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4.10.1Poisson Distribution

Properties of Poisson Distribution
Whatis aPoissondistribution?

= APoissondistributionis adiscrete probability distribution
= Adiscreterandomvariable X follows a Poissondistributionif it counts the number of
occurrencesinafixed time period given the following conditions:
= QOccurrences areindependent
= Occurrences occuratauniformaverage rate forthe time period (m)
» If X follows aPoissondistributionthenitis denoted X ~Po(m)
= misthe averagerate of occurrences forthe time period
= The formulaforthe probabilityof roccurrencesis given by:
e Mmr
« P(X=r)=——
r!
= eisEulersconstant2.718...
s 1=rX(r—1)X..x2X1and0!=1
= Thereis no upperbound forthe numberofoccurrences
= Youwillbe expected to use the distributionfunctiononyour GDC to calculate probabilities
withthe Poissondistribution

forr=0,1,2,...

What aretheimportant properties of aPoissondistribution?

= The expected number(mean)ofoccurrencesis m
= Youare giventhis inthe formulabooklet
= Thevariance of the numberofoccurrencesis m
= Youare giventhisinthe formulabooklet
= Squarerootto getthe standard deviation
= The meanand variance foraPoissondistributionare equal
= Thedistributioncanbe represented visuallyusing avertical line graph
= The graphs have tails to the right forall values of m
= As mgets larger the graph gets more symmetrical

g IfX’\'PO(m) and Y~Po(/l) areindependent then X + Y~Po(m + Z)
= This extends to nindependent Poissondistributions Xi NPO(IH )

1
. X1+X2+ '"+Xn ~P0(m1+m2+ ...+mn)
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Modelling with Poisson Distribution
Howdolsetup aPoissonmodel?

= |dentify whatanoccurrenceisinthe scenario
= Forexample:acarpassingacamera,amachine producingafaultyitem
= Useproportionto find the meannumber of occurrences forthe given time period
= Forexample:10 carsin5 minutes would be 120 cars inanhourif the Poissonmodelworks for
bothtime periods

= Make sure youclearly state what yourrandomvariable is
= Forexample:let Xbe the numberof cars passingacamerain10 minutes

What canbe modelledusing a Poissondistribution?

= Anythingthat satisfies the two conditions
= Forexample,Let Cbe the numberof calls that ahelpline receives within a15-minute period:
C~Po(m)
= Anoccurrenceis the helpline receivingacalland canbe considered independent
= The helplinereceives calls at anaverage rate of mcalls during a15-minute period
= Sometimes ameasure of space willbe used instead of atime period
= Forexample,the numberof daisies that exist onasquare metre of grass

= |fthe meanand variance of adiscrete variable are equal thenit might be possible to use a
Poissonmodel

Q Exam Tip

= Anexamquestionmightinvolve different types of distributions so make it clearwhich
distributionis beingused foreachvariable
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@ Worked example
Jackuses P0(6.25) to modelthe number of emails he receives during his hourlunch break.

a) Write downtwo assumptions that Jack has made.

Jack has assumed that :
*the emaiks that he receives are independent
“he receives emaiks at a uniform average rafe of

6.25 emaile per  hour dur‘ms his lunch breaks

b) Calculate the standard deviation forthe numberof emails that Jack receives during his
hourlunchbreaks.

Poisson distribution

Formula bopklet ~ [*-rem

Mean E(X)=m

Variance Var(X)=m

o= 6.25
o 4625

Standard deviation = 25 emails
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4.10.2 Calculating Poisson Probabilities

Calculating Poisson Probabilities

Throughout this sectionwe willuse the random variable X "*PO(IH). ForaPoissondistribution X,
the probability of Xtakinganon-integerornegative value is always zero.Therefore, any values
mentioned inthis sectionfor Xwill be assumed to be non-negative integers.The value of mcanbe any
real positive value.

Howdolcalculate P(X= x): the probabilityof asingle value foraPoisson
distribution?

