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Exam Papers Practice

3.7.1Introductionto Vectors

Scalars & Vectors
What arescalars?

= Scalars are quantities without direction
= Theyhave onlyasize (magnitude)
= Forexample:speed,distance, time, mass
= Most scalar quantities canneverbe negative
= Youcannothave anegative speed ordistance
What are vectors?

= Vectors are quantities which also have adirection, this is what makes themmore thanjustascalar
= Forexample:two objects withvelocities of 7 m/s and -7 m/s are travelling at the same speed
butinopposite directions
= Avectorquantity is described bybothits magnitude and direction
= Avectorhas componentsinthe directionof the x-, y-, and z-axes
= Vectorquantities canhave positive ornegative components
= Some examples of vectorqguantities youmaycome across are displacement, velocity,
acceleration, force/weight, momentum
= Displacementis the positionofanobjectfromastartingpoint
= Velocityisaspeedinagivendirection(displacementovertime)
= Accelerationis the change invelocityovertime
= Vectors maybe givenineither2-or3-dimensions

O Exam Tip

= Make sure youfullyunderstand the definitions of all the words in this sectionso thatyoucan
be clearabout what yourexam questionis askingofyou
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State whethereachof the followingis ascalaroravectorquantity.

a)

b)

c)

d)

e)

Aspeed boattravels at 3m/s onabearingof 052°
Spee,ol weth o 6\ve_r\ direckion — Ve_\oc,'\k.g

Vector

Agardenis 1.7 mwide
Le_ns\-h with no  diveckion

Scalar

Acaraccelerates forwards at 5.4 ms™

A ccelerokion has direckion

Vector

Afilmlasts 2hours 17 minutes

_ﬁme_ hos no direcktion

Scolar
An athlete runs at an average speed 0f10.44 ms™
S\De.ed with no direckion (s o scolar

Scalar

Aballrolls forwards 60 cmbefore stopping

D\'sp\ac.e.me_vx\: hos diveckion

Vector
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Vector Notation FE

Howare vectorsrepresented?  Ex@m Papers Practice

= Vectors are usuallyrepresented usinganarrow in the direction of movement
= Thelengthofthe arrowrepresentsits magnitude
= Theyare writtenaslowercase letters eitherinbold orunderlined
= Forexample avectorfromthe point O to Awillbe writtenaora
= Thevectorfromthe point Ato O willbe written-aor-a
= [fthe startand end pointofthevectoris known,itis writtenusingthese points as capital letters
withanarrow showing the directionof movement

—_— —_—
= Forexample:AB orBA

= Two vectors are equal onlyif theircorrespondingcomponents are equal
= Numerically,vectors are eitherrepresented usingcolumnvectors orbase vectors
= Unless otherwise indicated,youmaycarryout allworking and write youranswers ineitherof
these two types of vectornotation

What are columnvectors?

= Columnvectors are where one numberis written above the otherenclosed inbrackets

= |n2-dimensions the top numberrepresents movementinthe horizontaldirection (right/left)
and the bottomnumberrepresents movementinthe verticaldirection(up/down)

= Apositive value represents movementinthe positive direction (right/up) and a negative value
represents movementinthe negative direction (left/down)

3

= Forexample:The column vector( ) represents 3 units in the positive horizontal (x)

direction(i.e. right) and 2 units in the negative vertical ()) direction(i.e.,down)
= |[n3-dimensions the top numberrepresents the movementinthe xdirection(length), the middle
number represents movementinthe ydirection(width) and the bottomnumberrepresents the
movementinthe zdirection(depth)

3

= Forexample:The columnvector 4 represents 3 units in the positive xdirection, 4 units

2

inthe negative ydirectionand 2 units inthe positive zdirection
What are base vectors?

