DP IB Maths: AA HL

3.9 Vector Properties

Contents

3 3.9.1Introduction to Vectors

3 3.9.2 Position & Displacement Vectors
3 3.9.3Magnitude of a Vector

3 3.9.4The Scalar Product

3 3.9.5The Vector Product

3 3.9.6 Geometric Proof with Vectors


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

3.9.1Introduction to Vectors

Scalars & Vectors
What are scalars?

= Scalars are quantities without direction
= They have only a size (magnitude)
= Forexample: speed, distance, time, mass
= Most scalar quantities can never be negative
= Youcannot have anegative speed or distance
What are vectors?

= Vectors are quantities which also have a direction, this is what makes them more thanjust a scalar
= Forexample: two objects with velocities of 7m/s and -7 m/s are travelling at the same speed but in
opposite directions
= Avector quantity is described by both its magnitude and direction
= Avectorhas componentsinthe direction of the x-, y-, and z- axes
= Vector quantities can have positive or negative components
= Some examples of vector quantities you may come across are displacement, velocity, acceleration,
force/weight, momentum
= Displacementis the position of an object from a starting point
= Velocityis aspeedinagivendirection (displacement over time)
= Accelerationis the changeinvelocity overtime
= Vectors may be givenin either 2- or 3- dimensions
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@ Worked example

State whether each of the following is a scalar or a vector quantity.

a)

c)

Aspeedboat travels at 3m/s on a bearing of 052°
Spee,ol weth o cdwe_r\ direckion — velocitay

Vector

Agardenis1.7 mwide
Le.ns%ln with no  diveckion

Scalar

Acar accelerates forwards at 5.4 ms™2

Acce.Lero&.,ion has  direckion

Vector

Afilmlasts 2 hours 17 minutes

—ﬁme_, lhos no direction

Scalar

An athlete runs at an average speed of 10.44 ms™!
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S?eecl with no direckion (s o scolar

f) Aballrolls forwards 60 cm before stopping

Dis‘)\ac.emm\-. hos direckion

For more help, please visit www.exampaperspractice.co.uk
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Vector Notation
How are vectors represented?

= Vectors are usually represented using an arrow in the direction of movement
= Thelength of the arrow representsits magnitude
= They are written as lowercase letters eitherin bold or underlined
= Forexample avectorfromthe point O to Awillbe writtenaora
= The vectorfromthe point Ato O willbe written -aor-a
= [fthe start and end point of the vectoris known, itis written using these points as capital letters with an
arrow showing the direction of movement

—_— e
= Forexample: ABorBA

= Two vectors are equal only if their corresponding components are equal
= Numerically, vectors are either represented using column vectors or base vectors
= Unless otherwise indicated, you may carry out all working and write your answers in either of these
two types of vector notation

What are column vectors?

= Column vectors are where one numberis written above the other enclosed in brackets

= |n2-dimensions the top number represents movementin the horizontal direction (right/left) and the
bottom number represents movement in the vertical direction (up/down)

= Apositive value represents movement in the positive direction (right/up) and a negative value
represents movement in the negative direction (left/down)

3

= Forexample: The columnvector ( ) represents 3 units in the positive horizontal (x) direction

(i.e., right) and 2 units in the negative vertical (y) direction (i.e., down)
= |n3-dimensions the top number represents the movementin the x direction (length), the middle
number represents movementin the y direction (width) and the bottom number represents the
movementin the zdirection (depth)

3

= Forexample: The columnvector 4 represents 3 unitsin the positive x direction, 4 units in the

2

negative y direction and 2 units in the positive zdirection
What are base vectors?

= Basevectorsusei,jandknotationwherei,jandk are unit vectorsin the positive x, y, and z directions
respectively
= Thisis sometimes also called unit vector notation
= Aunitvectorhas a magnitude of 1
= |n2-dimensionsirepresents movementin the horizontal direction (right/left) and jrepresents the
movementin the vertical direction (up/down)
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= Forexample: The vector (-4i + 3j) would mean 4 units in the negative horizontal (x) direction (i.e.,
left) and 3 units in the positive vertical (y) direction (i.e., up)
In 3-dimensions irepresents movementin the x direction (length), j represents movementinthe y
direction (width) and krepresents the movement in the zdirection (depth)
= Forexample: The vector (-4i + 3j - k) would mean 4 units in the negative x direction, 3 unitsin the
positive y direction and Tunit in the negative z direction
As they are vectors, i, jand k are displayed in bold in textbooks and online but in handwriting they
would be underlined (j, jand k)
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@ Worked example
a) —4

Write the vector 5 using base vectornotation.

