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4.3.1 Non-linear Regression

Non-linear Regression

What  is non-linear reg ression?

Yo u have already seen that linear regressio n is when yo u can use a straight line to  fit bivariate data

No n-linear regressio n is when yo u can use a curve  (rather than a straight line) to  fit bivariate data

In yo ur exam the regressio n co uld be:

Linear:  y=ax+b
Quadratic:  y=ax2+bx+c
Cubic:  y=ax3+bx2+cx+d
Expo nential: y=abx  o r y=aebx
Po wer:  y=axb
Sine:  y=asin(bx+c)+d

How do I find t he equat ion of  t he non-linear reg ression m odel?

Using yo ur GDC:

Type the two  sets  o f the data into  yo ur GDC

Select the relevant mo del

The exam questio n will tell yo u which mo del to  use

Yo ur GDC will calculate the co nstants

Yo u can use lo garithms  to  linearise expo nential and po wer relatio nships

Po wer:   y=axb  then lny= lna+blnx
lny  and lnx  will have a linear relatio nship

Expo nential: y=abx  then lny= lna+xlnb
lny  and x  will have a linear relatio nship

Exam T ip

Yo u can use yo ur GDC to  plo t the scatter diagram and include the graph o f a regressio n

mo del

This will allo w yo u to  get a sense o f ho w well the mo del fits the data
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a)

b)

c)

Worked example

Scarlett and Vio let co llect data o n the length o f a film (x  minutes) and the audience rating (y  % ).

x 75 93 101 107 115 124 132 140 171

y 83 75 51 38 47 56 76 91 70

Scarlett claims that there is a cubic relatio nship. Find the equatio n o f a cubic regressio n

mo del o f the fo rm  y=ax3+bx2+cx+d .

Vio let claims that there is a sine relatio nship. Find the equatio n o f a sine regressio n mo del

o f the fo rm  y=asin(bx+c)+d .

Who se mo del predicts a higher audience rating fo r a film which is 100 minutes lo ng?
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Least Squares Regression Curves

What  is a residual?

Given a set o f n pairs o f data and a regressio n mo del y = f(x)

A residual is the actual y-value  (fro m the data) minus  the predicted y-value  (using the

regressio n mo del)

y i− f
( )
x i

The sum o f  the square residuals  is deno ted by SSres

SSres=
n

∑
i=1

( )
y i− f

( )
x i

2

If yo u have two  regressio n mo dels using the same data then the o ne with the smaller SSres fits

the data better

What  is a least  squares reg ression curve?

The least squares regressio n curve  can be tho ught o f as a “curve o f  best fit” y = f(x)

Fo r a given type o f  mo del the least squares regressio n curve minimises the sum o f  the square

residuals

Yo ur GDC calculates the co nstants fo r the least squares regressio n curves

Why is t he sum  of  t he square residuals not  always a g ood m easure of  fit ?

If two  mo dels are fo rmed using the same number o f  pairs  o f data then the sum o f the square

residuals is a go o d measure o f  fit

If two  mo dels use different number o f  pairs o f data then SSres  is no t always a go o d measure

o f  fit

The sum will increase with mo re pairs o f data and so  can no  lo nger be co mpared against a

data set with a different number o f pairs

Co mpare the two  scenario s

10 pairs o f data and the abso lute value o f each residual is 15 then 

SSres=10×152=2250
2250 pairs o f data and the abso lute value o f each residual is 1 then 

SSres=2250×12=2250
They have the same value o f SSres  but the residuals in the seco nd scenario  are much smaller

Yo ur GDC may give yo u the mean squared erro r

MSe=
1
n SSres=

1
n

n

∑
i=1

( )
y i− f

( )
x i

2
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This is a better measure o f  fit

Yo u do  no t need to  kno w this  fo r yo ur exam but it might help with yo ur understanding

Worked example

Jet is the o wner o f a gym and he is testing different prices o ptio ns. The table belo w sho ws the

number o f new members per mo nth (M ) and the price o f a mo nthly membership (£p ).

p 10 20 30

M 97 68 55

Jet believes that he can fit the data with either the mo del M1 (p)=
2700
p+20  o r the mo del 

M2 (p)=
2100
p+10 .

Jet wants to  cho o se the mo del with the smallest value fo r the sum o f square residuals.

Determine which mo del Jet sho uld cho o se.
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The Coefficient of Determination

What  is t he coefficient  of  det erm inat ion?

