
3.7 Vector Properties



3.7.1 Introduction to Vectors

Scalars & Vectors

What  are scalars?

Scalars are quantities witho ut directio n

They have o nly a siz e (magnitude)

Fo r example: speed, distance, time, mass

Mo st scalar quantities can never be negative

Yo u canno t have a negative speed o r distance

What  are vect ors?

Vecto rs  are quantities which also  have a directio n, this is what makes them mo re than just a scalar

Fo r example: two  o bjects with velo cities  o f 7 m/s and ‑7 m/s are travelling at the same speed

but in o ppo site directio ns

A vecto r quantity is described by bo th its magnitude  and directio n

A vecto r has co mpo nents in the directio n o f the x- , y-, and z- axes

Vecto r quantities can have po sitive o r negative co mpo nents

So me examples o f vecto r quantities yo u may co me acro ss are displacement , velo city,

acceleratio n, f o rce/weight , mo mentum

Displacement  is the po sitio n o f an o bject fro m a starting po int

Velo city is a speed in a given directio n (displacement o ver time)

Acceleratio n is the change in velo city o ver time

Vecto rs may be given in either 2− o r 3− dimensio ns

Exam T ip

Make sure yo u fully understand the de�nitio ns o f all the wo rds in this sectio n so  that yo u can

be clear abo ut what yo ur exam questio n is asking o f yo u
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a)

b)

c)

d)

e)

Worked example

State whether each o f the fo llo wing is a scalar o r a vecto r quantity.

A speed bo at travels at 3 m/s o n a bearing o f 052°

A garden is 1.7 m wide

A car accelerates fo rwards at 5.4 ms

A �lm lasts 2 ho urs 17 minutes

An athlete runs at an average speed o f 10.44 ms

-2

-1

f ) A ball ro lls fo rwards 60 cm befo re sto pping
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Vector Notation

How are vect ors represent ed?

Vecto rs  are usually represented using an arro w in the directio n o f mo vement

The length o f the arro w represents its magnitude

They are written as lo wercase letters either in bo ld  o r underlined

Fo r example a vecto r fro m the po int O to  A will be written a o r a

The vecto r fro m the po int A to  O will be written -a o r -a

If the start and end po int o f the vecto r is kno wn, it is written using these po ints as capital letters

with an arro w sho wing the directio n o f mo vement

Fo r example: 
⎯⎯⎯⎯
AB  o r 

⎯⎯⎯⎯
BA

Two  vecto rs are equal o nly if their co rrespo nding co mpo nents are equal

Numerically, vecto rs are either represented using co lumn vecto rs  o r base vecto rs

Unless o therwise indicated, yo u may carry o ut all wo rking and write yo ur answers in either o f

these two  types o f vecto r no tatio n

What  are column vect ors?

Co lumn vecto rs  are where o ne number is written abo ve the o ther enclo sed in brackets

In 2−dimensio ns the to p number represents mo vement in the ho riz o ntal directio n (right/left)

and the bo tto m number represents mo vement in the vertical directio n (up/do wn)

A po sitive value  represents mo vement in the po sitive directio n (right/up) and a negative value

represents mo vement in the negative directio n (left/do wn)

Fo r example: The co lumn vecto r 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

3
−2

 represents 3 units  in the po sitive ho riz o ntal (x)

directio n (i.e., right ) and 2 units  in the negative vertical (y) directio n (i.e., do wn)

In 3−dimensio ns the to p number represents the mo vement in the x directio n (length), the middle

number represents mo vement in the y directio n (width) and the bo tto m number represents the

mo vement in the z directio n (depth)

Fo r example: The co lumn vecto r 

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

3
−4
2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

 represents 3 units  in the po sitive x directio n, 4  units

in the negative y directio n and 2 units  in the po sitive z directio n

What  are base vect ors?