‘g = -4i + 0} + Sk
r

5
O} s not needed

when 3ivin5 onswer
M oose vector focm.

Sk - bi

b)write the vector K — 2j using column vector notation.

k —Zai = 0i-2) + Ik
Be coreful. witw negokive Components and

missi.ﬁ tecms  when work.ins wit base veckors

0 44— The zero term s needed when
2 u.s'\rb column veckor nokokion
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Parallel Vectors

How do you know if two vectors are parallel?

Two vectors are parallel if one is a scalar multiple of the other

= This means that all components of the vector have been multiplied by acommon constant (scalar)
Multiplying every component in a vector by a scalar will change the magnitude of the vector but not
the direction

= Forexample: thevectors a = andb=2a= 2 willhave the same

3 3 6

direction but the vector b will have twice the magnitude of a
= They are parallel
If avector can be factorised by a scalar thenitis parallel to any scalar multiple of the factorised vector
= Forexample: The vector 9i + 6j - 3k can be factorised by the scalar 3 to 3(3i + 2j - k) so the vector 9i
+ 6j - 3kis parallel to any scalar multiple of 3i + 2j - k
If avectoris multiplied by a negative scalar its direction will be reversed
= |twillstillbe parallel to the original vector
Two vectors are parallel if they have the same orreverse direction and equal if they have the same size
and direction
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@ Worked example

Show thatthevectorsa = andb = 6k — 3iare parallel and find the scalar multiple that

mapsaontob.

Convert ooth veckors inbe the some form

ond then look for o value of k such

thot & =kb, where k s o scaloc

- (3
b = bk -3} = -3i+0} + 6k
-(3) --2(3)

s -3 0

> &
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3.9.2 Position & Displacement Vectors

Adding & Subtracting Vectors
How are vectors added and subtracted numerically?

= Toadd orsubtract vectors numerically simply add or subtract each of the corresponding components
= |ncolumnvectornotation just add the top, middle and bottom parts together

2 1 1
= Forexample: - =
4 -3
-5 3 -8

= |nbase vectornotation add each of thei, j,and k components together separately
= Forexample: (2i+]j - 5k) - (i + 4j + 3k) = (i - 3j - 8k)

How are vectors added and subtracted geometrically?

= Vectors can be added geometrically by joining the end of one vector to the start of the next one
The resultant vector will be the shortest route from the start of the first vector to the end of the second
= Aresultant vectoris avectorthat results from adding or subtracting two or more vectors
= |fthe two vectors have the same starting position, the second vector can be translated to the end of
the first vector to find the resultant vector

= Thisresultsin a parallelogram with the resultant vector as the diagonal
=  Tosubtractvectors, consider this as adding on the negative vector

= Forexample:a-b=a+(-b)

= The end of the resultant vector a - b willnot be anywhere near the end of the vectorb

= |nstead, it willbe at the point where the end of the vector -b would be
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@ Worked example
-3

Find the resultant of the vectorsa=5i-2jandb =

N =

& = Si -2) + 0k =(_§) b.=(-'[5)

Nr\h'\ﬂs os o column veckor
moakes mdiins ond Su‘bbrachivxg

Cosier.
= S "'3
&+l (—2) w (1 ) -1
o) 2 2

2i-3 +2k

]
D T
N

Resulcant veckor

For more help, please visit www.exampaperspractice.co.uk
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Position Vectors
What is a position vector?

= Apositionvectordescribes the position of a pointinrelation to the origin

= |t describes the direction and the distance from the point O: Oi + Oj + Ok or

0

= |tis different to a displacement vector which describes the direction and distance between any

two points
—_

= The positionvector of point Ais written with the notationa = OA
= Theoriginis always denoted O

= Theindividual components of a position vector are the coordinates of its end point
= Forexample the point with coordinates (3, -2, -1) has position vector 3i - 2j - k

@ Worked example

Determine the position vector of the point with coordinates (4, -1, 8).

