Boost your performance and confidence
E with these topic-based exam questions
Practice questions created by actual
examiners and assessment experts
EXAM PAPERS PRACTICE P
Detailed mark scheme
Suitable for all boards

Designed to test your ability and
thoroughly prepare you

3.8 Vector Equations of Lines

L/

YL
uép“

IB Maths - Revision Notes

2&
AP

o




E=l

Exam Papers Practice

3.8.1Vector Equations of Lines

Equationof aLine inVector Form
Howdo Ifindthe vectorequationofaline?

= Theformulaforfindingthe vectorequationofalineis
- r=a+b
= Where ris the positionvectorofanypointontheline
= gisthe positionvectorofaknownpointontheline
= bpis adirection(displacement)vector

» Aisascalar

= Thisis giveninthe formulabooklet
= Thisequationcanbeused forvectorsinboth2-and 3-dimensions

» This formulais similarto aregularequationof astraightlineinthe form y = mx + C but witha
vectorto showbothapointonthe line and the direction(orgradient) of the line
= In2Dthe gradientcanbe found fromthe directionvector
= |In3Danumerical value forthe directioncannotbe found,itis givenas avector
= As acould be the positionvectorofany pointonthe line and bcould be any scalar multiple of
the directionvectorthere are infinite vectorequations forasingle line
= Givenanytwo points onaline withpositionvectors aand bthe displacement vectorcanbe
writtenas b-a
= Sotheformular=a+Ab -a)canbe used to find the vectorequationof theline
= Thisisnot giveninthe formulabooklet

Howdo ldetermine whetherapointliesonaline?

81 bl 01
= Giventhe equationofaliner = +1 the point cwith positionvector is
a C
2 2 2
a, b, C

c1 al bl
[ ] = + l

c2 a2 b2

03 33 b3

= This means that there exists asingle value of Athat satisfies the three equations:

] = +
c = a /lbl
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-, = a2+/lb2

n = +
c,= a, Ab3

= AGDC canbeusedto solve this systemoflinearequations for
= The pointonlylies onthelineif asingle value of A exists forall three equations
= Solve one of the equations first to find avalue of Athatsatisfies the first equationand then
check that this value also satisfies the othertwo equations

= Ifthe value of A does not satisfyall three equations, thenthe point cdoes notlie ontheline

O Exam Tip

= Rememberthatthe vectorequationofaline cantake manydifferentforms
= This means that the answeryouderive might look different fromthe answerinamark
scheme
= Youcanchoose whetherto write yourvectorequations of lines usingunitvectors oras
columnvectors

= Usethe formthatyouprefer,howevercolumnvectorsis generallyeasierto work with
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@ Worked example

a) Find avectorequationof astraightline through the points with positionvectors a=4i- 5k
and b =3i- 3k

Use the position vectors %o find the displocement veckor
between them.

-y 2= () = 2-0)-0)- ()

Vector equation of a line r=a-+ib

Posihior\ vector position vector
¥ of point o ¥ of point b
IR O IR | R )
e 7B -3 2
K direction K direction
vector vector
& . |
yr=(0o]+A[o
-5 2
b) Determine whetherthe point C withcoordinate (2,0, -1)lies onthis line.

2
Let ¢ =<o> , then check ko gee if there exisks o volue
-1

of A such thok

2 b B
(5)-) ()
- -5 YA
from the U componenk : b-x =2 @

from the :l‘ componenk : 0 +OXL =0 @(/) Works for all X

N

from the 'L componenk : -S+2nh=-1I @

O = 2=2 suw e @ = _54(2x2)=-S+bk ==y

Foint C Lies on the line
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Equationof aLine in Parametric Form
Howdo Ifind the vectorequationof alineinparametricform?

= Byconsidering the three separate components of avectorinthe x, yand zdirections itis
possible to write the vectorequationof aline as three separate equations

X
= lettingr= thenI'=a+ Abbecomes

N <
=

= Where is apositionvectorand isadirectionvector

Yo m

n
Z9
= Thisvectorequationcanthenbe splitinto its three separate component forms:

- x=x,t Al
= Y=y, t Am
= z= 2zt An

= Theseare giveninthe formulabooklet

@ Worked example

Write the parametric form of the equation of the line which passes through the point (-2,1,0) with

3

directionvector

~4

Parametric form of the X=X, +Al, y=y,+Am, z=z,+An
equation of a line

Use T =a +2db Lo wrike bhe eguakion in vector form Fficst:

or -

= (3)-(3)+*(3)
= [¢] "4
positi 07;‘ K diveckion veckoc

veckor of

o Poiﬂh

Se?m‘a\-e the components nto thewe 3 sep ovroke equahions_

X =2 +3J)\
B: | +K
z2 =k
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Angle BetweenTwo Lines
Howdo we findthe angle between two lines?

