
4.10 Poisson Distribution



4.10.1 Poisson Distribution

Properties of Poisson Distribution

What  is a Poisson dist ribut ion?

A Po isso n distributio n is a discrete pro bability distributio n

A discrete rando m variableX  fo llo ws a Po isso n distributio n if it co unts the number o f

o ccurrences  in a �xed time perio d given the fo llo wing co nditio ns:

Occurrences are independent

Occurrences o ccur at a unif o rm average rate  fo r the time perio d (m)

If X  fo llo ws a Po isso n distributio n then it is deno ted X ∼Po( )m
m is the average rate o f o ccurrences fo r the time perio d

The fo rmula fo r the pro bability o f r o ccurrences is given by:

P( )X= r =
e−mmr

r!  fo r r = 0,1,2,...

e is Euler’s co nstant 2.718...

r!= r× ( )r−1 ×…×2×1  and 0!=1
There is no  upper bo und fo r the number o f o ccurrences

Yo u will be expected to  use the distributio n functio n o n yo ur GDC to  calculate pro babilities

with the Po isso n distributio n

What  are t he im port ant  propert ies of  a Poisson dist ribut ion?

The expected number (mean) o f o ccurrences is m

Yo u are given this in the f o rmula bo o klet

The variance o f the number o f o ccurrences is m

Yo u are given this in the f o rmula bo o klet

Square ro o t to  get the standard deviatio n

The mean and variance  fo r a Po isso n distributio n are equal

The distributio n can be represented visually using a vertical line graph

The graphs have tails to  the right  fo r all values o f m

As m gets larger the graph gets mo re symmetrical

If X∼Po( )m  and Y∼Po( )λ  are independent  then X+Y∼Po( )m+λ
This extends to  n independent Po isso n distributio ns X i ∼Po( )

mi
X1+X2+ …+Xn ∼Po( )

m1+m2+ …+mn
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Modelling with Poisson Distribution

How do I set  up a Poisson m odel?

Identif y  what an o ccurrence  is in the scenario

Fo r example: a car passing a camera, a machine pro ducing a faulty item

Use pro po rtio n to  �nd the mean number o f  o ccurrences  fo r the given time perio d

Fo r example: 10 cars in 5 minutes wo uld be 120 cars in an ho ur if the Po isso n mo del wo rks fo r

bo th time perio ds

Make sure yo u clearly state  what yo ur rando m variable  is

Fo r example: let X be the number o f cars passing a camera in 10 minutes

What  can be m odelled using  a Poisson dist ribut ion?

Anything that satis�es the two  co nditio ns

Fo r example, Let C be the number o f calls that a helpline receives within a 15−minute perio d:  

C∼Po(m)

An o ccurrence is the helpline receiving a call and can be co nsidered independent

The helpline receives calls at an average rate o f m calls during a 15−minute perio d

So metimes a measure o f  space  will be used instead o f a time perio d

Fo r example, the number o f daisies that exist o n a square metre o f grass

If the mean and  variance  o f a discrete variable are equal then it might be po ssible to  use a

Po isso n mo del

Exam T ip

An exam questio n might invo lve di�erent types o f distributio ns so  make it clear which

distributio n is being used fo r each variable
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a)

b)

Worked example

Jack uses Po(6 .25)   to  mo del the number o f emails he receives during his ho ur lunch break.

Write do wn two  assumptio ns that Jack has made.

Calculate the standard deviatio n fo r the number o f emails that Jack receives during his

ho ur lunch breaks.
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4.10.2 Calculating Poisson Probabilities

Calculating Poisson Probabilities

Thro ugho ut this sectio n we will use the rando m variable X ∼Po( )m . Fo r a Po isso n distributio n X,

the pro bability o f X taking a no n-integer o r negative value is always z ero . Therefo re, any values

mentio ned in this sectio n fo r X will be assumed to  be no n-negative integers. The value o f m can be any

real po sitive value.