5 -_i_ + k.
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Displacement Vectors
What is a displacement vector?

= Adisplacement vector describes the shortest route between any two points
= |tdescribesthe direction and the distance between any two points
= |tis different to a position vector which describes the direction and distance from the point O: Oi +

=)
jor 0

= The displacement vector of point B from the point Ais written with the notation AB
= Adisplacementvectorbetween two points can be writtenin terms of the displacement vectors of a
third point
—_— —_— —
« AB=AC+CB
= Adisplacementvector canbe writtenin terms of its position vectors
—_— —_— —_—

= Forexample the displacement vector AB can be writtenin terms of OA and O
—_ —_— — > >
« AB= AO+ OB= - OA + OB = OB — OA
B ——

—_— e
= Forpositionvectora= OA andb=0B the displacement vector AB canbewrittenb -a

Az

v Y
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@ Worked example

The point A has coordinates (3, O, -1) and the point B has coordinates (-2, -5, 7). Find the displacement

vectorz@).
Oh = (?,) ot = (%)
-l E

AB = AO + OB

=-0A + 0B

n
o
(o)

|

p=

[

i
HuN
~—
|
lﬁ
—-0oWw
N —
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3.9.3 Magnitude of a Vector

Magnitude of a Vector
How do you find the magnitude of a vector?

= The magnitude of a vector tells usits size orlength
= Foradisplacement vectorit tells us the distance between the two points
= Forapositionvectorit tells us the distance of the point from the origin

—_— —_—
= The magnitude of the vector AB is denoted |AB|

= The magnitude of the vectorais denoted |a|
= The magnitude of avector can be found using Pythagoras’ Theroem

= The magnitude of avector V= V1i+ sz + V3k is found using

] = 2 2 2
| v| \/V1+ v,2t v,

Vi

= wherev=| Y,
Y3
= Thisis giveninthe formula booklet

How do | find the distance between two points?

= Vectors canbe usedto find the distance (or displacement) between two points
= |tisthe magnitude of the vector betweenthem

= Giventhe position vectors of two points:
= Findthe displacement vector between them
= Find the magnitude of the displacement vector between them

@ Worked example

Find the magnitude of the vector AB = 4i - j + 2k.

Magnitude of a vector [#]m 5+ 7 , where v = \
s L S
ABl = |4 +1*+2 =E

ABl = [21
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Unit Vectors
What is a unit vector?

= Aunit vector has amagnitude of 1
= |tcanbe found by dividing a vector by its magnitude
= Thiswillresultin a vector with a size of Tunit in the direction of the original vector

a
= Aunitvectorinthe direction of ais denoted m

Gi-4) 3. 4.

3
= Forexample aunitvectorinthe direction 3i-4jis —F/— = —1— —
g /32442 5 5 ]

O Examiner Tip

= Finding the unit vector willnot be a question onits own but will be a useful skill for further vectors
problems soitisimportant to be confident with it

@ Worked example

Find the unit vectorin the direction 2i - 2j + k.

Leb o =2i-2y+%
Fnd the magnlkude_ of o

v
Magnitude of a vector v|=yul vl 407, where v= [ v, ‘
Ly

lal=]2*+2*+1* =]q =3
Divide o \o:) its masn'\tude_:

Uk veckor = 2 = Z2i-23+k
& 3
2 27 \
IL- 3yt 3k
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3.9.4 The Scalar Product

The Scalar ('‘Dot') Product

What is the scalar product?

= The scalar product (also known as the dot product) is one formin which two vectors can be combined
together
= Thescalarproduct between two vectorsaandbisdenoted & - b
= Theresult of taking the scalar product of two vectorsis a real number
= j.e.ascalar
= Thescalarproduct of two vectors gives information about the angle between the two vectors
= |fthe scalar productis positive then the angle between the two vectorsis acute (less than 90°)
= |fthe scalarproductis negative then the angle between the two vectors is obtuse (between 90°
and180°)
= |fthe scalarproductiszero thenthe angle between the two vectorsis 90° (the two vectors are
perpendicular)
How is the scalar product calculated?