= Basevectorsusei,jand knotationwherei,jand k are unit vectors inthe positive x, y,and z
directions respectively
= Thisis sometimes also called unit vectornotation

= Aunitvectorhas amagnitude of 1
= |n2-dimensionsirepresents movementinthe horizontal direction(right/left) and jrepresents the
movementinthe vertical direction (up/down)
= Forexample:The vector(-4i+3j)would mean4 units inthe negative horizontal (x) direction
(i.e., left) and 3 units in the positive vertical ()) direction(i.e.,up)
= |In3-dimensionsirepresents movementinthe xdirection(length),jrepresents movementinthe y
direction(width) and k represents the movementinthe zdirection (depth)
= Forexample:The vector(-4i+3j-k)would mean4 unitsinthe negative xdirection, 3 unitsin
the positive ydirectionand Tunit inthe negative zdirection
= Astheyarevectors,i,jand kare displayed inbold intextbooks and online butin handwriting they
would be underlined (i,jand k)
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O ExamTip

= Practice workingwith alltypes of vectornotationso thatyouare prepared forwhatever
comes upinthe exam
= Yourworkingand answerinthe examcanbeinanyformunless told otherwise
= |tis generallybestto write yourfinalanswerinthe same formas givenin the question,
howeveryouwillnotlose marks fornotdoingthis unlessitis specified inthe question
= Vectors appearinbold (non-italic) fontintextbooks and onexam papers, etc (i.e. F,a) butin
handwriting should be underlined (i.e. £,a)

@ Worked example
a) —4

Write the vector 5 usingbase vectornotation.

= -4i + Op+ Sk
t

0o+

Oé. s not needed
when siviv\g oanswer
m bose vecktor focm

Sk - bi

b)write the vector kK — 2j usingcolumnvectornotation.

k -ZJL = 0i-2 + Ik
Be cocefull with nesod:fwe_ Compovnients ond

Miss\'ns tecms  when workins wik base veckors

0 44— The zero term s needed when
-2 us'\g column veckor notokion
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Parallel Vectors
Howdoyou knowif twovectorsare parallel?

= Two vectors are parallelif one is a scalar multiple of the other
= This means that allcomponents of the vectorhave been multiplied byacommonconstant
(scalar)
= Multiplyingeverycomponentinavectorbyascalarwillchange the magnitude of the vectorbut
notthe direction

= Forexample:the vectors a= 0 andb=2a= 2 will have the same

3 3 6

directionbut the vectorb will have twice the magnitude of a
= Theyare parallel
= |[favectorcanbe factorised byascalarthenitis parallel to anyscalar multiple of the factorised
vector
= Forexample:The vector9i+6j- 3kcanbe factorised bythe scalar3 to 3(3i+2j-k)so the
vector9i+6j- 3kis parallelto anyscalarmultiple of 3i+2j - k
= |favectoris multiplied by a negative scalarits directionwillbe reversed
= |twillstillbe parallelto the original vector
= Two vectors are parallelif theyhave the same orreverse directionand equalif theyhave the
same size and direction
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O Exam Tip

= |tiseasiestto spotthattwo vectors are parallelwhentheyareincolumnvectornotation
= inyourexam bywritingvectorsincolumnvectorformand lookingforascalarmultiple you
will be able to quickly determine whethertheyare parallelornot
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@ Worked example

Show thatthe vectors a = 4 andb = 6k — 31iare paralleland find the scalarmultiple

thatmapsaontob.

Convesrt both vecktors inbo the some form

ond then look fLor o value of k such

ot & =kb, whee k s o scalac
E—

.
b = bk -3; = —3i_+0}+6‘i
-(3) --2(3)
=-%_g i
i b=-%$ , k =-_3?-.-
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3.7.2Position & Displacement Vectors

Adding & Subtracting Vectors
Howare vectors added and subtracted numerically?

= Toaddorsubtract vectors numericallysimplyadd orsubtracteachofthe corresponding

components
= |Incolumnvectornotationjustadd the top,middle and bottom parts together
2 1 1
= Forexample: - =
4 -3
-5 3 -8

= |Inbasevectornotationaddeachofthei,j,and kcomponents togetherseparately
= Forexample:(2i+j-5k) - (i+4j+3k) =(i- 3j- 8k)

Howarevectorsadded and subtracted geometrically?

