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3.8.1Trigonometric Proof

Trigonometric Proof
How do | prove new trigonometric identities?

= Youcanuse trigonometric identities you already know to prove new identities
= Make sure you know how to find all of the trig identities in the formula booklet
= Theidentity fortan, simple Pythagorean identity and the double angle identities forinand cos are
inthe SL section

sin®

« tanf =
cosf

= 0820 +sin20=1
= sin26 =2sinfcosH
= 0820 =cos20—sin20=2cos?0—1=1—2sin?0
= Thereciprocal trigonometric identities for sec and cosec, further Pythagoreanidentities,
compound angle identities and the double angle formula for tan

1

cos6
1
sind
« 1+ tan20 =sec?0
« 1+ cot?f =cosec?d
«» sin(A + B)=sinAcosB *cos A sinB
« cos(A * B)=cosAcosB Fsin A sinB
3 tanA * tanB
+ tan(A £B)= I +tanAtanB
2tand
1 — tan20
= Theidentity for cotis notin the formula booklet, you willneed to remember it
1 cos6

= secH=

= cosec 0=

= tan26=

» cotfd= =—
tan@  sin6

= To prove anidentity start on one side and proceed step by step until you get to the other side
= |tismore common to start on the left hand side but you can start a proof from eitherend
= Occasionallyitis easier to show that one side subtracted from the otheris zero
= You should not work on both sides simultaneously

What should | look out for when proving new trigonometric identities?
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Look for anything that could be a part of one of the above identities on either side
= Forexampleif yousee sin2 60 you canreplace it with 2sinfcos6

= |fyousee 2sinfcosf you canreplace it with sin20
Look forways of reducing the number of different trigonometric functions there are within the identity
= Forexampleif the identity contains tan 8, cot 8 and cosec 6 you could try
= usingtheidentitiestan®=1/cotBand1+cot?8 =cosec?8 to writeitallinterms of cot 8
= orrewritingitallinterms of sin 6 and cos 6 and simplifying
Oftenyou may need to trial a few different methods before finding the correct one
Clever substitution into the compound angle formulae can be a useful tool for proving identities

0 0

= Forexample rewriting COS —= as COS (0 - —) doesn’t change the ratio but could make an

2 2
identity easierto prove
You will most likely need to be able to work with fractions and fractions-within-fractions
Always keep an eye on the 'target' expression - this can help suggest what identities to use
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@ Worked example

Prove that 8cos*0 — 8cos20 + 1 = cos4 6.

|t is easiest to skorkt on bhe rish\:-ho«\c}\ side  ond

apply the double angle Lfocmuwla foc  cos 20.
8cos O - 8cos?O + | = cosko

The. form of the |left-hand side SMmesbs Lok the

l‘o\en‘:it\\) cos2A = 2¢cos’ A -1 would be wore useful Shan
e obher options.

cos k6 2cost 20 -\

2(2cos®s -\)1 -

2(4%cos*6 - 4cos®® +1) -

8cos*® - Bcos’® + 2 - |

cos4® = Ycos*O - §cos*6 «+ |
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3.8.2 Strategy for Trigonometric Equations

Strategy for Trigonometric Equations
How do l approach solving trig equations?

= Youcansolve trigequationsin a variety of different ways
= Sketching a graph
= |fyouhave your GDCitis always worth sketching the graph and using this to analyse its
features
= Using trigonometric identities, Pythagorean identities, the compound or double angle identities
= Almost all of these are in the formula booklet, make sure you have it open at the right page
= Using theunitcircle
= Factorising quadratic trig equations
= Lookoutforquadratics such as 5tan?x - 3tanx-4=0
= The finalrearranged equation you solve will involve sin, cos or tan
= Don’ttry to solve an equation with cosec, sec, or cot directly

What should | look for when solving trig equations?

= Checkthevalue of xor6
= [fitisjustxorByoucanbeginsolving
= |f there are different multiples of x or 8 you will need to use the double angle formulae to get
everythingin terms of the same multiple of xor 6
= |fitisafunctionof xor6, e.g. 2x - 15, you will need to transform the range first
= You mustrememberto transform your solutions back again at the end
= Doesitinvolve more than one trigonometric function?
= |fitdoes, try torearrange everything to bring it to one side, you may need to factorise
= |f not, canyouuse anidentity to reduce the number of different trigonometric functions?
= Youshould be able to use identities to reduce everything to just one simple trig function
(eithersin, cosortan)
= |sitlinear or quadratic?
= [fitislinearyoushould be able torearrange and solve it
= |fitisquadratic you may need to factorise first
= You willmost likely get two solutions, consider whether they both exist
= Remembersolutions to sinx =k and cos x = k only exist for-1<k <Twhereas solutions to tanx =
k exist for all values of k
= Are my solutions within the givenrange and do | need to find more solutions?
= Beextra careful if your solutions are negative but the givenrange is positive only
= Use asketch of the graph orthe unit circle to find the other solutions within the range
= |f you have a function of x or 8 make sure you are finding the solutions within the transformed range
= Don’tforget to transform the solutions back so that they are in the required range at the end
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DOES THE EQUATION INVOLVE
DIFFERENT MULTIPLES OF X OR 67