= There are two methods for calculating the scalar product
= The most common method used to find the scalar product between the two vectors vand wis to find

the sum of the product of each component in the two vectors
s VW= VW1+ VW2+ vV, W

1 2 373
Vi W
= Where v = and w=
V5 W,
V3 W3

= Thisis giveninthe formula booklet
= Thescalarproductis also equal to the product of the magnitudes of the two vectors and the cosine of

the angle between them
« v-w=|v||w|cos 6
= Where @isthe angle betweenvandw
= Thetwovectorsvandw arejoined at the start and pointing away from each other
= Thescalarproduct canbe usedinthe second formula to find the angle between the two vectors

What properties of the scalar product do | need to know?

= The orderof the vectors doesn’t change the result of the scalar product (itis commutative)
s VW= WV

= Thedistributive law over addition canbe used to ‘expand brackets’
s u-(v+w=uv+ uw

= Thescalarproductis associative with respect to multiplication by a scalar
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- (kv)- (w)=k(v- w)
The scalar product between avector and itself is equal to the square of its magnitude

= v-v=|v|?
If two vectors, vand w, are parallel then the magnitude of the scalar productis equal to the product of
the magnitudes of the vectors

= |v-wl=|w||v|
= Thisisbecausecos0°=1andcos180° =-1

If two vectors are perpendicular the scalar product is zero
= Thisisbecause cos?0°=0
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@ Worked example

2 . .
Calculate the scalar product between the two vectors v = 0 and W= 3_] -2k- 1using:
-5
) W= + +
theformula V* W V1W1 V2W2 V3W3,
V = 2 = \ V-
v ( 5 ) 2i + 0y - Sk
=
W= 33-2k-L = -li +3}-2k

Be aware of t\e order of twe terms.

|

V-w =(2x-1)+(0x3) +(-5x-2) = -2+10

L
Scalar product VoW =W+ W, + VW, where v=[v:], w:[
v

£ E =

VW =¢Q

if) the formula V* W= |v||w|cos 6, given that the angle between the two vectors is 66.6°.

vV = ((75) =21+03-5% W = -IQ+33.—-2}§._
=5
Scalar product v-w:|v||w|cos€

Find the mqsvx]tuo\& of botw veckors:
lv| = [27 ¢ (-5F =18 |w|=[1"¢ 32+ = &
V-W = JZa x I& cos bbb

VW =g
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Angle Between Two Vectors
How do | find the angle between two vectors?

= |ftwo vectors with different directions are placed at the same starting position, they will form an angle
betweenthem
= Thetwo formulae for the scalar product can be used together to find this angle

+ +
VW T VW, T VW,

|v|| wi
= Thisis givenin the formula booklet
= Tofind the angle between two vectors:
= Calculate the scalar product between them
= Calculate the magnitude of eachvector
= Use the formulato find cos 6
= Useinverse trig to find 6

= cos O =
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@ Worked example

Calculate the angle formed by the two vectors v = [

V = —l) 3 =3 +ky -k =<3)
- (3) o umsivtor (3

Start b:j (:inck\'ns the scalar produck:

- G) )

= (-1x3)+ (3x4)+ (2x-1) = F
Find the Mo\sn'xhuo\e. of botw veckors:

M| =J(—l)1+3"+ 2* = Jiv

] and W=3i+4j—k.

|w| = ]3‘ v et +(-1)" =]26

::g:r:ehreen two cosf =M +| :lr",l* ¥y
cosB =_7% = 0.3b68...
J1a%]28

6 = cos '(0.366%...)

0 = 635 (3sf)
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Perpendicular Vectors

How do Il know if two vectors are perpendicular?

= |f the scalar product of two (non-zero) vectors is zero then they are perpendicular

« If V- W=0thenvandwmustbe perpendicularto each other
= Two vectors are perpendicular if their scalar product is zero
= Thevalue of cos 8 = O therefore |v||w|cos8=0

@ Worked example

2 . .
Find the value of t such that the two vectors vV = and W= (t - 1)1 -]t kare
t

perpendicular to each other.

‘ﬁne_ twe vectors ¥ ond W ore ?e.r?endicu\nr

f vw =0
2 Iy
,\i = t ) w = 1
5 |
V-w = 2(t-1) + £(-1) + S(v)
= 2t-2-6+5

Trevefore ¥ ond W ore perpendicular i

t+3=0

b=-3
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3.9.5The Vector Product

The Vector ('Cross') Product
What is the vector (cross) product?

