
4.11 Hypothesis Testing



4.11.1 Hypothesis Testing

Language of Hypothesis Testing

What  is a hypot hesis t est ?

A hypo thesis test uses a sample o f  data in an experiment to  test a statement  made abo ut the

po pulatio n

The statement is either abo ut a po pulatio n parameter o r the distributio n o f the po pulatio n

The hypo thesis test will lo o k at the pro bability o f o bserved o utco mes happening under set

co nditio ns

The pro bability fo und will be co mpared against a given significance level to  determine whether

there is evidence to  suppo rt the statement being made

What  are t he key t erm s used in st at ist ical hypot hesis t est ing ?

Every hypo thesis test must begin with a clear null hypo thesis (what we believe to  already be true)

and alternative hypo thesis (ho w we believe the data pattern o r pro bability distributio n might

have changed)

A hypo thesis is an assumptio n that is made abo ut a particular po pulatio n parameter o r the

distributio n o f  the po pulatio n

A po pulatio n parameter is a numerical characteristic which helps define a po pulatio n

Such as the mean value o f the po pulatio n

The null hypo thesis  is deno ted H0  and sets o ut the assumed po pulatio n parameter o r

distributio n given that no  change has happened

The alternative hypo thesis is deno ted H1  and sets o ut ho w we think the po pulatio n

parameter o r distributio n co uld have changed

When a hypo thesis test is carried o ut, the null hypo thesis is assumed to  be true  and this

assumptio n will either be accepted  o r rejected

When a null hypo thesis is accepted o r rejected a statistical inf erence  is made

A hypo thesis test will always be carried o ut at an appro priate significance level

The significance level sets the smallest pro bability that an event co uld have o ccurred by

chance

Any pro bability smaller than the significance level wo uld suggest that the event is unlikely

to  have happened by chance

The significance level must be set bef o re the hypo thesis test is carried o ut

The significance level will usually be 1% , 5%  o r 10% , ho wever it may vary
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One-tailed Tests

What  are one-t ailed t est s?

A o ne-tailed test  is used fo r testing:

Whether a distributio n can be used to  mo del the po pulatio n

Whether the po pulatio n parameter has increased

Whether the po pulatio n parameter has decreased

One-tailed tests  can be used with:

Chi-squared test fo r independence

Chi-squared go o dness o f fit test

Test fo r pro po rtio n o f a bino mial distributio n

Test fo r po pulatio n mean o f a Po isso n distributio n

Test fo r po pulatio n mean o f a no rmal distributio n

Test to  co mpare po pulatio n means o f two  distributio ns

Two-tailed Tests

What are two -tailed tests?

A two -tailed test  is used fo r testing:

Whether the po pulatio n parameter has changed

T wo -tailed tests  can be used with:

Test fo r po pulatio n mean o f a no rmal distributio n

Test to  co mpare po pulatio n means o f two  distributio ns
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Conclusions of Hypothesis Testing

How do I decide whet her t o reject  or accept  t he null hypot hesis?

A sample o f the po pulatio n is taken and the test statistic  is calculated using the o bservatio ns

fro m the sample

Yo ur GDC can calculate the test statistic fo r yo u (if required)

To  decide whether o r no t to  reject the null hypo thesis yo u first need either the p-value  o r the

critical regio n

The p - value is the pro bability o f a value being at least as extreme  as the test statistic, assuming

that the null hypo thesis is true

Yo ur GDC will give yo u the p-value (if required)

If the p-value is less than the significance level then the null hypo thesis  wo uld be rejected

The critical regio n is the range o f values o f the test statistic which will lead to  the null hypo thesis

being rejected

If the test statistic  falls within the critical regio n then the null hypo thesis  wo uld be rejected

The critical value is the bo undary o f the critical regio n

It is the least extreme value that wo uld lead to  the rejectio n o f the null hypo thesis

The critical value is determined by the significance level

How should a conclusion be writ t en f or a hypot hesis t est ?