= Youshould have aGDC that cancalculate Poissonprobabilities
= Youwantto usethe "PoissonProbability Distribution" function
= Thisis sometimes shortened to PPD,PoissonPDorPoissonPdf
= Youwillneedto enter:
= The x'value - the value of xforwhichyouwant to find P(X= X)
= The 'A'value - the meannumber of occurrences (m)
= Some calculators will give youthe option of listing the probabilities for multiple values of xat
once
= Thereis aformulathatyoucanuse butyouare expected to be able to use the distribution
functiononyourGDC
e~ Mmx
x!
= where eis Euler's constant
- x!=xX(x=1)X..X2X1and0!=1

- P(X=x)=

Howdo lcalculate P(a< X< b): the cumulative probabilities foraPoisson
distribution?

= Youshould have aGDC that cancalculate cumulative Poissonprobabilities
= Mostcalculators will find P(a <X< b)

= Some calculators canonlyfind P(XS b)
= Theidentities below willhelpinthis case
= Youshould use the "Poisson Cumulative Distribution" function
= Thisis sometimes shortened to PCD,PoissonCDorPoisson Cdf
= Youwillneedto enter:
= Thelowervalue - thisis the value a

= This canbezerointhecaseP(XS b)
= The uppervalue - thisis the value b
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= This canbe averylarge number(9999..)inthe case P(X > a)
= The 'A'value - the meannumber of occurrences (m)

Howdo I find probabilitiesif myGDC onlycalculates P(X< x)?
= To calculate P(X<x)justenter xinto the cumulative distribution function
To calculate P(X<x) use:

" P(X< X) = P(XSX - 1) whichworks when Xis aPoissonrandom variable
. P(X<5)=P(X<4)

To calculate P(X> x) use:
" P(X>X) =]- P(XS X) whichworks foranyrandom variable X
= P(X>5)=1-P(X<5)

= To calculate P(X>x) use:
» P(X>x)=1-P(X<x—1)whichworks when Xis aPoissonrandom variable
= P(X>5)=1-P(X<4)

= To calculate P(a< X< b)use:
. P(a <X< b) = P(XS b) - P(XS a— 1) whichworks when Xis aPoissonrandom
variable
. P(5<X<9)=P(X<9)-P(X<4)

Whatif aninequalitydoes not have the equals sign (strictinequality)?

= ForaPoissondistribution(asitis discrete) youcould rewrite all strict inequalities (<and >) as
weakinequalities (<and >) byusing the identities foraPoissondistribution
= P(X<x)=P(X<x-1)and P(X>x)=P(X2x+1)
= Forexample:P(X<5)=P(X<4)and P(X>5)=P(X>6)
= |thelpsto think about the range of integers youwant
= |dentifythe smallestand biggestintegersintherange
= [fyourrange has no minimumthenuse O

- P(X<b)=P(0<X<b)

- Pla<X<b)=Pla+1<X<b)
= P(5<X<9)=P(6<X<9)

- P(a<sX<b)=Pla<X<b-1)
= P(5<X<9)=P(5<X<8)

« Pla<X<b)=Pla+1<X<b-1)
= P(5<X<9)=P(6<X<8)
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@ Worked example

The randomvariables X~P0(6.25) and Y"'PO(4) areindependent. Find:

i)

iii)

P(X=5),
Use Foisson probability - distribution on GDC
m=625 (N x:5
P(X=5) = 0.15341.
P(X=3) = 0.153 (3sf)

P(Y<5),
Herﬁnfg upper and lower bounds
P(Y<5) = P(D <Y <5
Use Poisson cumulah've distribution on GD( m- b (N
P(Y<5) - 0.38513..
P(V¢5) : 0385 (3sF)

P(X+Y>7).

Form: the i distribution  m= 6.25 + 4 =10.25
X +Y ~ P (10.25)

|deatiy lower bound = no upper bound so use a large number 191..
P(X+Y >3) = P(8<X+7 )

Use Poisson cumulative distribution on GDC
P(8<X+Y)=0.80ILb...

P(X+Y>¥) =030l (3sf)
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