotthe scatterdiagramand include the graphofaregression
model
= Thiswillallowyouto getasense of howwellthe modelfits the data
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@ Worked example

Scarlettand Violet collect dataonthe length of a film (X minutes) and the audience rating (¥ %).

X

75 93 101 107 15 124 132 140 171

Yy

83 75 51 38 47 56 76 91 70

b)

c)

Scarlett claims that there is a cubic relationship. Find the equationof acubic regression
modeloftheform y=ax3 + bx2+cx+d.

Ttﬁpe the data isto GDC and choe the cubic regression model
a--0000529.. b- 02030. ¢ -248%. d 10313

y: -0.000529x" + 0.203x¢* - 249 + 104D

Violet claims that there is asine relationship. Find the equationof asineregressionmodel
oftheform y = asin(bx + C) +d.

Tupe the data il GD( /and chose the sine regression model
a:26H. L-003030. (-2086. J :b6IL9.

y: 2eF 5in(0.0803x +2.09) +64.5

Whose modelpredicts ahigheraudience ratingfora filmwhichis 100 minutes long?

3:as‘\n(bx+c) +d

\3=a13+bxl+cx +d

100

Using the cubic model ~ y= 49.640..
Using the sine model y= 53.690..

Violet: model predicts a hi%her rating.
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Least Squares Regression Curves
Whatisaresidual?

= Givenasetof npairs of dataand aregressionmodel y=f(x)
= Aresidualis the actual y-value (fromthe data) minus the predicted y-value (using the
regressionmodel)

- ¥, 1x)
= Thesumof the squareresidualsis denoted by SSTCS
n
- SSres - i§1 (’y i f(Xi))z
= |[fyouhave two regressionmodels using the same data then the one with the smaller SSres fits

the databetter

Whatis aleast squaresregressioncurve?

= Theleast squaresregressioncurve canbe thoughtofas a“curve of best fit” y=f(x)
= Foragiventype of modeltheleastsquaresregressioncurve minimises the sumof the square
residuals
= YourGDC calculates the constants forthe least squares regression curves

Whyis the sum of the squareresiduals not always agood measure of fit?

= |ftwo models are formed usingthe same number of pairs of datathenthe sumofthe square
residuals is agood measure of fit

= |ftwo models use different number of pairs of datathen SSreS is not always agood measure

of fit
= The sumwillincrease withmore pairs of dataand so canno longerbe compared againsta
datasetwithadifferentnumberof pairs
= Compare the two scenarios
= 10 pairs of dataand the absolute value of eachresidualis 15 then

SS =10x152=2250
res

= 2250 pairs of dataand the absolute value of eachresidualis Tthen

SS =2250x12=2250
res

= Theyhave the same value of SSreS but the residuals inthe second scenario are much smaller

= YourGDC maygive youthe meansquared error

1 1 &
= MSe= E SSres = E ié (‘y i 1“()(1'))2
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= Thisis abetter measure of fit
= Youdo not need to know this foryourexam butit might help withyourunderstanding

@ Worked example

Jetis the ownerofagymand heis testing different prices options.The table below shows the
numberof new members permonth (M) and the price of amonthlymembership ( £p).

p 10 20 30
97 68 55
2700
Jetbelieves thathe canfitthe datawith eitherthe model Ml(p) = M orthe model
2100
Mz(p) - p+10

Jetwants to choose the modelwith the smallestvalue forthe sumof square residuals.

Determine whichmodelJet should choose.
(alculate the predic’red values

SERRLT

0 9% 90 105
020268 | 615 F0
30 | 55 | Ok 525

For M, + 3 = (4%-90) + (63-62.5)" + (55 -54)" - 50.25
For M, + g = (43 -105) + (68-70)" + (55 -525)" = }4.25

Jet  should choose model M,
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The Coefficient of Determination
Whatisthe coefficient of determination?

= The coefficient of determinationis ameasure of fit foramodel
= [fthe coefficientof determinationis 0.57 this means 57% of the variation of the y-variable
canbe explained by the variationin the x-variable
= The other43% canbe explained byotherfactors
= The higherthis proportionthe more the model fits the data
= The coefficientof determinationis denoted by R?
= [R2<]
= R2=Tmeansthe modelis aperfect fit forthe data
= Thecloserto 1the betterthe fit
= R2jsusuallygreaterthanorequalto zero
= R2canbe negative but thisis outside the scope of this course
= |ftheregressionmodelislinearthenthe coefficient of determinationis equalto square of the
PMCC

= R2=rforlinearmodels
= Some GDCs will simplydenote R2as rZdue to its connectionto the PMCC forlinearmodels

Howdolcalculatethe coefficient of determination?

