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4.10.1 Poisson Distribution

Properties of Poisson Distribution
What is a Poisson distribution?

= APoissondistributionis a discrete probability distribution
= Adiscrete random variable X follows a Poisson distribution if it counts the number of occurrencesin
a fixed time period given the following conditions:
= Occurrences are independent
= Occurrences occur at auniform average rate for the time period (m)
= If X follows a Poisson distribution then it is denoted X ~ Po(m)
= misthe averagerate of occurrences for the time period
= The formulaforthe probability of roccurrencesis given by:
e Mmr
r!
= ejsEuler'sconstant2.718...
- rl=rx(r=1)X..x2x1and0!=1
= Thereisnoupperbound forthe number of occurrences

= Youwillbe expected to use the distribution function onyour GDC to calculate probabilities with
the Poisson distribution

- P(X=1)= forr=0,1,2,..

What are the important properties of a Poisson distribution?

= The expected number (mean) of occurrencesism
= You are given thisin the formula booklet
= The variance of the number of occurrencesism
= You are given thisin the formula booklet
= Squareroot to get the standard deviation
= The mean and variance for a Poisson distribution are equal
= Thedistribution can be represented visually using a vertical line graph
= The graphs have tails to the right for all values of m
= Asmgetslarger the graph gets more symmetrical

. F X~ Po(m) and Y~ Po(/l) areindependentthen X + Y ~ Po(m + l)
» This extends to nindependent Poisson distributions Xi ~ Po(ml.)

. X1+X2+ '"+Xn ~P0(m1+m2+ ...+mn)
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Modelling with Poisson Distribution
How do I set up aPoisson model?

= |dentify what an occurrenceisin the scenario
= Forexample: a carpassing a camera, a machine producing a faulty item
= Use proportion to find the mean number of occurrences for the given time period
= Forexample: 10 carsin 5 minutes would be 120 cars in an hour if the Poisson model works for both
time periods
= Make sure you clearly state what yourrandom variable is
= Forexample:let Xbe the number of cars passing a camerain 10 minutes

What can be modelled using a Poisson distribution?

= Anything that satisfies the two conditions
= Forexample, Let Cbe the number of calls that a helpline receives within a 15-minute period:
C~Po(m)
= Anoccurrenceis the helpline receiving a call and can be considered independent
= Thehelplinereceives calls at an average rate of m calls during a 15-minute period
= Sometimes a measure of space will be used instead of a time period
= Forexample, the number of daisies that exist on a square metre of grass
= |f the mean and variance of a discrete variable are equal then it might be possible to use a Poisson
model


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

@ Worked example

Jackuses P0(6.25) to modelthe number of emails he receives during his hour lunch break.

a) Write down two assumptions that Jack has made.

Jack has assumed that :
*the emalk that he receives are independent

‘he receives emails ot a Lmilcorm overage rafe of

6.25 emails per  hour durmﬁ his lunch breaks

b) Calculate the standard deviation for the number of emails that Jack receives during his hour
lunch breaks.

Poisson distribution
FOrmula booklet .

Mean E{X)=m

Variance Var(X)=m

o= 6.25
o 4625

Standard deviation = 2.5 emails
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4.10.2 Calculating Poisson Probabilities

Calculating Poisson Probabilities

Throughout this section we will use the random variable X ~ Po(m) .ForaPoisson distribution X, the
probability of X taking a non-integer or negative value is always zero. Therefore, any values mentionedin
this section for Xwill be assumed to be non-negative integers. The value of m can be any real positive value.

How do | calculate P(X = x): the probability of a single value for a Poisson distribution?

= Youshould have a GDC that can calculate Poisson probabilities
= Youwantto use the "Poisson Probability Distribution" function
= Thisis sometimes shortened to PPD, Poisson PD or Poisson Pdf
= Youwillneedtoenter:
= The x'value - the value of x for which you want to find P(X= X)
= The 'A'value - the mean number of occurrences (m)
= Some calculators will give you the option of listing the probabilities for multiple values of x at once
= Thereisaformulathatyoucanuse butyou are expectedto be able to use the distribution function on
your GDC
e—mmx
x!
= where eisEuler's constant
- x!=xX(x=1)X..x2X1and0!=1

« P(X=x)=

How do | calculate P(a < X < b): the cumulative probabilities for a Poisson distribution?

= Youshould have a GDC that can calculate cumulative Poisson probabilities
» Most calculators will find P(a < X< b)
« Some calculators can only find P(X < b)
= Theidentities below will help in this case
= Youshould use the "Poisson Cumulative Distribution” function
= Thisis sometimes shortenedto PCD, Poisson CD or Poisson Cdf
= Youwillneedtoenter:
= Thelowervalue - thisis the value a
« Thiscanbezerointhe case P(X < b)
= Theuppervalue - thisis the value b
« This can be avery large number (9999...) in the case P(X > a)
= The 'A'value - the mean number of occurrences (m)

How do | find probabilities if my GDC only calculates P(X < x)?

= Tocalculate P(X < x)just enter xinto the cumulative distribution function
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= Tocalculate P(X < x) use:
» P(X <x)=P(X < x— 1) whichworks when Xis a Poisson random variable
m P(X<5)=P(X<4)

To calculate P(X > x) use:
« P(X>x)=1—P(X < x) whichworks for any random variable X
= P(X>5)=1-P(X<5)

= Tocalculate P(X>x) use:
« P(X>x)=1-P(X < x— 1) whichworks whenXis a Poisson random variable
« P(X25)=1-P(X<4)

= Tocalculate P(a<X<b)use:
« P(a<X<b)=P(X<b)—P(X<a—1)whichworkswhenXis a Poisson random variable
m P5<X<9)=P(X<9)-P(X<4)

What if aninequality does not have the equals sign (strictinequality)?

= ForaPoissondistribution (asitis discrete) you could rewrite all strictinequalities (< and >) as weak
inequalities (< and =) by using the identities for a Poisson distribution
« P(X<x)=P(X<x-1)andP(X>x)=P(X2x+1)
= Forexample: P(X <5)=P(X<4)and P(X>5)=P(X= 6)
= |thelpsto think about the range of integers you want
= |dentify the smallest and biggestintegersin therange
= |fyourrange has no minimumthenuse O

- P(X<b)=P(0<X<b)

- Pla<X<b)=Pla+1<X<b)
m P5<X<9)=P(6<X<9)

- Pla<sX<b)=Pla<X<b-1)
= P5<X<9)=P(5<X<8)

« Pla<X<b)=Pla+1<X<b-1)
= P5<X<9)=P(6<X<8)
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@ Worked example

The random variables X ~P0(6.25) and Y ~Po(4) are independent. Find:
» P(X=5),

Use Poisson probability distribution on (DC

m:625 (N x5

P(X=5) = 0.153kL.

P(X:M,lf).’) (3sf)

i P(Y<5),
|detify upper and lower bounds
P(Y<5) =P(DsY 5
Use Poisson cumulative distribution on GDC m= & (3
P(Y<5) =0.38513..
P(¥¢5) : 0385 (3sf)

i P(X+Y>7).

Form the digtribution m=6.25 +4 =10.25
X+Y ~ Po(10.25)

|deatiy lower bound = o upper bound 50 use a large aumber 979.
P(X+7>3) = P(8<X 47 )

Use Poisson cumulative distribution on GD(
P(B<X+Y)=0.50146..

P(X+Y>3)= 0401 (3sf)

For more help, please visit www.exampaperspractice.co.uk



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