How do I calculat e P(X = x): t he probabilit y of  a sing le value f or a Poisson
dist ribut ion?

Yo u sho uld have a GDC  that can calculate Po isso n pro babilities

Yo u want to  use the "Po isso n Pro bability Distributio n" functio n

This is so metimes sho rtened to  PPD, Po isso n PD o r Po isso n Pdf

Yo u will need to  enter:

The 'x' value - the value o f x fo r which yo u want to  �nd P(X=x)

The 'λ' value - the mean number o f  o ccurrences (m)

So me calculato rs will give yo u the o ptio n o f listing the pro babilities  fo r multiple values o f  x at

o nce

There is a fo rmula that yo u can use but yo u are expected to  be able to  use the distributio n

functio n o n yo ur GDC

P(X=x)=
e−mmx

x!
where e is Euler's co nstant

x!=x× ( )x−1 ×…×2×1  and 0!=1

How do I calculat e P(a ≤ X ≤ b): t he cum ulat ive probabilit ies f or a Poisson
dist ribut ion?

Yo u sho uld have a GDC  that can calculate cumulative Po isso n pro babilities

Mo st calculato rs will �nd P(a≤X≤b)

So me calculato rs can o nly �nd P(X≤b)

The identities belo w will help in this case

Yo u sho uld use the "Po isso n Cumulative Distributio n" functio n

This is so metimes sho rtened to  PCD, Po isso n CD o r Po isso n Cdf

Yo u will need to  enter:

The lo wer value - this is the value a

This can be z ero  in the case P(X≤b)

The upper value - this is the value b
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This can be a very large number (9999...) in the case P(X≥a)

The 'λ' value - the mean number o f  o ccurrences (m)

How do I �nd probabilit ies if  m y GDC only calculat es P(X ≤ x)?

To  calculate P(X ≤ x) just enter x into  the cumulative distributio n functio n

To  calculate P(X < x) use:

P(X<x)=P(X≤x−1)  which wo rks when X is a Po isso n rando m variable

P(X < 5) = P(X ≤ 4)

To  calculate P(X > x) use:

P(X>x)=1−P(X≤x)  which wo rks fo r any rando m variable X 

P(X > 5) = 1 - P(X ≤ 5)

To  calculate P(X ≥ x) use:

P(X≥x)=1−P(X≤x−1)  which wo rks when X is a Po isso n rando m variable

P(X ≥ 5) = 1 - P(X ≤ 4)

To  calculate P(a ≤ X ≤ b) use:

P(a≤X≤b)=P(X≤b)−P(X≤a−1)  which wo rks when X is a Po isso n rando m

variable

P(5 ≤ X ≤ 9) = P(X ≤ 9) - P(X ≤ 4)

What  if  an inequalit y does not  have t he equals sig n (st rict  inequalit y)?

Fo r a Po isso n distributio n (as it is discrete) yo u co uld rewrite all strict inequalities  (< and >) as

weak inequalities  (≤ and ≥) by using the identities fo r a Po isso n distributio n

P(X<x)=P(X≤x−1)  and P(X>x)=P(X≥x+1)

Fo r example: P(X < 5) = P(X ≤ 4) and P(X > 5) = P(X ≥ 6)

It helps to  think abo ut the range o f  integers  yo u want

Identify the smallest and biggest integers in the range

If yo ur range has no  minimum then use 0

P(X≤b)=P(0≤X≤b)

P(a<X≤b)=P(a+1≤X≤b)

P(5 < X ≤ 9) = P(6 ≤ X ≤ 9)

P(a≤X<b)=P(a≤X≤b−1)

P(5 ≤ X < 9) = P(5 ≤ X ≤ 8)

P(a<X<b)=P(a+1≤X≤b−1)

P(5 < X < 9) = P(6 ≤ X ≤ 8)
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i)

ii)

iii)

Worked example

The rando m variables X∼Po(6 .25)  and Y∼Po(4)  are independent. Find:

P(X=5) ,

P(Y≤5) ,

P(X+Y>7) .
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