= WhenﬁndingtheconstantsforregressionmodelsyourGDCmightgiveyouthevalueofR2
= Youwillonlybe asked to calculate the coefficient of determinationformodels forwhich
GDCs give the value of R2
= The coefficientof determinationcanbe calculated by

R2 _ 1 | SSI'eS
SStOt

— —3\2

= Where SStot_iE(yi y)

= Youdo not need to know this formula butit might help withyourunderstanding
Doesthecoefficientof determinationdetermine the validityof amodel?

= |f RZiscloseto 1thenthe modelfits the datawell
= Howeverthis alone does not guarantee thatitis agood modelfor the relationship between
the two variables
= Considerthe scenario where there are big gaps betweendatapoints and amodelwhich fits the
datawell
= Themodelonlyfits the dataatthe datapoints
= Asthere are gaps betweenthe datapoints the model mightnotbe agood fitforthese areas
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= Differenttypes of models have different number of parameters

= Thereforeusingdifferenttypes of models to fitthe same data will have different levels of
accuracy

= Linearmodels need at least two pairs of data
= Quadratic models need at least three pairs of data
= Cubic models need atleast four pairs of data
= Usingfourpairs of datawillmeanthe cubic modelwillhave R2=1

This is because the cubic graphwill go through all fourpieces of data - the value is likely
to decrease as extrapairs of dataareincluded

= Howeverthisdoesnotmeanitis abetterfitthanthe quadratic model
The quadratic modelcould be more accurate as ithas one more pairof data thanis

0 Worked example

Datais collected onthe lengths of cheetahs (X metres) and theiraverage runningspeeds (¥ ms-
1)'

X 1.21 133 112 1.45 1.42 1.39 1.24 119 132
y 24.3 2511 22.2 35.1 35.1 33.4 271 23.1 24.8
a) Find the equationof the least squares regression curve using:

(0 aquadratic model y = ax%+ bx + c.

(i) anexponentialmodel Yy = abx.

Tk\ﬁ,pe the data im0 GD( and choose the

cluodl‘aﬁ(, M egression model pror\enﬁal M egression model
a=140.9. a: 4193

b:i 03}2§e b = 4.250..

(: ...

y: Il =323 4 208]  [y=hiqx4a8

b) Based solelyonthe coefficients of determination, suggestwhichmodelis betterfitfor
the data.

Find the coefficients of determination using GDC

Quadratic R = 066429,
Exponen‘ria' R* = 0.5015%..

Based on the welficieats of defermino‘rion, the quadraﬁc

regression model as its R value is b‘.%er.
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4.3.2Logarithmic Scales

Logarithmic Scales
What arelogarithmic scales?

= Logarithmic scales are scales where intervals increase exponentially
= Anormalscale mightgo1,2,3,4,..
= Alogarithmic scale might go 1,10,100,1000, ...
= Sometimes we cankeepthe scales with constant intervals by changing the variables
= |fthe values of xincrease exponentially:1,10,100,1000, ...
= Thenyoucanuse the variable log xinstead which willhave the scale:1,2,3,4, ...
= This willchange the shape of the graph
= |fthe graphtransforms to astraightline thenitis easierto analyse
= Anybase canbeusedforlogarithmic scales
= ThemostcommonbasesarelOande

Whydo weuselogarithmicscales?

= Forvariables that have alarge range it can be difficult to plot onone graph
= Especiallywhenalotofthe values are clusteredinone region
= Forexample:populations of countries
= Thiscanrange from800to 1450 000 000
= |fwe areinterestedintherate of growthof avariable ratherthanthe actual values thena
logarithmic scaleis useful
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log-log & semi-log Graphs
Whatisalog-loggraph?

= Alog-loggraphisused whenbothscales of the original graph are logarithmic
= Youtransformbothvariables bytakinglogarithms of the values
= logy&logxwillbeusedinstead of y& x

= Powergraphs(y = axb) looklike straight lines onlog-log graphs

Whatisasemi-loggraph?

= Asemi-loggraphis used whenonly one scale (the y-axis) of the original graph are logarithmic
= Youtransformonlythe y-variable bytakinglogarithms of those values
= |logywillbeusedinstead of y

= Exponentialgraphs( y = ab¥)looklike straight lines onsemi-log graphs

Howcanlestimate valuesusinglog-logandsemi-loggraphs?

