
3.7  Inverse & Reciprocal Trig Functions
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3.7.1 Reciprocal Trig Functions

Reciprocal Trig Functions

What  are t he reciprocal t rig  f unct ions?

There are three recipro cal trig functio ns that each co rrespo nd to  either sin, co s o r tan

Secant (sec x)

secx=
1

cos x
Co secant (co sec x)

cosec x=
1

sin x
Co tangent (co t x)

cot x =
1

tan x
The identities abo ve fo r sec x and co sec x are given in the fo rmula bo o klet

The identity fo r co t x is no t given, yo u will need to  remember it

A go o d way to  remember which functio n is which is to  lo o k at the third  letter in each o f the

recipro cal trig functio ns

co t x is 1 o ver tan x etc

Each o f the recipro cal trig functio ns are unde�ned fo r certain values o f x

sec x is unde�ned fo r values o f x fo r which co s x = 0

co sec x is unde�ned fo r values o f x fo r which sin x = 0

co t x is unde�ned fo r values o f x fo r which tan x = 0

When tan x is unde�ned, co t x = 0

Rearranging the identity tan x=
sin x
cos x gives

cot x =
cos x
sin x

This is no t in the fo rmula bo o klet but is easily derived

Be careful no t to  co nfuse the recipro cal trig functio ns with the inverse trig functio ns

sin−1 x ≠
1

sin x

What  do t he g raphs of  t he reciprocal t rig  f unct ions look like?

The graph o f y = secx has the fo llo wing pro perties:
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The y-axis  is a line o f  symmetry

It has a perio d  o f 360° (2π radians)

There are vertical asympto tes  wherever co s x = 0

If  drawing the graph witho ut the help o f  a GDC it  is a go o d idea to  sketch co s x �rst

and draw these in

T he do main is all x except o dd multiples o f  90° (90°, -90°, 270°, -270°, etc.)

in radians  this is all x except o dd multiples o f  π/2  (π/2, - π/2, 3π/2, -3π/2, etc.)

T he range  is y ≤ -1 o r y ≥ 1

The graph o f y = co sec x has the fo llo wing pro perties:

It has a perio d  o f 360° (2π radians)

There are vertical asympto tes  wherever sin x = 0

If  drawing the graph it  is a go o d idea to  sketch sin x �rst and draw these in

The do main is all x except multiples o f  180° (0°, 180°, -180°, 360°, -360°, etc.)

in radians this is all x except multiples o f  π (0, π, - π, 2π, -2π, etc.)

The range is y ≤ -1 o r y ≥ 1
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 The graph o f y = co t x has the fo llo wing pro perties

It has a perio d  o f 180° o r π radians

There are vertical asympto tes  wherever tan x = 0

The do main is all x except multiples o f  180° (0°, 180°, -180°, 360°, -360°, etc.)

In radians this is all x except multiples o f  π (0, π, - π, 2π, -2π, etc.)

The range  is y ∈ ℝ (i.e. co t can take any real number value)

Exam T ip

To  so lve equatio ns with the recipro cal trig functio ns, co nvert them into  the regular trig

functio ns and so lve in the usual way

Do n't fo rget that bo th tan and co t can be written in terms o f sin and co s

Yo u will so metimes see csc instead o f co sec fo r co secant
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a)

b)

Worked example

Witho ut the use o f a calculato r, �nd the values o f

sec π6

cot 45°
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Pythagorean Identities

What  are t he Pyt hag orean Ident it ies?

Aside fro m the Pythago rean identity sin x + co s x = 1 there are two  further Pythago rean identities

yo u will need to  learn

1+ tan2 θ=sec2 θ
1+cot2 θ=cosec2 θ
Bo th can be fo und in the fo rmula bo o klet

Bo th o f these identities can be derived fro m sin x + co s x = 1

To  derive the identity fo r sec x divide sin x + co s x = 1 by co s x

To  derive the identity fo r co sec x divide sin x + co s x = 1 by sin x

Exam T ip

All the Pythago rean identities can be fo und in the To pic 3: Geo metry and Trigo no metry  sectio n

o f the fo rmula bo o klet

2 2

2 2

2 2 2 2

2 2 2 2
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Worked example

So lve the equatio n 9 sec θ – 11 = 3 tan θ in the interval 0 ≤ θ ≤ 2π. 2 
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3.7.2 Inverse Trig Functions

Inverse Trig Functions

What  are t he inverse t rig  f unct ions?