= The vector product (also known as the cross product) is a formin which two vectors can be combined
together
= Thevectorproduct between two vectorsvand wis denoted v x w
= Theresult of taking the vector product of two vectors is a vector
= The vector productis avectorinaplane thatis perpendicular to the two vectors from which it was
calculated
= This could bein either direction, depending on the angle between the two vectors
= Theright-hand rule helps you see which direction the vector product goesin
= By pointing yourindex finger and your middle fingerin the direction of the two vectors your
thumb will automatically go in the direction of the vector product

The Vector Cross Product

a=<13,4> b=<2,7,-5>
=i+ 3j+4k b =2i+7j-5k

axb

axb=-43i +13)j + k 1~a><b

Right-Hand
Rule y S

How do | find the vector (cross) product?

= There are two methods for calculating the vector product
= The vector product of the two vectors vand w can be written in component form as follows:


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

23T V3,
- VXW= | VW VW,
Viw,” V,W,
Vi vy
= Where v= and w=
Vs W,
V3 W3

= Thisis givenin the formula booklet
= Thevectorproduct canalso be foundin terms of its magnitude and direction
= The magnitude of the vector productis equal to the product of the magnitudes of the two vectors
and the sine of the angle between them
- |vx w| =|v||w|sind
= WhereBisthe angle betweenvandw
= Thetwovectorsvandw arejoined at the start and pointing away from each other
= Thisis givenin the formula booklet
= Thedirection of the vector product is perpendicular to both vand w

What properties of the vector product do I need to know?

= The order of the vectorsisimportant and changes the result of the vector product
s VX WZE WXV
= However
s VX W= — WXV
= Thedistributive law can be used to ‘expand brackets’
- ux(v+w=uxv+ uxw
= Whereu,vandware all vectors
= Multiplying a scalar by a vector gives the result:
« (kv)x w= vx(kw)=k(vX w)
= Thevectorproduct between avectoranditself is equal to zero
= vXv=0
= [ftwo vectors are parallel then the vector product is zero
= Thisisbecausesin 0° =sin180°=0
= If VX W= 0 thenvandware parallel if they are non-zero
= |ftwo vectors, vand w, are perpendicular then the magnitude of the vector product is equal to the
product of the magnitudes of the vectors
= |vxwl=|wl|[v
= Thisisbecausesin90° =1
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@ Worked example

Calculate the magnitude of the vector product between the two vectors v =

w=3i—-2j—kusing
i) VW, " VW,

the formula VX w= V3W1— V1 W3

(@) @6

Use the -Formu\A Lo -Finr.l the_ C,ross-Produc.E:

V‘ WZ —_ V?. w.

Vo W3 — V3w, ©O)-) - 92
VXW = (V3 Wi -V, w3) = ((‘5)(3)‘ (2)((-0)) - (

(2)(-2)- (0)(3)

Find the maﬁnitu&e of ¥ x w:

[xw| = [(-10)"+ (13) + (-4) = (285

v xw| =169 (3sf)

ii) the formula, given that the angle between themis 1radian.

-10
13
-4

and
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Find the mo%nitude of ¥ ond w:

I¥l = [2* +0*«(-5)* = [7a

lwi= {3 (2w )t = it

I xw)

I¥llwl s\n@

JaxJig sia (19

lv xw| = I7.0 (3sf)

For more help, please visit www.exampaperspractice.co.uk
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Areas using Vector Product
How do luse the vector product to find the area of a parallelogram?

= The area of the parallelogram with two adjacent sides formed by the vectors vand wis equal to the
magnitude of the vector product of two vectors vand w

« A= | vV X Wl where v and w form two adjacent sides of the parallelogram
= Thisis givenin the formula booklet

How do l use the vector product to find the area of a triangle?

= The area of the triangle with two sides formed by the vectors v and wis equal to half of the magnitude
of the vector product of two vectors vand w

" A=E|V X W| wherevandw formtwo sides of the triangle

= Thisisnot giveninthe formula booklet
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@ Worked example

Find the area of the triangle enclosed by the coordinates (1, 0, 5), (3, -1,2) and (2, O, -1).