Yo ur co nclusio n must  be written in the co ntext  o f the questio n

Use the wo rding in the questio n to  help yo u write yo ur co nclusio n

If rejecting the null hypo thesis yo ur co nclusio n sho uld state that there is sufficient evidence

to  suggest that the null hypo thesis is unlikely to  be true

If accepting the null hypo thesis yo ur co nclusio n sho uld state that there is no t eno ugh

evidence  to  suggest that the null hypo thesis is unlikely to  be true

Yo ur co nclusio n must no t  be definitive

There is a chance that the test has led to  an inco rrect co nclusio n

The o utco me is dependent o n the sample

a different sample  might lead to  a different o utco me

The co nclusio n o f a two -tailed test  can state if there is evidence o f a change

Yo u sho uld no t state whether this change is an increase o r decrease

If yo u are testing the difference between the means o f two  po pulatio ns then yo u can o nly

co nclude that the means are no t equal

Yo u can no t say which po pulatio n mean is bigger

Yo u’d need to  use a o ne-tailed  test fo r this

Exam T ip

Accepting the null hypo thesis do es no t mean that yo u are saying it is true

Yo u are simply saying there is no t eno ugh evidence to  reject it
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4.11.2 Chi-squared Test for Independence

Chi-Squared Test for Independence

What  is a chi-squared t est  f or independence?

A chi-squared (χ2 ) test f o r independence  is a hypo thesis test used to  test whether two

variables are independent  o f each o ther

This is so metimes called a χ2 two -way test

This is an example o f a go o dness o f  fit  test

We are testing whether the data fits the mo del that the variables are independent

The chi-squared (χ2 ) distributio n is used fo r this test

Yo u will use a co ntingency table

This is a two -way table that sho ws the o bserved f requencies  fo r the different co mbinatio ns

o f the two  variables

Fo r example: if the two  variables are hair co lo ur and eye co lo ur then the co ntingency table

will sho w the frequencies o f the different co mbinatio ns

Why m ig ht  I have t o com bine rows or colum ns?

The o bserved  values are used to  calculate expected  values

These are the expected frequencies fo r each co mbinatio n assuming that the variables are

independent

Yo ur GDC can calculate these fo r yo u after yo u input the o bserved frequencies

The expected values  must all be bigger than 5

If o ne o f the expected values is less than 5 then yo u will have to  co mbine the co rrespo nding ro w

o r co lumn in the matrix o f o bserved values  with the adjacent  ro w o r co lumn

The decisio n between ro w o r co lumn will be based o n which seems the mo st appro priate

Fo r example: if the two  variables are age and favo urite TV genre then it is mo re appro priate

to  co mbine age gro ups than types o f genre

What  are t he deg rees of  f reedom ?

There will be a minimum number o f  expected values  yo u wo uld need to  kno w in o rder to  be able

to  calculate all the expected values

This minimum number is called the degrees o f  f reedo m and is o ften deno ted by ν
Fo r a test f o r independence  with an m × n co ntingency table

ν= (m−1)× (n−1)

Fo r example: If there are 5 ro ws and 3 co lumns then yo u o nly need to  kno w 2 o f  the values  in 4

o f  the ro ws  as the rest can be calculated using the to tals

What  are t he st eps f or a chi-squared t est  f or independence?
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ST EP 1: Write the hypo theses

H : Variable X is independent o f variable Y

H : Variable X is no t independent o f variable Y

Make sure yo u clearly write what the variables are and do n’t just call them X and Y

ST EP 2: Calculate the degrees o f  f reedo m fo r the test

Fo r an m × n co ntingency table

Degrees o f freedo m is ν= (m−1)× (n−1)

ST EP 3: Enter yo ur o bserved f requencies  into  yo ur GDC using the o ptio n fo r a 2-way test

Enter these as a matrix

Yo ur GDC will give yo u a matrix o f the expected values (assuming the variables are

independent)

If any values are 5 o r less then co mbine ro ws/co lumns and repeat step 2

Yo ur GDC will also  give yo u the χ² statistic and its p-value

The χ² statistic is deno ted as χ
calc
2

ST EP 4 : Decide whether there is evidence to  reject the null hypo thesis

EITHER co mpare the χ²  statistic  with the given critical value

If χ² statistic > critical value then reject H

If χ² statistic < critical value then accept H

OR co mpare the p-value  with the given significance level

If p-value < significance level then reject H

If p-value > significance level then accept H

ST EP 5: Write yo ur co nclusio n

If yo u reject H

There is sufficient evidence to  suggest that variable X is no t independent o f variable Y

Therefo re this suggests they are asso ciated

If yo u accept H

There is insufficient evidence to  suggest that variable X is no t independent o f variable Y

Therefo re this suggests they are independent

How do I calculat e t he chi-squared st at ist ic?