The functio ns arcsin, arcco s  and arctan are the inverse f unctio ns  o f sin, co s  and tan

respectively when their do mains are restricted

sin (arcsin x) = x  fo r  -1 ≤ x ≤ 1

co s (arcco s x) = x  fo r  -1 ≤ x ≤ 1

tan (arctan x) = x  fo r all x

Yo u will have seen and used the inverse trig o peratio ns  many times already

Arcsin is the o peratio n sin

Arcco s is to  the o peratio n co s

Arctan is the o peratio n tan

The do mains o f sin, co s, and tan must �rst be restricted to  make them o ne-to -o ne f unctio ns

A functio n can o nly have an inverse if it is a o ne-to -o ne functio n

The do main o f sin x is restricted to  -π/2 ≤ x ≤ π/2  (-90° ≤ x ≤ 90°)

The do main o f co s x is restricted to  0 ≤ x ≤ π  (0° ≤ x ≤ 180°)

The do main o f tan x is restricted to  -π/2 < x < π/2  (-90° < x < 90°)

Be aware that sin x, co s x, and tan x are no t the same as the recipro cal trig functio ns

They are used to  so lve trig equatio ns such as sin x = 0.5 fo r all values o f x

arcsin x is the same as sin x but no t the same as (sin x)

What  do t he g raphs of  t he inverse t rig  f unct ions look like?

The graphs o f arcsin, arcco s  and arctan are the re�ectio ns  o f the graphs o f sin, co s  and tan (after

their do mains have been restricted) in the line y = x

The do mains o f arcsin x and arcco s x are bo th -1 ≤ x ≤ 1

The range  o f arcsin x is -π/2 ≤ y ≤ π/2

-1

-1

-1

-1 -1 -1

-1 -1
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The range  o f arcco s x is 0 ≤ y ≤ π

The do main o f arctan x is x ∈ ℝ

The range  o f arctan x is -π/2 < y < π/2

No te that there are ho riz o ntal asympto tes at π/2 and -π/2

How are t he inverse t rig  f unct ions used?

The functio ns arcsin, arcco s  and arctan are used to  evaluate trigo no metric equatio ns such as sin

x = 0.5

If sin x = 0.5 then arcsin 0.5 = x fo r values o f x between -π/2 ≤ x ≤ π/2

Yo u can then use symmetries o f the trig functio n to  �nd so lutio ns o ver o ther intervals

The inverse trig functio ns are also  used to  help evaluate algebraic expressio ns 

Fro m sin (arcsin x) = x we can also  say that sin (arcsin x) = x fo r  -1 ≤ x ≤ 1

If using an inverse trig functio n to  evaluate an algebraic expressio n then remember to

co nsider the do main and range o f the functio n

arcsin(sin x) = x  o nly fo r  -π/2 ≤ x ≤ π/2

arcco s(co s x) = x  o nly fo r  0 ≤ x ≤ π
arctan(tan x) = x  o nly fo r  -π/2 < x < π/2

n n 
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The symmetries o f the trig functio ns can be used when values lie o utside o f the do main o r

range

Using sin(x) = sin(π - x) yo u get arcsin(sin(2π/3)) = arcsin(sin(π/3)) = π/3

Exam T ip

Make sure yo u kno w the shapes o f the graphs fo r sin, co s and tan so  that yo u can easily

re�ect them in the line  and hence sketch the graphs o f arcsin, arcco s and arctan

Worked example

Given that x satis�es the equatio n arccos x = k where 
π
2 <k<π ,  state the range o f

po ssible values o f x .
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