= Vectors canbe added geometricallybyjoiningthe end of one vectorto the start of the nextone
= Theresultant vectorwillbe the shortestroute fromthe start of the first vectorto the end of the
second
= Aresultant vectoris avectorthatresults fromadding orsubtracting two ormore vectors
= |fthe two vectors have the same starting position,the second vectorcanbe translated to the
end of the first vectorto find the resultantvector
= Thisresultsinaparallelogramwith the resultant vectoras the diagonal
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= Tosubtractvectors,considerthis as adding onthe negative vector
= Forexample:a-b =a+(-b)
= The end oftheresultant vectora-b willnotbe anywhere nearthe end of the vectorb
= Instead,itwillbe atthe pointwhere the end of the vector-b would be

O Exam Tip

= Workingincolumnvectors tends to be easiest whenadding and subtracting
= inyourexam,itcanhelpto convertanyvectorsinto columnvectors before carryingout
calculations withthem
= |fthereis no diagram,drawing one canbe helpfulto help youvisualise the problem

Page 10 of 31
For more help visit our website www.exampaperspractice.co.uk



=1
-F
0 Worked example Exam Papers Practice

-3

Find the resultant of the vectorsa=>5i-2jand b =

a = Si -2} + Ok =(_

\/\/r}\;iﬂs os o column veckor
makes oxddims ond S\Abbro\c,\:.ivxs

Cosier.
[ s -3

v () ()

o 2 2

Resulcant veckbor = 2i-} +2k

]
I

I\
S~

PositionVectors
Whatis apositionvector?

= Apositionvectordescribes the positionofapointinrelationto the origin

= |tdescribes the directionand the distance fromthe point O:0i+0j+Okor

0

= [tisdifferentto adisplacement vectorwhichdescribes the directionand distance between

anytwo points
—_—
= The positionvectorof pointAis writtenwiththe notationa= OA

= Theoriginis always denoted O
= Theindividualcomponents of apositionvectorare the coordinates ofits end point
= Forexample the pointwithcoordinates (3,-2,-1) has positionvector3ij-2j-k

@ Worked example

Determine the positionvectorofthe pointwithcoordinates (4, -1, 8).

4 -_j_ + %k
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Displacement Vectors
Whatis adisplacement vector?

= Adisplacement vectordescribes the shortestroute betweenanytwo points
= |tdescribes the directionand the distance betweenanytwo points
= [tisdifferentto apositionvectorwhichdescribes the directionand distance fromthe point

0:0i+0Qj (O)
:0i+0Qjor 0

= ThedisplacementvectorofpointBfromthe point Ais writtenwith the notation AB

Adisplacementvectorbetweentwo points canbe writteninterms of the displacementvectors
of athird point

—_— —_— —
« AB=AC+CB
= Adisplacementvectorcanbe writteninterms ofits positionvectors
—_— —_— —_—
] ForexamplethedisplacementvectorABcanbewrittenintermsofOAandOB
—_— —_— —_— —_— —_— —_— —_—
- AB= AO+ OB= - 0A+ OB =0B - OA
—

e —_—
= Forpositionvectora=OA and b =OB the displacement vector AB canbe writtenb -a

O ExamTip

Inanexam, sketching aquick diagram canhelp to make workingout adisplacementvector
easier
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@ Worked example

The point Ahas coordinates (3,0, -1)and the point B has coordinates (-2,-5,7).Find the

—_—
displacementvector AB.

AB = AO + OB

=-0A+0B = OB - OA
-5)=(o
+ \

- -S

Page 13 of 31
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

3.7.3Magnitude of aVector

Magnitude of aVector
Howdo you find the magnitude of avector?