= The angle betweentwo linesis equal to the angle betweentheirdirectionvectors
= |tcanbe found usingthe scalarproduct of theirdirectionvectors

= Giventwo linesinthe formI'= al + ﬂ’bl and I'= az + ﬂ,bz use the formula
b b,
121l 2|
= |fyouare giventhe equations of the linesinadifferentformortwo points onaline youwillneed to
find theirdirectionvectors first
= To find the angle ABC the vectors BAand BC would be used, both starting fromthe pointB
= Theintersectionoftwo lines will always create two angles,anacute one and anobtuse one
= Apositive scalarproduct willresultinthe acute angle and a negative scalar product will
resultinthe obtuse angle
= Usingthe absolute value of the scalarproduct will always result inthe acute angle

= O=cos”!

O Exam Tip

= Inyourexamread the questioncarefullyto seeif youneed to find the acute orobtuse angle
= Whenrevising, getinto the practice of double checkingat the end of aquestionwhether
yourangle is acute orobtuse and whetherthis fits the question

@ Worked example

Find the acute angle,inradians between the two lines defined by the equations:

2 1 1 -3
I a=| 0 |+A] -4 |andL: b=| -4 [+pu| 2
3 -3 3 5

STEP 1:Find the scalor product of the direction veckors:
AWE

-4 ) 2) =(1x-3) + (~4x2) +(3xS) =-3+(-8)+(-\5) = -2b

(@) (@) emr e =

nesa\:ive, So the angle will
be bthe obtuse ongle.

Step 2: Find the ma3v\LEwies of the dicection vectors:
JOF + )"+ D =26 JEDR(2) + () =38

. L Using the olosoluke
STeP 2: find the angle : cos§ = _|-26] value will vesult

J26 (38 in the acure ongle

=i 24
e = Cos >

J26 /38

6=059% vodians (3s§)
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3.8.2Shortest Distances withLines

Shortest Distance BetweenaPoint and aLine
Howdo lfindtheshortest distancefromapointtoaline?

= Theshortestdistance fromanypointto aline will always be the perpendicular distance
= Givenaline/withequationT = a+ Abanda point Pnoton/
= Thescalarproduct of the directionvector,b,and the vectorinthe directionof the shortest
distance willbe zero
= Theshortestdistance canbe found using the following steps:
= STEPT:.Letthe vectorequationoftheline be rand the pointnotontheline be P, thenthe point
ontheline closestto Pwillbe the point F
= The point Fis sometimes called the footof the perpendicular
= STEP 2:Sketchadiagramshowingthe line /and the points Pand F

e
= Thevector FP willbe perpendicular to the line /
= STEP 3:Use the equationof the line to find the positionvectorof the point Finterms of A

—
» STEP 4:Use this to find the displacement vector F/Pinterms of A
= STEP5:The scalarproduct of the directionvectorof the line /and the displacement vector

—
FPwilbezero
—
» Formanequation FP:b =0 and solve to find A
— —
» STEP 6:Substitute into FF/P and find the magnitude |FP|

—
= The shortestdistance fromthe point to the line will be the magnitude of FP
= Notethatthe shortestdistance betweenthe pointand the line is sometimes referred to as the
lengthof the perpendicular

Howdo weusethe vectorproductto findtheshortestdistancefromapointtoa
line?
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= Thevectorproductcanbeusedto find the shortestdistance fromanypointto alineona?2-
dimensional plane
= Givenapoint,P,and aline r=a+\b

|APx b
5]

= Theshortestdistance fromP to the line will be

= Where Ais apointontheline
= Thisisnot giveninthe formulabooklet

O Exam Tip

= Columnvectors canbe easierand clearerto work withwhen dealingwith scalarproducts.

@ Worked example

2 0
Point A has coordinates(1,2,0) and the line I has equationT = 0]+A]1
6 2

Point Blies onthe I suchthat [AB] is perpendicularto /.

Find the shortest distance from Ato the line 1.

Bis on L so can be writkten a tecns of A:

Sa=(0) +2(° 2
5-8) 1) 8 s
- 2 | |

65+22 0o b+22

()
A% 1S PerPe.nc\'\cu\ar ko A: ﬁ3.<&>=o

(:2)()-o

}L—2+z(s+z,1,)-o

Substitwte  back into A—1)3 ond find the Manihdez

o (-0
b +2(-2) 2
|A_j’3| = 1P+ + 2> = jz_l

Shortest distance = V2l units
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Shortest Distance BetweenTwo Lines

Howdo we findthe shortest distance between two parallellines?