Yo u are expected  to  be able to  use yo ur GDC  to  calculate the χ² statistic by inputting the matrix

o f the o bserved frequencies

Seeing ho w it is do ne by hand might deepen yo ur understanding but yo u are no t expected  to  use

this metho d

ST EP 1: Fo r each o bserved f requency O  calculate its expected f requency E

Assuming the variables are independent

E  = P(X = x) × P(Y = y) × To tal

Which simplifies to  E i=
Row Total × Column Total

Overall Total
ST EP 2 Calc late the χ² statistic sing the fo rm la

0  

1 

0

0

0

0

0

0

i i

i

χ
calc
2 =∑

(O i−E i)
2

E i

Yo u do  no t need to  learn this fo rmula as yo ur GDC calculates it fo r yo u

To  calculate the  p-value yo u wo uld �nd the pro bability o f a value being bigger than yo ur χ² statistic

using a χ² distributio n with ν degrees o f freedo m
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Exam T ip

Not e for Int ernal Assessment s (IA)

If yo u use a χ² test in yo ur IA then beware that the o utco me may no t be accurate if there is o nly

1 degree o f freedo m

This means it is a 2 × 2 co ntingency table

a)

b)

c)

Worked example

At a scho o l in Paris, it is believed that favo urite �lm genre is related to  favo urite subject.  500

students were asked to  indicate their favo urite �lm genre and favo urite subject fro m a selectio n

and the results are indicated in the table belo w.

Co medy Actio n Ro mance T hriller

Maths 51 52 37 55

Spo rts 59 63 41 33

Geo graphy 35 31 28 15

It is decided to  test this hypo thesis by using a χ2  test fo r independence at the 1%  signi�cance

level. 

The critical value is 16.812.

State the null and alternative hypo theses fo r this test.

Write do wn the number o f degrees o f freedo m fo r this table.

Calculate the χ2  test statistic fo r this data.
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d) Write do wn the co nclusio n to  the test. Give a reaso n fo r yo ur answer.
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4.11.3 Goodness of Fit Test

Chi-Squared GOF: Uniform

What  is a chi-squared g oodness of  fit  t est  f or a g iven dist ribut ion?

A chi-squared (χ2 ) go o dness o f  fit test  is used to  test data fro m a sample which suggests that

the po pulatio n has a given distributio n

This co uld be that: 

the pro po rtio ns o f the po pulatio n fo r different catego ries fo llo ws a given ratio  

the po pulatio n fo llo ws a unif o rm distributio n

This means all o utco mes are equally likely

What  are t he st eps f or a chi-squared g oodness of  fit  t est  f or a g iven dist ribut ion?

ST EP 1: Write the hypo theses

H : Variable X  can be mo delled by the given distributio n

H : Variable X  canno t be mo delled by the given distributio n

Make sure yo u clearly write what the variable is and do n’t just call it X

ST EP 2: Calculate the expected f requencies

Split the to tal frequency using the given ratio

Fo r a unifo rm distributio n: divide the to tal frequency N  by the number o f po ssible o utco mes

k

ST EP 3: Calculate the degrees o f  f reedo m fo r the test

Fo r k  po ssible o utco mes

Degrees o f freedo m is ν=k−1
ST EP 4 : Enter the f requencies  and the degrees o f  f reedo m into  yo ur GDC

Enter the o bserved and expected frequencies as two  separate lists

Yo ur GDC will then give yo u the χ² statistic and its p-value

The χ² statistic is deno ted as χ
calc
2

ST EP 5: Decide whether there is evidence to  reject the null hypo thesis

EITHER co mpare the χ²  statistic  with the given critical value

If χ² statistic > critical value then reject H

If χ² statistic < critical value then accept H

OR co mpare the p-value  with the given significance level

If p-value < significance level then reject H

If p-value > significance level then accept H

ST EP 6: Write yo ur co nclusio n

If yo u reject H

There is sufficient evidence to  suggest that variable X do es no t fo llo w the given

distributio n

0  

1 

0

0

0

0

0

Therefo re this suggests that the data is no t distributed as claimed

 If yo u accept H

There is insu�cient evidence to  suggest that variable X do es no t fo llo w the given

distributio n

Therefo re this suggests that the data is  distributed as claimed

0
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a)

b)

c)

Worked example

A car salesman is interested in ho w his sales are distributed and reco rds his sales results o ver a

perio d o f six weeks. The data is sho wn in the table.

