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3.8.1Vector Equations of Lines

Equation of aLinein Vector Form
How do I find the vector equation of aline?

= The formula for finding the vector equation of alineis
- r=a+ b
= Whereristhe position vector of any point onthe line
= aisthe position vector of a known pointontheline
= bisadirection (displacement)vector

» Aisascalar
= Thisis givenin the formula booklet
= This equation canbe used forvectorsinboth 2- and 3- dimensions
= This formula s similar to aregular equation of a straight line in the form y = mx + ¢ but with a vector
to show both a point on the line and the direction (or gradient) of the line
= |n2D the gradient can be found from the direction vector
= |n 3D anumerical value for the direction cannot be found, it is given as a vector
= Asacouldbe the position vector of any point on the line and b could be any scalar multiple of the
direction vector there are infinite vector equations for a single line
= Givenany two points on aline with position vectors a and b the displacement vector can be written as
b-a
= Sotheformular=a+A(b-a)canbeusedto find the vector equation of the line
= Thisis not giveninthe formula booklet

How do | determine whether a pointlies onaline?

a1 bl cl
= Giventheequationofaliner = +1 the point ¢ with position vector ison
a c
2 2 2
33 b3 c3
the line if there exists a value of Asuch that
c1 a1 bl
[ ] = +)‘
c2 a2 b2
03 a3 b3

= This means that there exists a single value of Athat satisfies the three equations:

- ¢ = a1+/1b1
- C,= 32+/lb2

n == +
c,= a, /1b3
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A GDC can be usedto solve this system of linear equations for
= Thepointonlylies onthelineif a single value of A exists for all three equations

Solve one of the equations first to find a value of Athat satisfies the first equation and then check that
this value also satisfies the other two equations

If the value of A does not satisfy all three equations, then the point c does notlie on theline
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@ Worked example

a) Find avector equation of a straight line through the points with position vectors a = 4i- 5kand b
=3i-3k

Use the position vectors o £ind the displocement veckor
between them.

(). 8- () = #-0-0-0

Vector equation of a line r=a+ib

esikion vector osition wvector
¥ of point o ¥ of point b
) A, e @) M)
=S -3
& K diceckion 5 K diceckion
veckor veckor
L -1
¥y =| 0o)]+A|o
-5 £
b) Determine whether the point C with coordinate (2, O, -1) lies on this line.

2
Let ¢ =<0> , then check to see If there exiskts o value
=l

of A such thwaok

& -
(8)=(8) ()
o -5 2
From the ‘I component : b-A =2 ®

From the :i‘ component 1 0 +OXL =0 @(/') Works {or oll A

From the 'yi componenkt : -S+2nh=-1I @
(D = A=12 Suwh \t‘\kb @: _S+(Zx2)=-$+f+ :—[J

Point C Lies on the \ine
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Equation of a Line in Parametric Form

How do | find the vector equation of aline in parametric form?

= By considering the three separate components of avectorinthe x, y and zdirectionsitis possible to
write the vector equation of a line as three separate equations

= letting = then I'= @+ Abbecomes
Y
z
X
X 0
" = +1
Y Yo m
4 n
Zo
%o
= Where is a positionvectorand
Yo m
n
Z9

is adirectionvector

= Thisvectorequation canthenbe splitintoits three separate component forms:

. X= X0+ Al
= y=y,t Am
. Z= ZO+ An

= These are givenin the formula booklet
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@ Worked example
Write the parametric form of the equation of the line which passes through the point (-2, 1, O) with

3

directionvector

-4

Parametric form of the x=x,+ Al y=y,+im, z=z,+An
equation of a line

Use T =a +2b  to wrike bie equakion (n veckor form Ffiest:

x -
}- (3)= (?)+ l(?)
= o —§
pos%\-.iufv\ Kd‘re.t_him veckac
veckor of

o poinkt

Se_?qroke the components inko bthewr 3 seporoke equo&;ions.
X =-2+3)\

5=|+h
z2=-4kA
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Angle Between Two Lines

How do we find the angle between two lines?