Base vecto rs use i, j and k no tatio n where i, j and k are unit vecto rs  in the po sitive x, y, and z

directio ns respectively

This is so metimes also  called  unit  vecto r no tatio n

A unit vecto r has a magnitude o f  1

In 2−dimensio ns i represents mo vement in the ho riz o ntal directio n (right/left) and j represents the

mo vement in the vertical directio n (up/do wn)

Fo r example: The vecto r (-4i + 3j) wo uld mean 4  units  in the negative ho riz o ntal (x) directio n

(i.e., lef t) and 3 units  in the po sitive vertical (y) directio n (i.e., up)

In 3−dimensio ns i represents mo vement in the x directio n (length), j represents mo vement in the y

directio n (width) and k represents the mo vement in the z directio n (depth)

Fo r example: The vecto r (-4i + 3j  - k) wo uld mean 4  units  in the negative x directio n, 3 units  in

the po sitive y directio n and 1 unit  in the negative z directio n

As they are vecto rs, i, j and k are displayed in bo ld  in textbo o ks and o nline but in handwriting they

wo uld be underlined (i, j and k)
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Exam T ip

Practice wo rking with all types o f vecto r no tatio n so  that yo u are prepared fo r whatever

co mes up in the exam

Yo ur wo rking and answer in the exam can be in any fo rm unless to ld o therwise

It is generally best to  write yo ur �nal answer in the same fo rm as given in the questio n,

ho wever yo u will no t lo se marks fo r no t do ing this unless it is speci�ed in the questio n 

Vecto rs appear in bo ld  (no n-italic) fo nt in textbo o ks and o n exam papers, etc (i.e. F, α ) but in

handwriting sho uld be underlined (i.e. F , α )

a)

b)

Worked example

Write the vecto r 

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−4
0
5

 using base vecto r no tatio n.

Write the vecto r k−2j  using co lumn vecto r no tatio n.
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Parallel Vectors

How do you know if  t wo vect ors are parallel?

Two  vecto rs are parallel if o ne is a scalar multiple  o f the o ther

This means that all co mpo nents o f the vecto r have been multiplied by a co mmo n co nstant

(scalar)

Multiplying every co mpo nent in a vecto r by a scalar will change the magnitude o f the vecto r but

no t the directio n

Fo r example: the vecto rs a= ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
0
3

 and b=2a= 2⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
0
3

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
6

 will have the same

directio n but the vecto r b  will have twice the magnitude o f a

They are parallel

If a vecto r can be facto rised by a scalar then it is parallel to  any scalar multiple o f the facto rised

vecto r

Fo r example: The vecto r 9i + 6j – 3k can be facto rised by the scalar 3 to  3(3i + 2j – k) so  the

vecto r 9i + 6j – 3k is parallel to  any scalar multiple  o f 3i + 2j – k

If a vecto r is multiplied by a negative scalar its directio n will be reversed

It will still be parallel to  the o riginal vecto r

Two  vecto rs are parallel if they have the same o r reverse directio n and equal if they have the

same siz e and directio n
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Exam T ip

It is easiest to  spo t that two  vecto rs are parallel when they are in co lumn vecto r no tatio n

in yo ur exam by writing vecto rs in co lumn vecto r fo rm and lo o king fo r a scalar multiple yo u

will be able to  quickly determine whether they are parallel o r no t
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Worked example

Sho w that the vecto rs a =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
−4

 and b = 6k – 3i are parallel and �nd the scalar multiple

that maps a o nto  b.
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3.7.2 Position & Displacement Vectors

Adding & Subtracting Vectors

How are vect ors added and subt ract ed num erically?

To  add  o r subtract vecto rs numerically simply add o r subtract each o f the co rrespo nding

co mpo nents

In co lumn vecto r no tatio n just add the to p, middle and bo tto m parts to gether

Fo r example: 
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
1
−5

−
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
4
3

=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

1
−3
−8

In base vecto r no tatio n add each o f the i, j, and k co mpo nents to gether separately

Fo r example: (2i + j – 5k) – (i + 4j + 3k) = (i – 3j – 8k)

How are vect ors added and subt ract ed g eom et rically?

Vecto rs can be added  geo metrically by jo ining the end o f o ne vecto r to  the start o f the next o ne

The resultant  vecto r will be the sho rtest ro ute fro m the start o f the �rst vecto r to  the end o f the

seco nd

A resultant vecto r is a vecto r that results fro m adding o r subtracting two  o r mo re vecto rs

If the two  vecto rs have the same starting po sitio n, the seco nd vecto r can be translated  to  the

end o f the �rst vecto r to  �nd the resultant vecto r

This results in a parallelo gram with the resultant vecto r as the diago nal
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To  subtract  vecto rs, co nsider this as adding o n the negative vecto r

Fo r example: a – b = a + (-b)

The end o f the resultant vecto r a – b will no t be anywhere near the end o f the vecto r b

Instead, it will be at the po int where the end o f the vecto r -b wo uld be

Exam T ip

Wo rking in co lumn vecto rs tends to  be easiest when adding and subtracting

in yo ur exam, it can help to  co nvert any vecto rs into  co lumn vecto rs befo re carrying o ut

calculatio ns with them

If there is no  diagram, drawing o ne can be helpful to  help yo u visualise the pro blem
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Worked example

Find the resultant o f the vecto rs a = 5i – 2j and b = 
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−3
1
2

.