= The magnitude of avectortellsusits size orlength
= Foradisplacement vectorittells us the distance betweenthe two points
= Forapositionvectorittells us the distance of the point from the origin

—_— —
= The magnitude of the vector AB is denoted |AB|

= The magnitude of the vectorais denoted |a|
= The magnitude of avectorcanbe found usingPythagoras’ Theroem

» The magnitude of avector V= V1i+ sz + V3k is found using

] — 2 2 2
| v| \/Vl vty

Vi

» wherev=| V,
Vs
= Thisis giveninthe formulabooklet

Howdolfind the distance between two points?

Page 14 of 31
For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

= Vectorscanbeusedto find the distance (ordisplacement) between two points
= |tis the magnitude of the vectorbetweenthem

= Giventhe positionvectors of two points:
= Find the displacementvectorbetweenthem
= Find the magnitude of the displacement vectorbetweenthem

O ExamTip

= Findingthe magnitude of avectoris the same as finding the distance between two
coordinates,itis ausefulformulato committo memoryinorderto save timeinthe exam,
howeveritisinyourformulabookletif youneed it

@ Worked example

Find the magnitude of the vectorAB =4i-j+ 2k.

v
Magpnitude of a vector [¥|= v +v +v , where v = [VZJ
v,

AB| = |6+ 1* i = |2

A8l = J2r
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Unit Vectors
What is aunit vector?

= Aunit vector has amagnitude of 1
= |tcanbe found bydividingavectorbyits magnitude
= Thiswillresultinavectorwithasize of Tunitinthe direction of the originalvector

a
= Aunitvectorinthe directionofais denoted _lal

(3i —4j)

3, 4
= Forexample aunitvectorinthe direction 3i-4jis ———— = gl— g]

/32+42

O Exam Tip

= Findingthe unitvectorwillnotbe aquestiononits ownbut will be auseful skill forfurther
vectors problems so itisimportant to be confident withit

@ Worked example

Find the unit vectorinthe direction 2i - 2j + k.

Let o =2i - 2y +k
Fnd the mo%n"\:\m\& of o

]
Magnitude of a vector [v|=yw* +v2+»?, where v=|v,
v,

|°_L|=\‘Z7'+Z"+l7‘ =11 =3
Diwvide o \on s W\oxsw'\hw}\e,:

Unit veckor = 2 = 2i-23+k
|2 3

2. _ 2" |

IL-FEr 3k
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3.7.4 The Scalar Product

The Scalar ('‘Dot') Product
Whatisthe scalarproduct?

= Thescalarproduct(also knownas the dotproduct)is one forminwhichtwo vectors canbe
combined together
= Thescalarproductbetweentwo vectorsaand bisdenoted @ b
= Theresult of takingthe scalarproduct of two vectorsis arealnumber
= je.ascalar
= Thescalarproductoftwo vectors gives informationabout the angle between the two vectors
= |fthe scalarproductis positive thenthe angle betweenthe two vectorsis acute (less than
90°)
= |fthe scalarproductis negative thenthe angle between the two vectorsis obtuse (between
90°and 180°)
= [fthe scalarproductis zero thenthe angle betweenthe two vectorsis 90°(the two vectors
are perpendicular)
Howis the scalar product calculated?

= There are two methods forcalculating the scalarproduct
= The mostcommonmethod used to find the scalarproduct betweenthe two vectors vand wis
to find the sumof the product of eachcomponent inthe two vectors

" V'W=VW1+VW2+VW

1 2 373
Vi L
= Where v= and w=
V) W,
V3 W3

= Thisis giveninthe formulabooklet
= Thescalarproductis also equalto the product of the magnitudes of the two vectors and the
cosine of the anglebetweenthem
« v-w=|v||w|cos 0
= Where @is the angle between vand w
= Thetwo vectors vand warejoined at the startand pointingawayfromeachother
= Thescalarproductcanbe usedinthe second formulato find the angle between the two vectors

What properties of the scalarproductdolneedto know?