= Theangle betweentwo linesis equal to the angle between their direction vectors
= |t canbe found using the scalar product of their direction vectors

= Giventwo linesintheform = al + /ﬂtb1 and I'= 32 + lbz use the formula

b b,

|| ——
124l 2|
= |f youare given the equations of the lines in a different form or two points on a line you will need to find
their direction vectors first
= Tofind the angle ABC the vectors BA and BC would be used, both starting from the point B
= Theintersection of two lines will always create two angles, an acute one and an obtuse one
= Apositive scalar product will result in the acute angle and a negative scalar product will result in
the obtuse angle
= Using the absolute value of the scalar product will always result in the acute angle

s O=cos”
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@ Worked example

Find the acute angle, inradians between the two lines defined by the equations:

2 1 1 -3
I a=| 0 [+4 —4 |endL: b=| -4 |+ul 2
3 -3 3 5

STEP 1:find the scalor product of the dicection veckors:

\\ /-3
-4 ) (2 ) =(1x-3) + (-4x2) +(3x5) =-3+(-8)+(-15) = -2b
negokive, so the angle willl

be bhe obtuse ongle.

Step 2: Find the mcxsni,tucles of the direction vecktors:
JOO&t + ()t + (-3 =J26 JEeD% (2) +(5) =J38

‘ - L Using the olosoluke
STeP 3: find the ans\e_: cos6 = _|-26] value will vesult

J2e /38 inth&um.uan@e_

=i 26
@ =cos >

J26 /33

6=0597 vodians (3s¢)
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3.8.2 Shortest Distances with Lines

Shortest Distance Between a Point and aLine
How do | find the shortest distance from a point to aline?

= The shortestdistance from any point to aline will always be the perpendicular distance
= Givenalinel withequationT = a-+ Ab anda point Pnoton/
= The scalar product of the direction vector, b, and the vectorin the direction of the shortest
distance will be zero
= The shortest distance can be found using the following steps:
= STEPT: Let the vector equation of the line be rand the point not on the line be P, then the point on
the line closest to P willbe the point F
= The point Fis sometimes called the foot of the perpendicular
= STEP 2: Sketch adiagram showing the line | and the points Pand F
—

= The vector P will be perpendicular to the line |
= STEP 3: Use the equation of the line to find the position vector of the point F in terms of A

—
= STEP 4: Use this to find the displacement vector FFPinterms of A
—

= STEP 5: The scalar product of the direction vector of the line | and the displacement vector FP will
be zero

—
= Formanequation FP-b=0 andsolve to ind A

— —
= STEP 6: Substitute Ainto F/P and find the magnitude |FP|

—
* The shortest distance from the point to the line will be the magnitude of FP

= Note that the shortest distance between the point and the line is sometimes referred to as the length
of the perpendicular

How do we use the vector product to find the shortest distance from a point to aline?

= Thevectorproduct canbe used to find the shortest distance from any pointto alineona2-
dimensional plane
= Givenapoint,P,andaliner=a+Ab

|Xl3>< b|
1]

= The shortest distance from P to the line will be

= WhereAisapointontheline
= Thisis not giveninthe formula booklet
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@ Worked example

2 0
Point A has coordinates (1, 2, 0) and the line I has equationT = 01+Al1
6 2

Point Blies onthe I such that [AB] is perpendicularto /.

Find the shortest distance from A to the line /.

Bis on L so con be wrntten ia beems of A

-+ 2 o 2
. i 5
o8B (fz) + <|2 ) (6/}2) A(,2,9)

Find AB using AB =0B -0

(L) ()

(3
AB is perpendicdar to A A_E'Q,'>=O

(+:2)-(5)-o0

l-2+z@+u)-o

SA+10=0
A=-2

Substitwte back ko @ ond find the mr.\snikude'-

s Q'lei-i]) ) (%)
8| = [irresr+2t =

Shortest distance = J2I units
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Shortest Distance Between Two Lines

How do we find the shortest distance between two parallel lines?