Position Vectors

What  is a posit ion vect or?

A po sitio n vecto r describes the po sitio n o f a po int in relatio n to  the o rigin

It describes the directio n and the distance fro m the po int O: 0i + 0j + 0k o r  
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

0
0
0

It is di�erent to  a displacement vecto r which describes the directio n and distance between

any two  po ints

The po sitio n vecto r o f po int A is written with the no tatio n a = 
⎯⎯⎯⎯
OA

The o rigin is always deno ted O

The individual co mpo nents o f a po sitio n vecto r are the co o rdinates o f its end po int

Fo r example the po int with co o rdinates (3, -2, -1) has po sitio n vecto r 3i – 2j – k

Worked example

Determine the po sitio n vecto r o f the po int with co o rdinates (4, -1, 8).
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Displacement Vectors

What  is a displacem ent  vect or?

A displacement vecto r describes the sho rtest ro ute between any two  po ints

It describes the directio n and the distance between any two  po ints

It is di�erent to  a po sitio n vecto r which describes the directio n and distance fro m the po int

O: 0i + 0j o r 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

0
0

The displacement vecto r o f po int B fro m the po int A is written with the no tatio n 
⎯⎯⎯⎯
AB

A displacement vecto r between two  po ints can be written in terms o f the displacement vecto rs

o f a third po int
⎯⎯⎯⎯
AB=

⎯⎯⎯⎯
AC+

⎯⎯⎯
CB

A displacement vecto r can be written in terms o f its po sitio n vecto rs

 Fo r example the displacement vecto r 
⎯⎯⎯⎯
AB  can be written in terms o f 

⎯⎯⎯⎯
OA and 

⎯⎯⎯⎯
OB

⎯⎯⎯⎯
AB=

⎯⎯⎯⎯⎯
AO +

⎯⎯⎯⎯⎯
OB = −

⎯⎯⎯⎯⎯
OA +

⎯⎯⎯⎯⎯
OB =

⎯⎯⎯⎯⎯
OB −

⎯⎯⎯⎯⎯
OA

Fo r po sitio n vecto r a = 
⎯⎯⎯⎯⎯
OA  and b = 

⎯⎯⎯⎯⎯
OB the displacement vecto r 

⎯⎯⎯⎯⎯
AB  can be written b – a

Exam T ip

In an exam, sketching a quick diagram can help to  make wo rking o ut a displacement vecto r

easier
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Worked example

The po int A has co o rdinates (3, 0, -1) and the po int B has co o rdinates (-2, -5, 7). Find the

displacement vecto r 
⎯⎯⎯⎯
AB.
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3.7.3 Magnitude of a Vector

Magnitude of a Vector

How do you �nd t he m ag nit ude of  a vect or?

The magnitude o f a vecto r tells us its siz e o r length

Fo r a displacement vecto r it tells us the distance  between the two  po ints

Fo r a po sitio n vecto r it tells us the distance  o f the po int fro m the o rigin

The magnitude o f the vecto r 
⎯⎯⎯⎯
AB  is deno ted 











⎯⎯⎯⎯
AB

The magnitude o f the vecto r a is deno ted |a|

The magnitude o f a vecto r can be fo und using Pythago ras’ T hero em

The magnitude o f a vecto r v=v1i+ v2j+v3k  is fo und using









v = v
1
2+ v

2
2+v

3
2

where v=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v1
v2
v3

This is given in the f o rmula bo o klet

How do I �nd t he dist ance bet ween t wo point s?
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Vecto rs can be used to  �nd the distance (o r displacement) between two  po ints

It is the magnitude  o f the vecto r between them

Given the po sitio n vecto rs o f two  po ints:

Find the displacement vecto r between them

Find the magnitude o f the displacement vecto r between them

Exam T ip

Finding the magnitude o f a vecto r is the same as �nding the distance between two

co o rdinates, it is a useful fo rmula to  co mmit to  memo ry in o rder to  save time in the exam,

ho wever it is in yo ur fo rmula bo o klet if yo u need it

Worked example

Find the magnitude o f the vecto r AB = 4i – j + 2k.