= |ftwo vectors, vand w;, are parallel then the magnitude of the scalarproductis equalto the
product of the magnitudes of the vectors

« |v-wl=|wl|v
= Thisisbecausecos0°=1and cos180°=-1

= [ftwo vectors are perpendicularthe scalarproductis zero
= Thisisbecausecos90°=0
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O Exam Tip

= Whilstthe formulae forthe scalarproductare giveninthe formulabooklet, the properties of
the scalarproductare not,howevertheyare importantand itis likelythat youwillneed to
recalltheminyourexamso be sure to commit themto memory

@ Worked example

2 . .
Calculate the scalarproduct betweenthe two vectors v = 0 and W=13] -2k-i

using:

i) theformula V- W= Vv W, + v W2+ V.W.,

1 2 373
<?5> = 21+ 0y - Sk

-5

W=31-2k - = -lp 25 -2l

s

Be oware of the ordec of twe texrms.

Y W
Scalar product VoW =W +v,W, +vwy, where v=(v, |, w=|w,
Y3 W

V-w =(2x-)4(0x3) +(-5x-2) = -2+10

V-W =2
if) the formula V* W= |v||w|cos @, giventhat the angle between the two vectors is 66.6°.

v = (g) =21+03-Sk W =-lL+33-2¢
-5

Scalar product vV-w =| v || w |cos9

Find the mof)v\\huc)\e. of botw veckors:
|¥|=,IZ"+(-5Y' =J20 W] =174 32 4(-D)" = i
V-W = J29 x i& cos 664

VW =g
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Angle BetweenTwo Vectors

Howdo Ifind the angle between two vectors?

If two vectors withdifferent directions are placed at the same starting position, theywillforman
angle betweenthem
The two formulae forthe scalarproduct canbe used togetherto find this angle

viw t vyt vaw,

|vl|wl
= Thisis giveninthe formulabooklet
To find the angle between two vectors:
= Calculate the scalarproduct betweenthem
= Calculate the magnitude of eachvector
= Usetheformulato findcos®
= Useinverse trigto find 6

= cos O =

O ExamTip

= The formulaforthisis giveninthe formulabookletso youdo notneed to rememberit but
make sure that you canfind it quicklyand easilyin yourexam
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@ Worked example

-1 . .
Calculate the angle formed by the two vectors v = and wW=31+ 4] -k

-1 . 3
V= ) YW= 3.!. + b —E =
(3) s ()

Stork \ob @ind(nﬂ the scalar product:

o (G

= (-1x3)+ BxW) + (2x-1) = 7
Find the mognitude of botwuvectors:
lv| ={c0*+ 3%+ 2 = Jie

W] = [3% 4+ 42 +(-1)* =26

Angle between two cosg =t
vectors [v]|w

cosB =_%F =.0.36b%...
s

6 =cos ' (0.366%...)

0 = 685" (3sf)
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Perpendicular Vectors

Howdo Iknowif two vectors are perpendicular?
If the scalar product of two (non-zero) vectors is zero thentheyare perpendicular

= If Vv W=0thenvand wmustbe perpendicularto eachother
= Two vectors are perpendicularif theirscalar productis zero
= Thevalue ofcos0=0therefore |v||w|cos0=0

@ Worked example

Find the value of tsuch that the two vectors v = and W= (t— l)i—j + kare

perpendicularto eachother.

The two vectors Y ond W ore perpgendicular

f vw =0
2 _ /[t -1
\i =l & ) w 1
5 |

2(t-1) + £(-) + 50

1<
12
i

= 2t-2-E+95
Thevefore ¥ ond W ore perpendicular i

t+3=0

b=-3

Page 21 of 31
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

3.7.5The Vector Product

The Vector ('Cross') Product
Whatisthe vector(cross)product?

