
3.9 Modelling with Vectors



3.9.1 Kinematics with Vectors

Kinematics using Vectors

How are vect ors relat ed t o kinem at ics?

Kinematics is the use o f mathematics to  mo del mo tio n in o bjects

If an o bject is mo ving in o ne dimensio n then its velo city, displacement and time are related using

the fo rmula s = vt

where s is displacement , v is velo city  and t is the time taken

If an o bject is mo ving in mo re than o ne dimensio n then vecto rs are needed to  represent its

velo city  and displacement

Whilst time  is a scalar quantity, displacement and velo city  are bo th vecto r quantities

Vecto rs are o ften used in questio ns in the co ntext o f f o rces, acceleratio n o r velo city

The po sitio n o f an o bject at a particular time can be mo delled using a vecto r equatio n

How do I �nd t he direct ion of  a vect or?

Vecto rs have o ppo site directio ns if they are the same siz e but o ppo site signs

The directio n o f a vecto r is what makes it mo re than just a scalar

E.g. two  o bjects with velo cities o f 7 m/s and ‑7 m/s are travelling at the same speed  but in

o ppo site directio ns

Two  vecto rs are parallel if and o nly if o ne is a scalar multiple  o f the o ther

Fo r real-life co ntexts such as mechanics, directio n can be calculated fro m a given vecto r using

trigo no metry 

Given the i and j co mpo nents a right-triangle can be created and the angle f o und using

SOHCAHT OA

It is usually given as a bearing o r as an angle calculated anticlo ckwise fro m the po sitive x-axis

How do I �nd t he dist ance bet ween t wo m oving  object s?

If two  o bjects are mo ving with co nstant velo city in no n-parallel directio ns the distance between

them will change

The distance between them can be fo und by �nding the magnitude o f their po sitio n vecto rs at

any po int in time

The sho rtest distance  between the two  o bjects at a particular time can be fo und by �nding the

value o f the time at which the magnitude is at its minimum value

Let the time when the o bjects are at the sho rtest distance be t

Find the distance, d, in terms o f t by substituting into  the equatio n fo r the magnitude o f their

po sitio n vecto rs

d will be an expressio n in terms o f t which can be di�erentiated and set to  0

So lving this will give the time at which the distance is at a minimum

2

Substitute this back into  the expressio n fo r d to  �nd the sho rtest distance

Exam T ip

Kinematics questio ns can have a lo t o f info rmatio n in, read them carefully and pick o ut the

parts that are essential to  the questio n

Lo o k o ut fo r where variables used are the same and/o r di�erent within vecto r equatio ns, yo u

will need to  use di�erent techniques to  �nd these
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a)

b)

Worked example

Two  o bjects, A and B, are mo ving so  that their po sitio n relative to  a �xed po int, O at time t, in

minutes can be de�ned by the po sitio n vecto rs rA =
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The unit vecto rs i and j are a displacement o f 1 metre due East and No rth o f O respectively.

Find the co o rdinates o f the initial po sitio n o f the two  o bjects.

Find the sho rtest distance between the two  o bjects and the time at which this will o ccur.
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3.9.2 Constant & Variable Velocity

Vectors & Constant Velocity

How are vect ors used t o m odel linear m ot ion?

If an o bject is mo ving with co nstant velo city  it will travel in a straight line

Fo r an o bject mo ving in a straight line  in two  o r three dimensio ns its velo city, displacement and

time can be related using the vecto r equatio n o f a line

r = a + λb

Letting

r be the po sitio n o f the o bject at the time, t

a be the po sitio n vecto r, r  at the start (t = 0)

λ represent the time, t

b be the velo city  vecto r, v

Then the po sitio n o f the o bject at the time, t can be given by

r = r + tv

The velo city vecto r is the directio n vecto r in the equatio n o f the line

The speed o f the o bject will be the magnitude o f the velo city |v|

0

0 

Worked example

A car, mo ving at co nstant speed, takes 2 minutes to  drive in a straight line fro m po int A (-4, 3) to

po int B (6, -5).

At time t, in minutes, the po sitio n vecto r (p) o f the car relative to  the o rigin can be given in the fo rm 

p=a+ tb . 

Find the vecto rs a and b.
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Vectors & Variable Velocity

How are vect ors used t o m odel m ot ion wit h variable velocit y?

The velo city o f a particle is the rate o f change o f its displacement  o ver time

In o ne dimensio n velo city, v, is fo und be taking the derivative o f the displacement, s, with respect

to  time, t

v=
ds
dt

In mo re than o ne dimensio n vecto rs  are used to  represent mo tio n

Fo r displacement given as a functio n o f time in the fo rm
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The velo city vecto r can be fo und by di�erentiating each co mpo nent o f the vecto r individually
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The velo city sho uld be left as a vecto r

The speed is the magnitude o f the velo city

If the velo city vecto r is kno wn, displacement can be fo und by integrating each co mpo nent o f the

vecto r individually

The co nstant o f integratio n fo r each co mpo nent will need to  be fo und

The acceleratio n o f a particle is the rate o f change o f its velo city  o ver time

In o ne dimensio n acceleratio n, a, is fo und be taking the derivative o f the velo city, v, with respect

to  time, t

a=
dv
dt
=

d2r
dt2

In two  dimensio ns acceleratio n can be fo und by di�erentiating each co mpo nent o f the velo city

vecto r individually
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a=
d2r
dt2
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If the acceleratio n vecto r is kno wn, the velo city vecto r can be fo und by integrating each

co mpo nent o f the acceleratio n vecto r individually

The co nstant o f integratio n fo r each co mpo nent will need to  be fo und

Exam T ip

Lo o k o ut fo r clues in the questio n as to  whether yo u sho uld treat the questio n as a co nstant

o r variable velo city pro blem

'mo ving at a co nstant speed' will imply using a linear mo del

an o bject falling o r ro lling wo uld imply variable velo city

a)

b)

Worked example

A ball is ro lling do wn a hill with velo city v= ⎛
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. At the time t = 0 the co o rdinate o f

the ball are (3, -2).

Find the acceleratio n vecto r o f the ball's mo tio n.

Find the po sitio n vecto r o f the ball at the time, t.
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