Page 15 of 31
For more help visit our website www.exampaperspractice.co.uk



Unit Vectors

What is a unit  vecto r?

A unit vecto r has a magnitude  o f 1

It can be fo und by dividing a vecto r by its magnitude

This will result in a vecto r with a siz e o f 1 unit in the directio n o f the o riginal vecto r

A unit vecto r in the directio n o f a is deno ted 
a








a

Fo r example a unit vecto r in the directio n 3i – 4j is 
(3i −4j)

32+42
=
3
5 i−

4
5 j

Exam T ip

Finding the unit vecto r will no t be a questio n o n its o wn but will be a useful skill fo r further

vecto rs pro blems so  it is impo rtant to  be co n�dent with it

Worked example

Find the unit vecto r in the directio n 2i – 2j + k.
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3.7.4 The Scalar Product

The Scalar ('Dot') Product

What  is t he scalar product ?

The scalar pro duct (also  kno wn as the do t pro duct) is o ne fo rm in which two  vecto rs can be

co mbined to gether

The scalar pro duct between two  vecto rs a and b is deno ted a · b
The result o f taking the scalar pro duct o f two  vecto rs is a real number

i.e. a scalar

The scalar pro duct o f two  vecto rs gives info rmatio n abo ut the angle between the two  vecto rs

If the scalar pro duct is po sitive  then the angle between the two  vecto rs is acute  (less than

90°) 

If the scalar pro duct is negative  then the angle between the two  vecto rs is o btuse  (between

90° and 180°) 

If the scalar pro duct is z ero  then the angle between the two  vecto rs is 90° (the two  vecto rs

are perpendicular)

How is t he scalar product  calculat ed?

There are two  metho ds fo r calculating the scalar pro duct

The mo st co mmo n metho d used to  �nd the scalar pro duct between the two  vecto rs v and w is

to  �nd the sum o f  the pro duct o f  each co mpo nent  in the two  vecto rs

v ·w= v1w1+ v2w2+ v3w3

Where v =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v1
v2
v3

 and w=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

w1

w2

w3
This is given in the f o rmula bo o klet

The scalar pro duct is also  equal to  the pro duct o f  the magnitudes  o f the two  vecto rs and the

co sine o f  the angle between them

v ·w= 







v 







w cos θ
Where θ is the angle between v and w

The two  vecto rs v and w are jo ined at the start and po inting away fro m each o ther

The scalar pro duct can be used in the seco nd fo rmula to  �nd the angle between the two  vecto rs

What  propert ies of  t he scalar product  do I need t o know?

If two  vecto rs, v and  w, are parallel then the magnitude o f the scalar pro duct is equal to  the

pro duct o f the magnitudes o f the vecto rs

|v ·w | = |w | |v|
This is because co s 0° = 1 and co s 180° = -1

If two  vecto rs are perpendicular the scalar pro duct is z ero

This is because co s 90° = 0
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Exam T ip

Whilst the fo rmulae fo r the scalar pro duct are given in the fo rmula bo o klet, the pro perties o f

the scalar pro duct are no t, ho wever they are impo rtant and it is likely that yo u will need to

recall them in yo ur exam so  be sure to  co mmit them to  memo ry

i)

ii)

Worked example

Calculate the scalar pro duct between the two  vecto rs v = ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
−5

and w=3j−2k− i

using:

the fo rmula v ·w= v1w1+ v2w2+ v3w3 ,

the fo rmula v ·w= 







v 







w cos θ , given that the angle between the two  vecto rs is 66.6°.
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Angle Between Two Vectors

How do I �nd t he ang le bet ween t wo vect ors?

