
3.8 Further Trigonometry
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3.8.1 Trigonometric Proof

Trigonometric Proof

How do I prove new t rigonomet ric ident it ies?

Yo u can use trigo no metric identities yo u already kno w to  pro ve new identities

Make sure yo u kno w ho w to  �nd all o f the trig identities in the fo rmula bo o klet

The identity fo r tan, simple Pythago rean identity and the do uble angle identities fo r in and

co s are in the SL sectio n

tanθ=
sinθ
cosθ

cos2θ +sin2θ=1
sin2θ=2sinθcosθ
cos2θ=cos2θ−sin2θ=2cos2θ−1=1−2sin2θ

The recipro cal trigo no metric identities fo r sec and co sec, further Pythago rean identities,

co mpo und angle identities and the do uble angle fo rmula fo r tan

secθ=
1

cosθ

cosec θ=
1

sinθ
1+ tan2θ =sec2θ
1+cot2θ =cosec2θ
sin( )A ±B =sinAcosB ±cos A sinB
cos( )A ±B =cosAcosB ∓sin A sinB

tan( )A ±B =
tanA ± tanB
1∓ tanAtanB

tan2θ=
2tanθ

1− tan2θ
The identity fo r co t is no t in the f o rmula bo o klet , yo u will need to  remember it

cotθ=
1

tanθ =
cosθ
sinθ

To  pro ve an identity start o n o ne side and pro ceed step by step until yo u get to  the o ther side

It is mo re co mmo n to  start o n the left hand side but yo u can start a pro o f fro m either end

Occasio nally it is easier to  sho w that o ne side subtracted fro m the o ther is z ero

Yo u sho uld no t wo rk o n bo th sides simultaneo usly
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What  should I look out  f or when proving new t rigonomet ric ident it ies?

Lo o k fo r anything that co uld be a part o f o ne o f the abo ve identities o n either side

Fo r example if yo u see sin2θ  yo u can replace it with 2sinθcosθ
If yo u see 2sinθcosθ yo u can replace it with sin2θ

Lo o k fo r ways o f reducing the number o f di�erent trigo no metric functio ns there are within the

identity

Fo r example if the identity co ntains tan θ, co t θ and co sec θ yo u co uld try

using the identities tan θ = 1/co t θ and 1 + co t  θ = co sec θ to  write it all in terms o f co t θ
o r rewriting it all in terms o f sin θ and co s θ and simplifying

Often yo u may need to  trial a few di�erent metho ds befo re �nding the co rrect o ne

Clever substitutio n into  the co mpo und angle f o rmulae can be a useful to o l fo r pro ving identities

Fo r example rewriting cos
θ
2  as cos (θ −

θ
2 )  do esn’t change the ratio  but co uld make an

identity easier to  pro ve

Yo u will mo st likely need to  be able to  wo rk with fractio ns and fractio ns-within-fractio ns

Always keep an eye o n the 'target' expressio n – this can help suggest what identities to  use

Exam T ip

Do n't fo rget that yo u can start a pro o f fro m either end – so metimes it might be easier to  start

fro m the left-hand side and so metimes it may be easier to  start fro m the right-hand side

Make sure yo u use the fo rmula bo o klet as all o f the relevant trigo no metric identities are given

to  yo u 

Lo o k o ut fo r special angles (0°, 90°, etc) as yo u may be able to  quickly simplify o r cancel

parts o f an expressio n (e.g.  )

2 2 
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Worked example

Pro ve that 8cos4θ−8cos2θ+1=cos4θ .
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3.8.2 Strategy for Trigonometric Equations

Strategy for Trigonometric Equations

How do I approach solving t rig equat ions?

Yo u can so lve trig equatio ns in a variety o f di�erent ways

Sketching a graph 

If yo u have yo ur GDC it is always wo rth sketching the graph and using this to  analyse its

features

Using trigo no metric identities, Pythago rean identities, the co mpo und o r do uble angle

identities

Almo st all o f these are in the fo rmula bo o klet, make sure yo u have it o pen at the right page

Using the unit circle

Facto rising quadratic  trig equatio ns 

Lo o k o ut fo r quadratics such as 5tan x – 3tan x – 4 = 0

The �nal rearranged equatio n yo u so lve will invo lve sin, co s  o r tan

Do n’t try to  so lve an equatio n with co sec, sec, o r co t  directly

What  should I look f or when solving t rig equat ions?

Check the value o f x o r θ
If it is just x o r θ yo u can begin so lving

If there are di�erent multiples o f x o r θ yo u will need to  use the do uble angle f o rmulae  to  get

everything in terms o f the same multiple o f x o r θ
If it is a f unctio n o f x o r θ, e.g. 2x – 15, yo u will need to  transf o rm the range �rst

Yo u must remember to  transfo rm yo ur so lutio ns back again at the end

Do es it invo lve mo re than o ne trigo no metric functio n?

If it do es, try to  rearrange  everything to  bring it to  o ne side, yo u may need to  f acto rise

If no t, can yo u use an identity to  reduce the number o f di�erent trigo no metric functio ns?

Yo u sho uld be able to  use identities to  reduce everything to  just o ne simple trig functio n

(either sin, co s o r tan)

Is it linear o r quadratic?

If it is linear yo u sho uld be able to  rearrange and so lve it

If it is quadratic yo u may need to  facto rise �rst

Yo u will mo st likely get two  so lutio ns, co nsider whether they bo th exist

Remember so lutio ns to  sin x = k and co s x = k o nly exist fo r -1 ≤ k ≤ 1 whereas so lutio ns to

tan x = k exist fo r all values o f k

Are my so lutio ns within the given range and do  I need to  �nd mo re so lutio ns?

Be extra careful if yo ur so lutio ns are negative but the given range is po sitive o nly

Use a sketch o f the graph o r the unit circle to  �nd the o ther so lutio ns within the range

2

If yo u have a functio n o f x o r θ make sure yo u are �nding the so lutio ns within the transf o rmed

range

Do n’t fo rget to  transfo rm the so lutio ns back so  that they are in the required range at the

end
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Exam T ip

Try to  use identities and fo rmulas to  reduce the equatio n into  its simplest terms.

Do n’t fo rget to  check the functio n range and ensure yo u have included all po ssible

so lutio ns.

If the questio n invo lves a functio n o f x o r θ ensure yo u transfo rm the range �rst (and ensure

yo u transfo rm yo ur so lutio ns back again at the end!).

Page 6 of 7
For more help visit our website www.exampaperspractice.co.uk



Worked example

Find the so lutio ns o f the equatio n ( )1+cot22θ ( )5cos2θ−1 =cot22θ in the interval 

0 ≤ θ ≤2π .
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