The co efficient o f  determinatio n is a measure o f  fit  fo r a mo del

If the co efficient o f determinatio n is 0.57 this means 57%  o f the variatio n o f the y-variable

can be explained by the variatio n in the x-variable

The o ther 43%  can be explained by o ther facto rs

The higher this pro po rtio n the mo re the mo del fits the data

The co efficient o f determinatio n is deno ted by R²

R² ≤ 1

R² = 1 means the mo del is a perf ect fit fo r the data

The clo ser to  1 the better the fit

R² is usually greater than o r equal to  z ero

R² can be negative but this is o utside the sco pe o f this co urse

If the regressio n mo del is linear then the co efficient o f determinatio n is equal to  square o f  the

PMCC

R2= r2  fo r linear mo dels

So me GDCs will simply deno te R² as r² due to  its co nnectio n to  the PMCC fo r linear mo dels

How do I calculat e t he coefficient  of  det erm inat ion?

When finding the co nstants fo r regressio n mo dels yo ur GDC might give yo u the value  o f R2

Yo u will o nly be asked to  calculate the co efficient o f determinatio n fo r mo dels fo r which

GDCs give the value o f R²

The co efficient o f determinatio n can be calculated by

R2=1−
SSres

SStot

Where SStot=
n

∑
i=1

( )
y i−

⎯⎯y 2

Yo u do  no t need to  kno w this  fo rmula but it might help with yo ur understanding

Does t he coefficient  of  det erm inat ion det erm ine t he validit y of  a m odel?

If R² is clo se to  1 then the mo del fits the data well

Ho wever this alo ne do es no t guarantee  that it is a go o d mo del f o r the relatio nship  between

the two  variables

Co nsider the scenario  where there are big gaps between data po ints and a mo del which fits the

data well

The mo del o nly fits the data at the data po ints

As there are gaps between the data po ints the mo del might no t be a go o d fit fo r these areas
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Different types o f mo dels have different number o f  parameters

Therefo re using different types o f mo dels to  fit the same data will have different levels o f

accuracy

Linear mo dels need at least two  pairs  o f data

Quadratic mo dels need at least three pairs  o f data

Cubic mo dels need at least f o ur pairs  o f data

Using fo ur pairs o f data will mean the cubic mo del will have R² = 1

This is because the cubic graph will go  thro ugh all fo ur pieces o f data – the value is likely

to  decrease as extra pairs o f data are included

Ho wever this do es no t mean it is a better fit than the quadratic mo del

The quadratic mo del co uld be mo re accurate as it has o ne mo re pair o f data than is

needed

(i)

(ii)

a)

b)

Worked example

Data is co llected o n the lengths o f cheetahs (x  metres) and their average running speeds (y  ms

).

x 1.21 1.33 1.12 1.45 1.42 1.39 1.24 1.19 1.32

y 24.3 25.1 22.2 35.1 35.1 33.4 27.1 23.1 24.8

Find the equatio n o f the least squares regressio n curve using:

a quadratic mo del y=ax2+bx+c .

an expo nential mo del  y=abx .

Based so lely o n the co e�cients o f determinatio n, suggest which mo del is better �t fo r

the data.

-

1
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4.3.2 Logarithmic Scales

Logarithmic Scales

What  are log arit hm ic scales?

Lo garithmic scales  are scales where intervals increase expo nentially

A no rmal scale might go  1, 2, 3, 4, ...

A lo garithmic scale might go  1, 10, 100, 1000, ...

So metimes we can keep the scales with co nstant intervals  by changing the variables

If the values o f x increase expo nentially: 1, 10, 100, 1000, ...

Then yo u can use the variable lo g x instead which will have the scale: 1, 2, 3, 4, ...

This will change the shape o f the graph

If the graph transfo rms to  a straight line then it is easier to  analyse

Any base  can be used fo r lo garithmic scales

The mo st co mmo n bases are 10 and e

Why do we use log arit hm ic scales?

Fo r variables that have a large range  it can be difficult to  plo t o n o ne graph

Especially when a lo t o f the values are clustered in o ne regio n

Fo r example: po pulatio ns o f co untries

This can range fro m 800 to  1 450 000 000

If we are interested in the rate o f  gro wth o f a variable rather than the actual values then a

lo garithmic scale is useful
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log-log & semi-log Graphs

What  is a log -log  g raph?

A lo g-lo g graph is used when bo th scales  o f the o riginal graph are lo garithmic

Yo u transfo rm bo th variables by taking lo garithms o f the values

lo g y & lo g x will be used instead o f y & x

Po wer graphs  ( y=axb ) lo o k like straight lines  o n lo g-lo g graphs

What  is a sem i-log  g raph?