If two  vecto rs with di�erent directio ns are placed at the same starting po sitio n, they will fo rm an

angle between them

The two  fo rmulae fo r the scalar pro duct can be used to gether to  �nd this angle

cos θ =
v1w1+ v2w2+ v3w3







v |w |

This is given in the fo rmula bo o klet

To  �nd the angle between two  vecto rs:

Calculate the scalar pro duct between them

Calculate the magnitude o f each vecto r

Use the fo rmula to  �nd co s θ
Use inverse trig to  �nd θ

Exam T ip

The fo rmula fo r this is given in the fo rmula bo o klet so  yo u do  no t need to  remember it but

make sure that yo u can �nd it quickly and easily in yo ur exam
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Worked example

Calculate the angle fo rmed by the two  vecto rs v = ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

−1
3
2

and w=3i+4j−k.
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Perpendicular Vectors

How do I know if  t wo vect ors are perpendicular?

If the scalar pro duct  o f two  (no n-z ero ) vecto rs is z ero  then they are perpendicular

If v ·w=0  then v and w must be perpendicular to  each o ther

Two  vecto rs are perpendicular if their scalar pro duct is z ero

The value o f co s θ = 0 therefo re |v||w|co s θ = 0

Worked example

Find the value o f t such that the two  vecto rs v = ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
t
5

and w= (t−1) i− j+k  are

perpendicular to  each o ther.
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3.7.5 The Vector Product

The Vector ('Cross') Product

What  is t he vect or (cross) product ?

The vecto r pro duct  (also  kno wn as the cro ss  pro duct) is a fo rm in which two  vecto rs can be

co mbined to gether

The vecto r pro duct between two  vecto rs v and w is deno ted v × w

The result o f taking the vecto r pro duct o f two  vecto rs is a vecto r

The vecto r pro duct  is a vecto r in a plane that is perpendicular to  the two  vecto rs fro m which it

was calculated

This co uld be in either directio n, depending o n the angle between the two  vecto rs

The right-hand rule helps yo u see which directio n the vecto r pro duct go es in

By po inting yo ur index �nger and yo ur middle �nger in the directio n o f the two  vecto rs

yo ur thumb will auto matically go  in the directio n o f the vecto r pro duct

How do I �nd t he vect or (cross) product ?

There are two  metho ds fo r calculating the vecto r pro duct

The vecto r pro duct o f the two  vecto rs v and w can be written in co mpo nent f o rm as fo llo ws:

v×w=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v 2w3− v 3w2

v 3w1− v 1w3

v 1w2− v 2w1

Where v =
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v1
v2
v3

 and w=
⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

w1

w2

w3
This is given in the f o rmula bo o klet

The vecto r pro duct can also  be fo und in terms o f its magnitude and directio n

The magnitude o f  the vecto r pro duct is equal to  the pro duct o f  the magnitudes  o f the two

vecto rs and the sine o f  the angle between them

|v×w | = 







v 







w sinθ
Where θ is the angle between v and w

The two  vecto rs v and w are jo ined at the start and po inting away fro m each o ther

This is given in the f o rmula bo o klet

The directio n o f  the vecto r pro duct is perpendicular to  bo th v and w
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What  propert ies of  t he vect or product  do I need t o know?

If two  vecto rs are parallel then the vecto r pro duct is z ero

This is because sin 0° = sin 180° = 0

If v×w=0 then v and w are parallel if they are no n-z ero

If two  vecto rs, v and  w, are perpendicular then the magnitude o f the vecto r pro duct is equal to

the pro duct o f the magnitudes o f the vecto rs

|v×w | = |w | |v|
This is because sin 90° = 1

Exam T ip

The fo rmulae fo r the vecto r pro duct are given in the fo rmula bo o klet, make sure yo u use them

as this is an easy fo rmula to  get wro ng

The pro perties o f the vecto r pro duct are no t given in the fo rmula bo o klet, ho wever they are

impo rtant and it is likely that yo u will need to  recall them in yo ur exam so  be sure to  co mmit

them to  memo ry
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i)

ii)

Worked example

Calculate the magnitude o f the vecto r pro duct between the two  vecto rs v = ⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

2
0
−5

and 

w=3i−2j−k using

the fo rmula v×w=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

v 2w3− v 3w2

v 3w1− v 1w3

v 1w2− v 2w1

,

the fo rmula , given that the angle between them is 1 radian.
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Areas using Vector Product

How do I use t he vect or product  t o �nd t he area of  a parallelog ram ?