Week 1 2 3 4 5 6

Number o f

sales
15 17 11 21 14 12

A χ2  go o dness o f fit test is to  be perfo rmed o n the data at the 5%  significance level to  find o ut

whether the data fits a unifo rm distributio n.

Find the expected frequency o f sales fo r each week if the data were unifo rmly

distributed.

Write do wn the null and alternative hypo theses.

Write do wn the number o f degrees o f freedo m fo r this test.
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d)

e)

Calculate the p-value.

State the co nclusio n o f the test. Give a reaso n fo r yo ur answer.
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Chi-Squared GOF: Binomial

What  is a chi-squared g oodness of  fit  t est  f or a binom ial dist ribut ion?

A chi-squared (χ2 ) go o dness o f  fit test  is used to  test data fro m a sample suggesting that the

po pulatio n has a bino mial distributio n

Yo u will either be given a precise bino mial distributio n to  test B(n, p)  with an assumed

value fo r p

Or yo u will be asked to  test whether a bino mial distributio n is suitable witho ut being given an

assumed value  fo r p

In this case yo u will have to  calculate an estimate  fo r the value o f p fo r the bino mial

distributio n

To  calculate it divide the mean by the value o f n

p=
⎯⎯x
n =

1
n ×
∑fx

∑f

What  are t he st eps f or a chi-squared g oodness of  fit  t est  f or a binom ial
dist ribut ion?

ST EP 1: Write the hypo theses

H : Variable X can be mo delled by a bino mial distributio n

H : Variable X canno t be mo delled by a bino mial distributio n

Make sure yo u clearly write what the variable is and do n’t just call it X

If yo u are given the assumed value o f p then state the precise distributio n B(n, p)

ST EP 2: Calculate the expected f requencies

If yo u were no t given the assumed value o f p then yo u will first have to  estimate it  using the

o bserved data

Find the pro bability o f the o utco me using the bino mial distributio n P(X=x)

Multiply the pro bability by the to tal frequency P(X=x)×N
Yo u will have to  co mbine ro ws/co lumns if any expected values are 5 o r less

ST EP 3: Calculate the degrees o f  f reedo m fo r the test

Fo r k o utco mes (after co mbining expected values if needed)

Degrees o f freedo m is 

ν=k−1  if yo u were given the assumed value o f p

ν=k−2 if yo u had to  estimate  the value o f p

ST EP 4 : Enter the f requencies  and the degrees o f  f reedo m into  yo ur GDC

Enter the o bserved and expected frequencies as two  separate lists

Yo ur GDC will then give yo u the χ² statistic and its p-value

The χ² statistic is deno ted as χ
calc
2

ST EP 5: Decide whether there is evidence  to  reject the null hypo thesis

0  

1 
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EITHER co mpare the χ²  statistic  with the given critical value

If χ² statistic > critical value then reject H

If χ² statistic < critical value then accept H

OR co mpare the p-value with the given significance level

If p-value < significance level then reject H

If p-value > significance level then accept H

ST EP 6: Write yo ur co nclusio n

If yo u reject H

There is sufficient evidence to  suggest that variable X do es no t fo llo w the bino mial

distributio n B(n, p)

Therefo re this suggests that the data do es no t f o llo w B(n, p)

If yo u accept H

There is insufficient evidence to  suggest that variable X do es no t fo llo w the bino mial

distributio n B(n, p)

Therefo re this suggests that the data f o llo ws B(n, p)

0

0

0

0

0

0

Page 12 of 22
For more help visit our website www.exampaperspractice.co.uk



a)

b)

c)

Worked example

A stage in a video  game has three bo ss battles. 1000 peo ple try this stage o f the video  game and

the number o f bo sses defeated by each player is reco rded.

Number o f  bo sses

def eated
0 1 2 3

Frequency 490 384 111 15

A χ2  go o dness o f fit test at the 5%  significance level is used to  decide whether the number o f

bo sses defeated can be mo delled by a bino mial distributio n with a 20%  pro bability o f success.