Let A ‘ve (1,0,5), 8 be (3,-1,2) and C be (2,0,-1)

B

Yc:u. Con use oany two
divection vectors Moving
c owoy Crom any vertex.

Find the two direction vectors ﬁTé ond A_E-
—
B-()-() ") A-()-6) @)
Z S -3 =l ) -6
Find the cross product of the two diceckion veckocs:

— 2 | (-0(-8) -(-3)(0) 6
ABxAL - (:é)"(f’.s) - (t-sxw - tz>t-19 = (q)

(2)(0) - V() I
Find the mo.anil-.uo\e of tne cross product

|ABxAL| = [§%vq < =]11%
Area. of twe l-x'\cms\e_ i holf the moﬁnihde_

Area = 5|ABXALl = T[0%

A

ATQO\ = S5.43 u" (35“)

For more help, please visit www.exampaperspractice.co.uk
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3.9.6 Geometric Proof with Vectors

Geometric Proof with Vectors
How can vectors be used to prove geometrical properties?

= |ftwo vectors can be shown to be parallel then this can be used to prove parallel lines
= |ftwo vectors are scalar multiples of each otherthen they are parallel
= Toprove that two vectors are parallel simply show that one is a scalar multiple of the other
= [ftwo vectors canbe shown to be perpendicular then this can be used to prove perpendicularlines
= |f the scalar productis zero then the two vectors are perpendicular
= |ftwo vectors can be shown to have equal magnitude then this can be used to prove two lines are the
same length
= Toprove a2D shape s a parallelogram vectors can be used to
= Show that there are two pairs of parallel sides
= Show that the opposite sides are of equal length
= Thevectors opposite each otherwill be equal
= |fthe angle between two of the vectorsis shown to be 90° then the parallelogramis arectangle
= Toprove a 2D shapeis arhombusvectors canbe usedto
= Show that there are two pairs of parallel sides
= Thevectors opposite each otherwith be equal
= Show that all four sides are of equal length
= |fthe angle between two of the vectorsis shown to be 90° then the rhombus is a square

How are vectors used to follow paths through a diagram?

—_—
= |nageometric diagramthe vectorAB formsa pathfrom the point Ato the point B

= Thisis specific to the path AB

—_—
= Ifthe vector AB islabelled athen any other vector with the same magnitude and direction as a

couldalsobelabelleda

e
= Thevector BA wouldbe labelled -a
= |tisparallel to abut pointingin the opposite direction

o
= |fthe point Mis exactly halfway between A and Bit is called the midpoint of A and the vector AM
1
couldbe labelled 5 a
—_— —

= |fthereisapointXonthe line ABsuchthat AX = 2XB then Xis two-thirds of the way along the line

—_—

AB

= Otherratios canbe foundin similar ways
= Adiagram often helps to visualise this
= [fapointXdividesaline segment ABintotheratiop:qgthen
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« AX= AB
ptq

. XB= ——AB
ptq

How can vectors be used to find the midpoint of two vectors?

= |fthe point Ahas positionvectoraand the point B has position vector b then the position vector of the

— 1
midpointof AB is 5 (a + b)

—_
= The displacement vector AB=b-a

= Let Mbe the midpoint of AB thenAM = E(AB) = 5 (b - a)

_— = —> 1 1 1 1
= ThepositionvectorOM = OA+ AM=a+ E(b_ a) = Eb+ Ea= 5(a+ b)
How can vectors be used to prove that three points are collinear?

= Three points are collinearif they all lie on the sameline
= Thevectors between the three points will be scalar multiples of each other

— —

= Thepoints A, Band C are collinearif AB=kBC
—_— — —_—
= |fthepoints A,BandMare collinearand AM = MB thenMisthe midpoint of AB
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@ Worked example
Use vectors to prove that the points A, B, C and D with position vectors a = (3i - 5j - 4k), b = (8i - 7j - 5k),

c =(3i-2j+4k)and d = (5k - 2i) are the vertices of a parallelogram.

—

—
Fnd the disploacement vectors AR 1 Bey CT[’) and. [_)5\
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For more help, please visit www.exampaperspractice.co.uk
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