The area o f  the parallelo gram with two  adjacent sides fo rmed by the vecto rs v and w is equal to

the magnitude o f  the vecto r pro duct  o f two  vecto rs v and w

A= 







v × w where v and w fo rm two  adjacent sides o f the parallelo gram

This is given in the f o rmula bo o klet

How do I use t he vect or product  t o �nd t he area of  a t riang le?

The area o f  the triangle with two  sides fo rmed by the vecto rs v and w is equal to  half  o f the

magnitude o f  the vecto r pro duct  o f two  vecto rs v and w

A=
1
2









v × w where v and w fo rm two  sides o f the triangle

This is no t given in the fo rmula bo o klet

Exam T ip

The fo rmula fo r the area o f the parallelo gram is given in the fo rmula bo o klet but the fo rmula

fo r a triangle is no t

Remember that the area o f a triangle is half the area o f a parallelo gram

Worked example

Find the area o f the triangle enclo sed by the co o rdinates (1, 0, 5), (3, -1, 2) and (2, 0, -1).
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3.7.6 Components of Vectors

Components of Vectors

Why do we writ e vect ors in com ponent  f orm ?

When wo rking with vecto rs in co ntext it is o ften useful to  break them do wn into  co mpo nents

acting in a directio n that is no t o ne o f the base vecto rs

The base vecto rs are vecto rs acting in the directio ns i, j and k

The vecto r will need to  be reso lved into  co mpo nents that are acting perpendicular to  each

o ther

Usually, o ne co mpo nent will be acting parallel to  the directio n o f ano ther vecto r and the o ther will

act perpendicular to  the directio n o f the vecto r

Fo r example: the co mpo nents o f a f o rce  parallel and perpendicular to  the line o f  mo tio n allo ws

di�erent types o f pro blems to  be so lved

The parallel co mpo nent o f a fo rce acting directly o n a particle will be the co mpo nent that

causes an e�ect o n the particle

The perpendicular co mpo nent o f a fo rce acting directly o n a particle will be the co mpo nent

that has no  e�ect o n the particle

The two  co mpo nents o f the fo rce will have the same co mbined e�ect as the o riginal vecto r

How do we writ e vect ors in com ponent  f orm ?

Use trigo no metry  to  reso lve a vecto r acting at an angle

Given a vecto r a acting at an angle θ to  ano ther vecto r b

Draw a vecto r triangle by deco mpo sing the vecto r a into  its co mpo nents parallel and

perpendicular to  the directio n o f the vecto r b

The vecto r a will be the hypo tenuse  o f the triangle and the two  co mpo nents will make up the

o ppo site  and adjacent  sides

The co mpo nent o f a acting parallel to  b will be equal to  the pro duct o f the magnitude o f a and the

co sine o f the angle θ
The co mpo nent o f a acting in the directio n o f b equals |a|co s θ

This is equivalent to  
a · b
|b|

The co mpo nent o f a acting perpendicular to  b will be equal to  the pro duct o f the magnitude o f a

and the sine o f the angle θ
The co mpo nent o f a acting perpendicular to  the directio n o f b equals |a|sin θ

This is equivalent to   
|a×b|
|b|
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The fo rmulae fo r the co mpo nents using the scalar pro duct and the vecto r pro duct  are

particularly useful as the angle is no t needed

The questio n may give yo u the angle the vecto r is acting in as a bearing

Bearings are always the angle taken fro m the no rth

Exam T ip

If a questio n asks yo u to  �nd a co mpo nent o f a vecto r it is a go o d idea to  sketch a quick

diagram so  that yo u can visualise which vecto rs are go ing in which directio n

This is especially impo rtant if the questio n invo lves fo rces

a)

b)

Worked example

A fo rce with magnitude 10 N is acting o n a bearing o f 060° o n an o bject which is mo ving with

velo city vecto r v = 2i - 3j.

By �nding the co mpo nents o f the fo rce in the i and j directio n, write do wn the fo rce as a

vecto r.

Find the co mpo nent o f the fo rce acting parallel to  the directio n o f the o bject.
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3.7.7 Geometric Proof with Vectors

Geometric Proof with Vectors

How can vect ors be used t o prove g eom et rical propert ies?