= Thevectorproduct (also knownas the cross product)isaforminwhichtwo vectors canbe
combined together
= Thevectorproductbetweentwo vectors vand wis denoted vx w
= Theresult of takingthe vectorproductoftwo vectorsis avector
= Thevectorproductisavectorinaplane thatis perpendicularto the two vectors fromwhichit
was calculated
= This could beineitherdirection,dependingonthe angle betweenthe two vectors
= Theright-hand rule helps yousee whichdirectionthe vectorproductgoesin
= Bypointingyourindex fingerand yourmiddle fingerin the direction of the two vectors
yourthumb willautomaticallygo inthe direction of the vectorproduct

Howdo I find the vector (cross)product?

= There are two methods forcalculatingthe vectorproduct
= Thevectorproduct of the two vectors vand wcanbe writtenincomponent formas follows:

V,W,T Vi W,
- VXW= | VW VW,
ViW,” V,W,
Vi Wi
= Where v= and w=
V) W,
V3 W3

= Thisis giveninthe formulabooklet
= Thevectorproductcanalso be foundinterms of its magnitude and direction
= The magnitude of the vectorproductis equalto the product of the magnitudes of the two

vectors and the sine of the angle betweenthem

vX w| = |v||w]|sind

= Where fis the angle between vand w

= Thetwo vectors vand warejoined at the startand pointingawayfromeachother

= Thisis giveninthe formulabooklet

= Thedirectionof the vectorproductis perpendicularto both vand w
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What properties of the vectorproductdolneedto know?

= [ftwo vectors are parallel thenthe vectorproductis zero
= Thisisbecausesin0°=sin180°=0
» If VX W=0 thenvand ware parallelif theyare non-zero
= |ftwo vectors, vand w;, are perpendicular then the magnitude of the vectorproductis equalto
the product of the magnitudes of the vectors
- |vxw]=|wl||v
= Thisisbecausesin90°=1

O ExamTip

= The formulae forthe vectorproduct are giveninthe formulabooklet, make sure youuse them
as thisis aneasyformulato getwrong

= The properties of the vectorproductare notgiveninthe formulabooklet,howevertheyare
importantanditis likelythat youwillneed to recalltheminyourexam so be sure to commit
themto memory
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@ Worked example

Calculate the magnitude of the vectorproduct between the two vectors v =

w=3i-2j—-kusing

i) _
V2W3 V:,)W2
the formula VX w= V3W1— V1W3
Vim, T ",

(3-8 «-E)-6)

Use the formula bo find the cross-preduct:

VaW3 — V3w, O)(-) - 5)(-2 ”
VXW = <V3 W, -V, w:) = <(—5)(3)- (2)((_0)) = <_ |l3
-4

v\ wz - Vz W|

(2)(-2)- (0)(3)
Find the maan'\tuo\e of ¥ xw:

I xw| = (100" + 13"+ (4} = {285
lv xw| = 16.9 (3sf)

ii) the formula, giventhat the angle betweenthemis Tradian.
Find the maﬂn'\tu&e of ¥ oand w:

¥l =JZ‘+0"+(-5)7' = JTq

lwi= [ 34 Fe et = i

Mxw| = |¥|lw] s\n @

JaxJig sin (19

lvxw| = 17.0 (3s§)
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Areas using Vector Product
Howdo luse the vectorproductto findtheareaof aparallelogram?

= The areaof the parallelogramwith two adjacent sides formed bythe vectors vand wis equal to
the magnitude of the vectorproduct of two vectors vand w

» A= |V X Wl where vand wformtwo adjacent sides of the parallelogram
= Thisis giveninthe formulabooklet

Howdo lusethe vectorproductto find the area of atriangle?

= The areaof the triangle withtwo sides formed by the vectors vand wis equal to half of the
magnitude of the vectorproduct of two vectors vand w

s A= E | V X W| where vand wformtwo sides of the triangle

= Thisisnot giveninthe formulabooklet

O Exam Tip

= The formulaforthe area of the parallelogramis givenin the formulabooklet but the formula
foratriangleis not

= Rememberthat the area of atriangle is half the area of a parallelogram
® Worked example

Find the area of the triangle enclosed by the coordinates (1,0, 5),(3,-1,2) and (2,0, -1).