USE THE COMPOUND ANGLE FORMULAE (AKA
ADDITION FORMULAE) OR DOUBLE ANGLE

FORMULAE TO GET EVERYTHING
OF THE SAME MULTIPLE OF X OR ©

IN TERMS

DOES THE EQUATION INVOLVE
A FUNCTION OF X OR 67

Vol

TRANSFORM THE RANGE

DON'T FORGET TO TRANSFORM
YOUR SOLUTIONS BACK

AT THE END

CAN YOU REARRANGE
EVERYTHING OVER TO ONE SIDE
AND FACTORISE (IF NEEDED) TO
GET DOWN TO SIMPLE sin, cos
OR +tan FUNCTIONS?
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W

DOES IT INVOLVE AN IDENTITY? FURTHER IDENTITIES

tanx =30%X OR  sin?x + cosx = 1 1+ tan®x = sec®x
cosx <:: 1+ cot’x = cosec?x

USE THESE TO CONVERT EVERYTHING 1 cosx

INTO ONE TRIG FUNCTION cotX = S = einX

IS IT LINEAR OR QUADRATIC?

\

LINEAR QUADRATIC
CAN | REARRANGE IT? CAN | REARRANGE IT?
IS THERE A COMMON DO | NEED TO FACTORISE?
FACTOR? YOU SHOULD END UP
WITH TWO SOLUTIONS

/

IF YOU HAVE SOLVED YOUR EQUATION
FOR sec, cosec OR cot, USE THE IDENTITIES

1 1
cosecx = —— cotx =
cosx sinx tanx

TO CONVERT TO cos, sin OR tan BEFORE
TRYING TO SOLVE FOR X OR 6

d

DO ALL MY SOLUTIONS ACTUALLY EXIST?

sSecx =

- REMEMBER SOLUTIONS TO sinx=k AND cosx=k
PRINCIPLE  VALUE {=—] ONLY EXIST WHERE -1<k<1
WHEREAS SOLUTIONS TO tanx=k EXIST FOR

ALL VALUES OF k
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e

ARE  SOLUTIONS WITHIM
GIVEM RANGE?

Do | HAVE ALL
SCLUTIONST

e SKETCH THE GRAPH
%0 USE YOUR EWNOWLEDGE OF GRAPH
S A SYMMETRIES AMND PERIODICITY TO
. FIND ALL OTHER SOLUTIONS
180 o°
¥ M
T ‘ c y=cosx
270° /
/
i

-180 /90 W 360 X
'\. —1 y=ginx

¥ | |
3 | I
21 | l
1 : : y=tanx

1 1 .. "

-180 %00 90 70O 270 360 x
—2- i |
. |

~

CHECK WHETHER YOU HAVE FOUND ALL SOLUTIOMS AND THAT
THEY ARE WITHIN THE GIVEN RANGE

(DON'T FORGET TO TRAMNSFORM YOUR SOLUTIONS BACK AT
THE END |F THEY WERE FROM A TRANSFORMED RANGE]



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

@ Worked example

Find the solutions of the equation (1 + cot22 9)(500829 - 1) = cot220 intheinterval
0<0<L2m

Move equivolent briay functions to the same sides:

Scos®® —| = _Ccot 26 divide looth sides by
e ootlze |+cot’2s
€0s20 = 2¢cos*O | |+ Cot&
| + Cobie = cosec*@

2 | )
N =5 + -
;. Cos'O=7cosW+5;

. . cot®26
5(‘z'cos29+7)- | = cosec®*20
cos’20  cobe - $25
s 32 __5Sin"20 |
zcos20 + 3 ] cosecO = Sno
Sin?20

%(560526 +3) = COS-LZG RW(WI\SQ_ Yo q-orm o

2c0s* 20 -Sces26 -3 =0 guadrakic i Cos28
(Zcos’lef I)(cos?_e -3) =0

cos26 = —‘;_ or cos20 =3
R_no solukions

We oace solvi the eqpokion foc 26 so we must bromsformn the
Tonge fiest: 0 <26 = 4T

26 = cos™ (—‘z) = %,E (Pr'\murs va\ue)

- 2T _ATM _ 4T 2T _8x 4™ o O™
So 26 =, i = L"T _3_1-21[ 3 ) 3 +2 3

)

9-% e 4T ST
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