State the null and alternative hypo theses.

Assuming the bino mial distributio n ho lds, find the expected number o f peo ple that wo uld

defeat exactly o ne bo ss.

Calculate the p-value fo r the test.
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d) State the co nclusio n o f the test. Give a reaso n fo r yo ur answer.
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Chi-Squared GOF: Normal

What  is a chi-squared g oodness of  fit  t est  f or a norm al dist ribut ion?

A chi-squared (χ2 ) go o dness o f  fit test  is used to  test data fro m a sample suggesting that the

po pulatio n has a no rmal distributio n

Yo u will either be given a precise no rmal distributio n to  test N(μ, σ2
)  with assumed values

fo r μ and σ
Or yo u will be asked to  test whether a no rmal distributio n is suitable witho ut being given

assumed values  fo r μ and/o r σ
In this case yo u will have to  calculate an estimate  fo r the value o f μ and/o r σ fo r the no rmal

distributio n

Either use yo ur GDC o r use the fo rmulae

⎯⎯x=
∑fx

∑f
 and s

n−1
2 =

n
n−1 s

n
2

What  are t he st eps f or a chi-squared g oodness of  fit  t est  f or a norm al dist ribut ion?

·     ST EP 1: Write the hypo theses

H : Variable X can be mo delled by a no rmal distributio n

H : Variable X canno t be mo delled by a no rmal distributio n 

Make sure yo u clearly write what the variable is and do n’t just call it X

If yo u are given the assumed values o f μ and σ then state the precise distributio n

N(μ, σ2
)

ST EP 2: Calculate the expected fr equencies

If yo u were no t given the assumed values o f μ o r σ then yo u will first have to  estimate them

Find the pro bability o f the o utco me using the no rmal distributio n P(a<X<b)

Beware o f unbo unded inequalities P(X<b)  o r P(X>a)  fo r the class intervals o n the

'ends'

 Multiply the pro bability by the to tal frequency P(a<X<b)×N
Yo u will have to  co mbine ro ws/co lumns if any expected values are 5 o r less

ST EP 3: Calculate the degrees o f  f reedo m fo r the test

Fo r k class intervals (after co mbining expected values if needed)

Degrees o f freedo m is

ν=k−1  if yo u were given the assumed values fo r bo thμ and σ

ν=k−2  if yo u had to  estimate either μ o r σ but no t bo th

ν=k−3  if yo u had to  estimate bo thμ and σ
 ST EP 4 : Enter the f requencies  and the degrees o f  f reedo m into  yo ur GDC

0  

1 
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Enter the o bserved and expected frequencies as two  separate lists

Yo ur GDC will then give yo u the χ² statistic and its p-value

The χ² statistic is deno ted as χ
calc
2

ST EP 5: Decide whether there is evidence  to  reject the null hypo thesis

EITHER co mpare the χ²  statistic  with the given critical value

If χ² statistic > critical value then reject H

If χ² statistic < critical value then accept H

OR co mpare the p-value  with the given significance level

If p-value < significance level then reject H

If p-value > significance level then accept H

 ST EP 6: Write yo ur co nclusio n

 If yo u reject H

There is sufficient evidence to  suggest that variable X do es no t fo llo w the no rmal

distributio n N(μ, σ2
)

Therefo re this suggests that the data do es no t f o llo w N(μ, σ2
)

If yo u accept H

 There is insufficient evidence to  suggest that variable X do es no t fo llo w the no rmal

distributio n N(μ, σ2
)

 Therefo re this suggests that the data f o llo ws N(μ, σ2
)

0

0

0

0

0

0
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a)

b)

Worked example

300 marbled ducks in Quackto wn are weighed and the results are sho wn in the table belo w.

Mass (g) Frequency

m<450 1

450≤m<470 9

470≤m<520 158

520≤m<570 123

m≥570 9

A χ2  go o dness o f fit test at the 10%  significance level is used to  decide whether the mass o f a

marbled duck can be mo delled by a no rmal distributio n with mean 520 g and standard deviatio n

30 g.

Explain why it is necessary to  co mbine the gro ups m<450  and 450≤m<470  to

create the gro up m<470  with frequency 10.