Lek A be (1,0,8) 8 be (3,-1,2) and C be (2,0,-1)
8
You can use any two
direction veckors Movi

c owoy from any vertex.

A

Find the twe direction veckors PTé ond A_E.
—
B-(3)-6) @) A-(6)-() )
2 S -3 .l S -6
Find Une cross product of the two diceckion veckocs:

2 | (-0(-6) -(-3)(0) 6
A_EXA_(’, =(-'>><<96>= (-;)U))-(Zx(fb) =(q
-3 (2)(0) - V()

Find the magn&hucie_ of the cross product
|ABxAL = [¢%a+F =]1%
Area. of twe teiongle is holf the moﬂn;mo\a.

Acea - -'i|A_j§xA_a = LL e

Area = S.43 O (3sf)
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3.7.6 Components of Vectors

Components of Vectors

Whydo we write vectorsincomponent form?

Whenworkingwithvectorsincontextitis oftenusefulto breakthemdowninto components
actinginadirectionthatisnotone of the base vectors
The base vectors are vectors actinginthe directionsi,jand k
The vectorwillneed to beresolved into components that are acting perpendicularto each
other
Usually,one component will be acting parallel to the direction of anothervectorand the otherwill
act perpendicularto the direction of the vector
Forexample:the components of aforce parallel and perpendicularto the line of motionallows
different types of problems to be solved
= The parallelcomponentofaforce actingdirectlyona particle willbe the component that
causes aneffectonthe particle
= The perpendicularcomponentofaforce actingdirectlyon aparticle will be the component
that has no effectonthe particle
The two components of the force willhave the same combined effect as the original vector

Howdo we write vectorsincomponent form?

Use trigonometry to resolve avectoractingat anangle
Givenavectoraactingatanangle 6to anothervectorb

= Draw avectortriangle bydecomposingthe vectorainto its components parallel and

perpendicularto the directionof thevectorb

The vectorawillbe the hypotenuse of the triangle and the two components will make up the
opposite and adjacent sides
The component of aacting parallelto bwill be equal to the product of the magnitude of aand the
cosine of the angle 6

= The component of aactinginthe directionof bequals |alcos 0

ab

= Thisis equivalentto W

The componentof aactingperpendicular to bwillbe equalto the product of the magnitude of a
and the sine of the angle 6
= The component of aacting perpendicularto the directionof bequals |alsin 0

|ax b

= Thisisequivalentto =5 —
| 5|
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= The formulae forthe components using the scalar product and the vector product are
particularlyuseful as the angleis notneeded
= The questionmaygive youthe angle the vectoris actinginas abearing
= Bearings are always the angle takenfromthe north

O ExamTip

= [faquestionasksyouto findacomponentofavectoritisagoodideato sketchaquick
diagramso thatyou canvisualise whichvectors are goinginwhich direction
= Thisis especiallyimportantif the questioninvolves forces

@ Worked example

Aforce withmagnitude 10 Nis actingonabearingof 060° onanobject whichis moving with
velocityvectory =2j-3j.

a) Byfindingthe components of the force intheiandjdirection,write downthe force as a
vector.
F= lOsir\bO‘ _ <5E> N T—»;}-
10cos 60 5 i 10cos 60
5 ION
060
\0sn b0

L= 5I'3'i_+5}

b) Find the component of the force acting parallel to the direction of the object.
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Method |: Component of £ ock\vg parallel to v = FI!.I!

£x = (5F): (3) =@+ (5

Ivl=[22 «(ay =013
F.ox = T15+1083  _ 544 N (3s6)

M (e}

Method 2: Use o d\asmm,-

Com?onen\: of § ocl:'wﬂ
~ Pt.rpmdkuw to v

Component of £ ad:‘\v'ﬁ
Paralld to v

tan (}) = 33./¢.q.'..

ComPoﬂer\h of ¥ ad:'wﬁ ParalleL to v =10sin3.69°

0.644N (3.sf) )
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3.7.7 Geometric Proof withVectors

Geometric Proof withVectors
Howcanvectorsbeusedtoprovegeometricalproperties?