= Two parallellines willneverintersect

= Theshortestdistance betweentwo parallellines will be the perpendicular distance between
them

= Givenaline 11 withequationT = a, +/ld1and aline 12 withequationT = a, +,ud2 thenthe
shortest distance betweenthemcanbe found using the following steps:
= STEPT1:Find the vectorbetween a1 and ageneralcoordinate from I2 interms of y

STEP 2:Setthe scalarproductofthe vectorfound in STEP Tand the directionvector d1 equal

tozero

= Rememberthe directionvectors d1 and d2 are scalarmultiples of eachotherand so

eithercanbeused here
= STEP 3:Formand solve anequationto find the value of

= STEP 4:Substitute the value of y backinto the equation for]2 to find the coordinate on ]2

closestto ]l
= STEP 5:Find the distance between a1 and the coordinate found in STEP 4
—_
|ABxd|
|d|
—_—

= Where ABisthe vectorconnectingthe two givencoordinates a

= Alternatively, the formula canbeused

1and a2

= disthe simplified vectorinthe directionof d1 and d2

= Thisis not giveninthe formulabooklet

Howdo we find the shortest distance from agivenpointonalineto anotherline?

= Theshortestdistance fromanypointonaline to anotherline will be the perpendiculardistance
fromthe pointto theline

= |fthe angle betweenthe two lines is known orcanbe found thenright-angled trigonometrycan
be used to find the perpendiculardistance

|A_£>3><d|
|d|

= Alternatively, the equationof the line canbe used to find ageneralcoordinate and the steps
above canbe followed to find the shortest distance

= Theformula givenabove is derived using this method and can be used

Howdo we find the shortest distance between two skewlines?

= Two skew lines are not parallel but willneverintersect
= Theshortestdistance betweentwo skew lines will be perpendicularto bothof thelines
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= This willbe at the point where the two lines pass each otherwith the perpendiculardistance
where the pointofintersectionwould be

= Thevectorproductofthe two directionvectors canbe used to find avectorinthe
directionof the shortestdistance

= The shortestdistance willbe avectorparallelto the vectorproduct

= To find the shortestdistance betweentwo skew lines withequationsr=a +)Ld1 and

1
=a_+
r=a,+ud,,

STEP 1:Find the vectorproduct of the directionvectors d1 and d2
n = X
d=d xd,
= STEP 2:Find the vectorinthe direction of the line between the two general points on]land 12

interms ofA and y
—_—

AB=Db - a
= STEP 3:Setthe two vectors parallelto eachother
—
- d = kAB

= STEP4:Setupand solve asystemoflinearequationsinthe three unknowns, k, Aand y2!

O ExamTip

= Examquestions willoftenask forthe shortest,orminimum, distance withinvectorquestions
= |fyou’re unsure start by sketchingaquick diagram
= Sometimes calculus canbe used,howevervectormethods are usuallyrequired

@ Worked example

Adronetravelsinastraightline and ataconstant speed.|lt moves fromaninitial point(-5,4,-8)in

-1
the directionofthe vector 2 .Atthe same time as the drone begins moving a bird takes off
1
frominitial point (6,-4,3) and moves inastraightline ataconstant speed inthe directionof the
2
vector| _3|.
4

Find the minimum distance between the bird and the drone during this movement.
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Find the veckor product of the direction wveckors.

( z) (|> <(—3)( 1) - (4)(2)) <-||>
3] X2 | =lWED-@O) ) T (-6
i ! (2) (2)-¢3)(-1) !

Find the veckor in the direckion of the line. loetween
the se_ne_rak Coordinales.

N -5-ML 6+22 -ll-m -2
AR (=4 -32 ) T g+2u+3a
—B+ M4 3+ LA I+ -4
A point on L2 A point on 5
~1l
l-m-22 ko AB is porallel bo(—é)
+2M +32 | -6 ., -1l
-1+ M -4 I S°AB=k(‘,6)

Sek up ond solve a saskem of " equations.

Ik - 22'_/* Solve u.sins GDC:
6k + 3L+ 24 = -3 _3l 238w --
}‘L-LF;{, -k =

—

Substitute ‘back ko the expression for AB and (ind the mognitude :

8] - |1-C3) 2B\ |/ s —
sval-2)es(3 )|- | -2 |- e+ o5+ ()
-|1+( ) ‘r( ) %

Shortest distance = %93 unts (3s.f.)
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