If two  vecto rs can be sho wn to  be parallel then this can be used to  pro ve parallel lines

If two  vecto rs are scalar multiples o f each o ther then they are parallel

To  pro ve that two  vecto rs are parallel simply sho w that o ne is a scalar multiple o f the o ther

If two  vecto rs can be sho wn to  be perpendicular then this can be used to  pro ve perpendicular

lines

If the scalar pro duct  is z ero  then the two  vecto rs are perpendicular

If two  vecto rs can be sho wn to  have equal magnitude  then this can be used to  pro ve two  lines are

the same length

To  pro ve a 2D shape is a parallelo gram vecto rs can be used to

Sho w that there are two  pairs o f parallel sides

Sho w that the o ppo site sides are o f equal length

The vecto rs o ppo site each o ther with be equal

If the angle between two  o f the vecto rs is sho wn to  be 90° then the parallelo gram is a

rectangle

To  pro ve a 2D shape is a rho mbus  vecto rs can be used to

Sho w that there are two  pairs o f parallel sides

The vecto rs o ppo site each o ther with be equal

Sho w that all f o ur sides are o f equal length

If the angle between two  o f the vecto rs is sho wn to  be 90° then the rho mbus is a square

How are vect ors used t o f ollow pat hs t hroug h a diag ram ?

In a geo metric diagram the vecto r 
⎯⎯⎯⎯
AB  fo rms a path fro m the po int A to  the po int B

This is speci�c to  the path AB

If the vecto r 
⎯⎯⎯⎯
AB  is labelled a then any o ther vecto r with the same magnitude and directio n

as a co uld also  be labelled a

The vecto r 
⎯⎯⎯⎯
BA  wo uld be labelled -a

It is parallel to  a but po inting in the o ppo site directio n

If the po int M is exactly halfway between A and B it is called the midpo int o f A and the vecto r 
⎯⎯⎯⎯⎯
AM

co uld be labelled 
1
2 a

If there is a po int X o n the line AB such that 
⎯⎯⎯⎯
AX= 2

⎯⎯⎯⎯
XB  then X is two -thirds o f the way alo ng the

line 
⎯⎯⎯⎯
AB
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Other ratio s can be fo und in similar ways

A diagram o ften helps to  visualise this

If a po int X divides a line segment AB into  the ratio  p : q then

⎯⎯⎯⎯
AX=

p
p + q

⎯⎯⎯⎯
AB

⎯⎯⎯⎯
XB=

q
p + q

⎯⎯⎯⎯
AB

How can vect ors be used t o �nd t he m idpoint  of  t wo vect ors?

If the po int A has po sitio n vecto r a and the po int B has po sitio n vecto r b then the po sitio n vecto r

o f the midpo int o f 
⎯⎯⎯⎯
AB  is 

1
2 (a+b)

The displacement vecto r 
⎯⎯⎯⎯
AB=b−a

Let M be the midpo int o f 
⎯⎯⎯⎯
AB  then 

⎯⎯⎯⎯⎯
AM=

1
2 ( )

⎯⎯⎯⎯
AB =

1
2 ( )b−a

The po sitio n vecto r 
⎯⎯⎯⎯⎯
OM=

⎯⎯⎯⎯
OA+

⎯⎯⎯⎯⎯
AM=a+

1
2 ( )b−a =

1
2 b+

1
2 a=

1
2 (a+b)

How can vect ors be used t o prove t hat  t hree point s are collinear?

Three po ints are co llinear if they all lie o n the same line

The vecto rs between the three po ints will be scalar multiples  o f each o ther

The po ints A, B and C are co llinear if 
⎯⎯⎯⎯
AB=k ⎯⎯⎯BC

If the po ints A, B and M are co llinear and 
⎯⎯⎯⎯⎯
AM=

⎯⎯⎯⎯
MB then M is the midpo int  o f 

⎯⎯⎯⎯
AB

Exam T ip

Think o f vecto rs like a jo urney fro m o ne place to  ano ther

Yo u may have to  take a deto ur e.g. A to  B might be A to  O then O to  B

Diagrams can help, if there isn’t o ne, draw o ne

If a diagram has been given begin by labelling all kno wn quantities and vecto rs
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Worked example

Use vecto rs to  pro ve that the po ints A, B, C and  D with po sitio n vecto rs a = (3i – 5j – 4k), b  = (8i - 7j -

5k), c  = (3i - 2j + 4k) and d  = (5k – 2i) are the vertices o f a parallelo gram.
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