= [ftwo vectors canbe shownto be parallelthenthis canbe used to prove parallellines
= |ftwo vectors are scalar multiples of eachotherthentheyare parallel
= To prove thattwo vectors are parallel simply show that one is ascalarmultiple of the other
= |ftwo vectors canbe shownto be perpendicularthenthis canbe used to prove perpendicular
lines
= |[fthe scalarproductiszero thenthe two vectors are perpendicular
= |ftwo vectors canbe shownto have equal magnitude then this canbe used to prove two lines are
the same length
= To prove a2Dshapeis aparallelogramvectors canbe used to
= Showthatthere are two pairs of parallel sides
= Showthatthe opposite sides are of equallength
= Thevectors opposite eachotherwithbe equal
= |fthe angle betweentwo of the vectorsis shownto be 90° thenthe parallelogramis a
rectangle
= To prove a2Dshapeis arhombus vectors canbe used to
= Show that there are two pairs of parallel sides
= Thevectors opposite eachotherwith be equal
= Showthatallfoursides are of equallength
= |fthe angle betweentwo of the vectorsis shownto be 90° thenthe rhombus is asquare

Howare vectorsusedto followpaths throughadiagram?

—_
= |Inageometric diagramthe vectorAB forms a pathfromthe pointAto the pointB

= Thisis specific to the pathAB

—
= Ifthe vector AB islabelled athen anyothervectorwiththe same magnitude and direction

asacouldalso belabelled a

—_—
» ThevectorBA would be labelled -a
= |tis parallelto abutpointinginthe opposite direction

e
= |fthe pointMis exactlyhalfwaybetweenAand Bitis called the midpoint of Aand the vectorAM

1
could belabelled —a

2

e —
= Ifthereis apointXontheline ABsuchthat AX = 2XB thenXis two-thirds of the wayalongthe
—_—
line AB
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= Otherratios canbe found insimilarways
= Adiagramoftenhelps to visualise this
= |fapointXdivides aline segment ABinto theratio p:qthen

. AX=—2—AB
ptq

. XB=—1—AB
pt+tq

Howcanvectorsbeusedto findthe midpoint of two vectors?

= [fthe pointAhas positionvectoraand the point B has positionvectorb thenthe positionvector
— 1
of the midpoint of AB is E(a +b)

—_—
= The displacement vector AB = b—-a

» LetMbe the midpointof AB then AM = E(AB) = E(b— a)
&=, ., 5 1 1 1 1
» ThepositionvectorOM = OA+ AM=a+ 5(b—a)=5b+ Ea=§(a+b)

Howcanvectorsbeusedtoprove thatthreepointsarecollinear?

= Three points are collinearif theyalllie onthe same line
= Thevectors betweenthe three points will be scalar multiples of eachother
—_— —
= The points A,Band C are collinearif AB = kBC

—_— — —

» |fthe points A,B and Mare collinearand AM = MB thenMis the midpoint of A

O Exam Tip

= Think of vectors like ajourneyfromone place to another
= Youmayhave to take adetoure.g.Ato Bmightbe Ato OthenOto B
= Diagrams canhelp,if thereisn'tone,draw one
= |fadiagramhas beengivenbeginbylabelling allknown quantities and vectors
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@ Worked example

Use vectors to prove that the points A, B, Cand Dwith positionvectors a=(3i-5j-4k),b =(8i-7j-
5k),c =(3i-2j+4k)and d = (5k - 2i) are the vertices of a parallelogram.

—>

find the displocement vectors AR, BC, CD and DA

v 0)0)-

n
o™

Al
1}
)
|
lo~
U}
TN

1
I/T\
0
™

]
- DN
S0 mn

DA = g-g\=<.§)-(-§)= :
-4 5
AR =-CD and BE=-DA - ABCO

Must be o po«‘o\l\.o.Losmm

N - = — o a—
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