Two parallel lines will neverintersect
The shortest distance between two parallel lines will be the perpendicular distance between them

Givenaline l1 withequationr =a, + /ldland aline ]2 withequationT = a, + ,udz then the shortest
distance between them can be found using the following steps:

= STEP1: Find the vectorbetween a,1 and a general coordinate from ]2 interms of y

= STEP 2: Set the scalar product of the vector found in STEP 1and the direction vector d1 equalto

zero
= Remember the direction vectors d1 and d2 are scalar multiples of each other and so either
canbeusedhere
= STEP 3: Form and solve an equation to find the value of
= STEP 4: Substitute the value of  backinto the equation for ]2 to find the coordinate on 12 closest

to 11
= STEP 5: Find the distance between a1 and the coordinate foundin STEP 4
—_—
|AB X d|
Alternatively, the formula T canbeused
= Where AB isthe vector connecting the two given coordinates @, and a

1 2
= dis the simplified vectorin the direction of d1 and d2

= Thisisnot giveninthe formula booklet

How do we find the shortest distance from a given point on aline to another line?

The shortest distance from any point on a line to another line will be the perpendicular distance from
the point to theline

If the angle between the two lines is known or can be found thenright-angled trigonometry can be
used to find the perpendicular distance

|X£)3xd|
|d|

Alternatively, the equation of the line can be used to find a general coordinate and the steps above can
be followed to find the shortest distance

= Theformula given above is derived using this method and can be used

How do we find the shortest distance between two skew lines?

Two skew lines are not parallel but will neverintersect
The shortest distance between two skew lines will be perpendicular to both of the lines
= Thiswill be at the point where the two lines pass each other with the perpendicular distance where
the point of intersection would be
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= The vector product of the two direction vectors can be used to find a vectorin the direction of the
shortest distance
= The shortest distance will be a vector parallel to the vector product
* Tofindthe shortest distance between two skewlines withequations I = @, + /ld1 andr=a, + Hd2 ,

= STEP1: Find the vector product of the direction vectors d1 and d2
n == X
d=d xd,
= STEP 2: Find the vectorin the direction of the line between the two general points on 11 and ]2 in

termsof A andy

—_—
« AB=Db - a
= STEP 3: Setthe two vectors parallel to each other
e
- d = kAB

= STEP 4: Setup and solve a system of linear equations in the three unknowns, k, A and M
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@ Worked example

Adrone travelsin a straight line and at a constant speed. It moves from aninitial point (-5, 4, -8) in the
-1

directionof thevector| 5 | Atthe same time as the drone begins moving a bird takes off frominitial

1
2

point (6, -4, 3) and moves in a straight line at a constant speed in the direction of the vector -3

4

Find the minimum distance between the bird and the drone during this movement.
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Find the vector product of the direction veckors.

( 2) (—I) ((-3)(0- (4)(2)> (-ll>
3 X2 ) =l@WED-@0) ) = (-6
b I (2) (2)-C3)(-1) |

Find the vector in Une direckion of the line loelween
the. aun.ml. Coordinates.

— -S- A& 6+2A -ll-m-22
AB=l4som)—(-4-32) = grom +ad
-84+ M 3+ 44 -l + M -4

A point on Lz A point on L

=22\ i R s porotiet u.(")

g+2m +32 | = (-6 = |
Ry ) | b (‘I)

Sek up ond solve a system of equations.

Ik - 22,-}4 = Solve U.S;ﬂa GDC:

6K + 31+ 21 = - =3l 5 _.238 p-=-852
+ 34+ 2N 3 ( k =X B = o Jon=22

)4-—42, -k =1

Substitube back inko the expression for AB and find the magntude:

ﬂ\

) - |- C59) 2G| [/ 2w
3 -9

2+ 2(57->+3( 3) |s
Shortest distance = 493 units (3s.£.)

()oY &

For more help, please visit www.exampaperspractice.co.uk
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