A semi-lo g graph is used when o nly o ne scale (the y-axis) o f the o riginal graph are lo garithmic

Yo u transfo rm o nly the y-variable by taking lo garithms o f tho se values

lo g y will be used instead o f y

Expo nential graphs  ( y=abx ) lo o k like straight lines  o n semi-lo g graphs

How can I est im at e values using  log -log  and sem i-log  g raphs?

Identify whether o ne o r bo th o f  the scales  are lo garithmic

Identify the variable so  that the scales have equal intervals

x : 1, 10, 100, 1000, ... use lo g x

Fo r x : 1, e, e², e , ... use ln x

If yo u are asked to  estimate a value:

First find the value o f any lo garithms

Fo r example: lo g y, ln x, etc

Use the graph to  read o ff the value

If it is a value fo r a lo garithm find the actual value using:

logx=k⇒x=10k
lnx=k⇒x=ek

Exam T ip

Pay clo se attentio n to  which base is being used (lo g o r ln)

3
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Worked example

The functio n  y= f (x)  is drawn belo w using a lo g-lo g graph.

Sho w that when x=56 the value o f  y  is appro ximately 24.
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4.3.3 Linearising using Logarithms

Exponential Relationships

How do I use log arit hm s t o linearise exponent ial relat ionships?

Graphs o f expo nential f unctio ns  appear as straight lines o n semi-lo g graphs

Suppo se y=abx
Yo u can take lo garithms o f bo th sides

lny= ln(abx )

Yo u can split the right hand side into  the sum o f two  lo garithms

lny= lna+ ln(bx )

Yo u can bring do wn the po wer in the final term

lny= lna+xlnb
lny= lna+xlnb  is in linear fo rm Y=mX+c

Y= lny
X=x
m= lnb
c= lna

How can I use linearised dat a t o find t he values of  t he param et ers in an exponent ial

m odel y = ab ?

ST EP 1: Linearise  the data using Y= lny  and X=x
ST EP 2: Find the equatio n o f the regressio n line  o f Y o n X : Y=mX+c
ST EP 3: Equate co efficients  between Y=mX+c  and lny= lna+xlnb

m= lnb
c= lna

ST EP 4 : So lve  to  find a and b

a=ec
b=em

x
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Worked example

Hatter has no ticed that o ver the past 50 years there seems to  be fewer hatmakers in Lo ndo n. He

also  kno ws that glo bal temperatures have been rising o ver the same time perio d. He decides to

see if there co uld be any co rrelatio n, so  he co llects data o n the number o f hatmakers and the

glo bal mean temperatures fro m the past 50 years and reco rds the info rmatio n in the graph

belo w.

Hatter suggests that the equatio n fo r h  in terms o f t  can be written in the fo rm h=ab t

. He linearises the data using x= t   and y= lnh  and calculates the regressio n line o f y  o n x  to

be y=4 .382−1 .005x .

 Find the values o f a  and b .
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Power Relationships

How do I use log arit hm s t o linearise power relat ionships?

Graphs o f po wer f unctio ns  appear as straight lines o n lo g-lo g graphs

Suppo se y=axb
Yo u can take lo garithms o f bo th sides

lny= ln(axb )

Yo u can split the right hand side into  the sum o f two  lo garithms

lny= lna+ ln(xb )

Yo u can bring do wn the po wer in the final term

lny= lna+blnx
lny= lna+blnx  is in linear fo rm Y=mX+c

Y= lny
X= lnx
m=b
c= lna

How can I use linearised dat a t o find t he values of  t he param et ers in an power m odel
y = ax ?

ST EP 1: Linearise  the data using Y= lny  and X= lnx
ST EP 2: Find the equatio n o f the regressio n line  o f Y o n X : Y=mX+c
ST EP 3: Equate co efficients  between Y=mX+c  and lny= lna+blnx

m=b
c= lna

ST EP 4 : So lve  to  find a and b

a=ec
b=m

b
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Worked example

The graph belo w sho ws the heights, h  metres, and the amo unt o f time spent sleeping, t  ho urs, o f

a gro up o f yo ung giraffes. It is believed the data can be mo delled using t=ahb
.

The data are co ded using the changes o f variables x= lnh  and y= lnt . The regressio n line o f y
 o n x  is fo und to  be y=0 .3−1 .2x .

Find the values o f a  and b .
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