= |dentifywhetherone orbothof the scales are logarithmic
= |dentifythe variable so that the scales have equalintervals

= x:1,10,100,1000,...uselog x

= Forx:le,e2 e’ .uselnx
= [fyouare asked to estimate avalue:

= Firstfind the value of anylogarithms

= Forexample:logy,Inx etc
= Use the graphto read off the value
= |fitisavalue foralogarithmfind the actual value using:

= logx=k=x=10k
= Inx=k=>x=¢k

O Exam Tip

= Payclose attentionto whichbaseis beingused (logorin)
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@ Worked example

The function Yy = f(X) isdrawnbelow usingalog-log graph.

logy,

0

0 1 2 3 ricngx

Show that when X = 56 the value of Yis approximately 24.

Find loax o8
X: 56 > |oa 5() E I-Hrﬁl 2

Use ﬂraph to {md Ioﬂﬂ
lo” = 1.335 :

1 133, 2 3 logx

F”\d % |Exponents & logarithms | a*=b < x=log, b

y: 1005 : 233 = 0
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4.3.3 Linearising using Logarithms

Exponential Relationships
Howdoluselogarithmstolinearise exponentialrelationships?

= Graphs of exponential functions appearas straight lines onsemi-loggraphs
= Suppose y = abX
= Youcantakelogarithms of bothsides
- Iny=In(ab)
= Youcansplittherighthand side into the sumof two logarithms
« Iny=Ina+ In(b¥)
= Youcanbringdownthe powerinthe finalterm
= Iny=1Ina+ xlnb
= Iny=1Ina+ xInbisinlinearform Y=mX+ ¢
= Y=Iny
» X=X
= m=Inb
= ¢c=lna

Howcanluselineariseddatato findthe values of the parametersinanexponential
model y= ab*?

STEP I:Linearise the datausing Y = lny and X =X

STEP 2:Find the equationofthe regressionlineof YonX: Y =mX + c

STEP 3:Equate coefficients between Y= mX + cand Iny =Ina + xInb
= m=Inb
= c=Ina

= STEP4:Solveto find aand b

= a=¢f

= b=emM
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@ Worked example

Hatterhas noticed that overthe past 50 years there seems to be fewerhatmakers inLondon.He
also knows that global temperatures have beenrising overthe same time period.He decides to
seeifthere could be anycorrelation,so he collects dataonthe numberof hatmakers and the
globalmeantemperatures fromthe past 50 years and records the informationin the graph
below.
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Hattersuggests that the equationfor Alinterms of f canbe writteninthe form A = ab!

.Helinearises the datausing X = f and y = Inh and calculates the regressionline of yonXto

be y=4.382 —1.005x.

Find the values of 4 and b.

Write  h=ob" in linearised form
() < lafab?) > lah =
(ompare  coefficients

ye b382-1005x 2 Inh -k 352 0S¢

lna <4382 » q-¢"* - 19991 a:800 (3sH

Inb =-1005 = b:e"=0.36604. |b= 0.36b (3sF)
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Power Relationships

Howdo luselogarithmstolinearise powerrelationships?

= Graphs of power functions appearas straightlines onlog-loggraphs
= Supposey=aXb
= Youcantakelogarithms of bothsides
- Iny=In(ax?)
= Youcansplittherighthand sideinto the sumof two logarithms
- Iny=Ina+ In(x?)
= Youcanbringdownthe powerinthe finalterm
= Iny=Ina+ blnx
= Iny=Ina+ blnxisinlinearform Y=mX+ ¢

» Y=Iny
» X=Inx
= m=>b
= c=Ina

Howcanluselineariseddatato findthe values of the parametersinanpower model
y= axb?

STEP1:Linearise the datausing Y = lnyand X=Inx
STEP 2:Find the equation of the regressionline of YonX: Y =mX + ¢
STEP 3:Equate coefficients between Y= mX + cand Iny = Ina + blnx
= m=b
= c=Ina
STEP 4:Solve to find aand b
= a=¢f

= b=m
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@ Worked example

The graphbelow shows the heights, h metres, and the amount of time spent sleeping, t hours, of

agroup of young giraffes. Itis believed the datacanbe modelled using t = ahb

t a

h

The dataare coded usingthe changes of variables X = Inh and y= Int.The regressionline of ¥
onXisfoundtobe y=0.3 —1.2x.

Find the values of dand b.

b
wrﬂe t:(lh n |ineari$co' lcorm

(ompare ~ coefficients

g: 03 =L1x 2t {03 ~12loh
lna =03 = q:=¢** L3448, |q:1.35 (3sH)

b:-12
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