Calculate the expected frequencies, giving yo ur answers co rrect to  2 decimal places.
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c)

d)

e)

Write do wn the null and alternative hypo theses.

Calculate the χ2  statistic.

Given that the critical value is 6.251, state the co nclusio n o f the test. Give a reaso n fo r yo ur

answer.
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Chi-squared GOF: Poisson

What  is a chi-squared g oodness of  fit  t est  f or a Poisson dist ribut ion?

A chi-squared (χ²) go o dness o f fit test is used to  test data fro m a sample suggesting that the

po pulatio n has a Po isso n distributio n

Yo u will either be given a precise Po isso n distributio n to  test Po(m)  with an assumed value

fo r m

Or yo u will be asked to  test whether a Po isso n distributio n is suitable witho ut being given an

assumed value  fo r m

In this case yo u will have to  calculate an estimate  fo r the value o f m fo r the Po isso n

distributio n

To  calculate it just calculate the mean

m=
∑fx

∑f

What  are t he st eps f or a chi-squared g oodness of  fit  t est  f or a Poisson
dist ribut ion?

ST EP 1: Write the hypo theses

H : Variable X can be mo delled by a Po isso n distributio n

H : Variable X canno t be mo delled by a Po isso n distributio n

Make sure yo u clearly write what the variable is and do n’t just call it X

If yo u are given the assumed value o f m then state the precise distributio n Po(m)

ST EP 2: Calculate the expected f requencies

If yo u were no t given the assumed value o f m then yo u will first have to  estimate it  using the

o bserved data

Find the pro bability o f the o utco me using the Po isso n distributio n P(X=x)

Multiply the pro bability by the to tal frequency P(X=x)×N
If a is the smallest o bserved value then calculate P(X≤a)

If b is the largest o bserved value then calculate P(X≥b)

Yo u will have to  co mbine ro ws/co lumns if any expected values are 5 o r less

ST EP 3: Calculate the degrees o f  f reedo m fo r the test

Fo r k o utco mes (after co mbining expected values if needed)

Degree o f freedo m is 

ν=k−1  if yo u were given the assumed value o f m

ν=k−2 if yo u had to  estimate  the value o f m

ST EP 4 : Enter the f requencies  and the degree o f  f reedo m into  yo ur GDC

Enter the o bserved and expected frequencies as two  separate lists

Yo ur GDC will then give yo u the χ² statistic and its p-value

0  

1 
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The χ² statistic is deno ted as χ
calc
2

ST EP 5: Decide whether there is evidence  to  reject the null hypo thesis

EITHER co mpare the χ²  statistic  with the given critical value

If χ² statistic > critical value then reject H

If χ² statistic < critical value then accept H

OR co mpare the p-value with the given significance level

If p-value < significance level then reject H

If p-value > significance level then accept H

ST EP 6: Write yo ur co nclusio n

If yo u reject H

There is sufficient evidence to  suggest that variable X do es no t fo llo w the Po isso n

distributio n Po(m)

Therefo re this suggests that the data do es no t f o llo w Po(m)

If yo u accept H

There is insufficient evidence to  suggest that variable X do es no t fo llo w the Po isso n

distributio n Po(m)

Therefo re this suggests that the data f o llo ws Po(m)

0

0

0

0

0

0
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a)

b)

Worked example

A parent claims the number o f messages they receive fro m their teenage child within an ho ur can

be mo delled by a Po isso n distributio n. The parent co llects data fro m 100 o ne ho ur perio ds and

reco rds the o bserved frequencies o f the messages received fro m the child. The parent

calculates the mean number o f messages received fro m the sample and uses this to  calculate

the expected frequencies if a Po isso n mo del is used.

Number o f

messages

Observed

f requency

Expected

f requency

0 9 7.28

1 16 a
2 23 24.99

3 22 21.82

4 16 14.29

5 14 7.49

6 o r mo re 0 b

A χ² go o dness o f fit test at the 10%  significance level is used to  test the parent’s claim.

Write do wn null and alternative hypo theses to  test the parent’s claim.

Sho w that the mean number o f messages received per ho ur fo r the sample is 2.62.
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c)

d)

Calculate the values o f a  and b , giving yo ur answers to  2 decimal places.

Perfo rm the hypo thesis test.
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