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3.6.1Matrix Transformations

Transformation by a Matrix
What is a transformation matrix?

= Atransformation matrixis used to determine the coordinates of animage from the transformation of
anobject
= Commonly used transformation matrices include
= reflections, rotations, enlargements and stretches
= (In2D)amultiplication by any 2x2 matrix could be considered a transformation (in the 2D plane)

X
= Anindividual pointin the plane can be represented as a position vector, r 1

\Y)

= Several points, that create a shape say, can be written as a position matrix

abllx e
= Amatrix transformation will be of the form +

\cd\y) \f)

Yy Yy Yy o)

X
] where( 1representsanypointinthe2DpIane

ab e
] and are given matrices

cd f
How do | find the coordinates of animage under a transformation?

ab
cd

= The coordinates (x’,y’) - the image of the point (x, y) under the transformation with matrices

e
and ( 1 -are givenby
\f)

= Similarly, for a position matrix
x x x
X

Y, Y, ¥y e
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= |fyouuse thismethod thenrememberto add e and fto each column
= AGDC canbe used formatrix multiplication
= |f matricesinvolved are small, it may be as quick to do this manually

= STEP]
Determine the transformation matrix (T) and the position matrix (P)
The transformation matrix, if uncommon, will be given in the question
The position matrix is determined from the coordinates involved, itis best to have the coordinatesin
order, to avoid confusion

= STEP2
Setup and perform the matrix multiplication and addition required to determine the image position
matrix, P’
P’ =TP

= STEP3
Determine the coordinates of the image from the image position matrix, P’

How do | find the coordinates of the original point given the image under a transformation?
= To ‘reverse’ atransformation we would need the inverse transformation matrix
= e T

ab 1 d -b

= Fora2x2 matrix theinverseisgivenby 7
cd 4 Y detT\ -¢ a

= wheredetT= ad— bc

= AGDC canbe usedtowork outinverse matrices

(X’w ab\x N e
. Y Id =
ouwou rearrange\y’ c d y f

wrl IO HEC)
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@ Worked example
A quadrilateral, @, has the four vertices A(2, 5), B(5, 9), C(11, 9) and D(8, 5).

3 -1
Find the coordinates of the image of Q under the transformation T=( 1 2 I

STEP 1 Determine Yhe TransTormation and position malvices
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Matrices of Geometric Transformations
What is meant by a geometric transformation?

= The following transformations can be represented (in 2D) using multiplication of a 2x2 matrix
= rotations (about the origin)
= reflections
= enlargements
= (horizontal) stretches parallel to the x-axis
= (vertical) stretches parallel to the y-axis
= Thefollowing transformations can be represented (in 2D) using addition of a 2x1matrix
= translations

What are the matrices for geometric transformations?

= All of the following transformation matrices are givenin the formula booklet
= Rotation
= Anticlockwise (or counter-clockwise) through angle 6 about the origin

cosf) —sinf
" |sing cosf
= Clockwise through angle 8 about the origin
cosf sinf
" | =sin6 cosd
= Inbothcases
= 050

= O maybe measuredin degrees orradians
= Reflection

" Intheliney=(tan9)X
cos26 sin20
\sin29 —00520/
= O may be measuredin degrees orradians
= forareflectioninthe x-axis, 8 = 0° (O radians)
= forareflectioninthey-axis, 8 = 90° (/2 radians)

= Enlargement
= Scale factork, centre of enlargement at the origin (O, O)

(ko)
\0 k)

= Horizontal stretch (or stretch parallel to the x-axis)
= Scalefactork
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(k)
\0 1)
= Vertical stretch (or stretch parallel to the y-axis)
= Scalefactork
(10
\0 k)
= Translation (vector)
= punitsinthe (positive) x-direction
= qunitsinthe (positive) y direction

(0

= Thisisnot giveninthe formulabooklet

How do | solve problems involving geometric transformations?

= The matrixequations involved in problems will be of the form
= P’=zAPor
= P’zAP+bwherebisatranslationvector
= (sometimes called an affine transformation)
= where
= Pisthe positionvectorof the object coordinates
= P’isthe positionvector of theimage coordinates
= Ajsthe transformation matrix
= bisatranslationvector
= Problems may askyouto
= find the coordinates of point(s) on the image
= find the coordinates of point(s) on the object using an inverse matrix (A1)
= deduce/identify a matrix corresponding to one of the common geometric transformations
= E.g.Find the matrix of arotation of 45° clockwise about the origin
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@ Worked example

Triangle PQR has coordinates P(-1, 4), Q(5, 4) and R(2, -1).

The transformation Tis areflectionintheline ¥ =X/ 3.

2 Findthe matrix T that represents areflectioninthe line Y= Xy/3 .
Froe forenola bocklek:  Reflecton ia line \THﬁn 9):\:
s (Co@. 2 §in20
Sa 28 ~-Ce2 .’29)
:xJ3, « tan 0:43, 0:=60°
“Te (Coe 126 &in 120°
Sin 120°  -ceslal®
T=: (-”2 v3ja
3l2 =2
b) Find the position matrix, P’, representing the coordinates of the images of points P, @ and R

under the transformationT.
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Matrices of Composite Transformations

The orderin which transformations occur can lead to different results - for example areflectionin the x-axis
followed by clockwise rotation of 90° is different to rotation first, followed by the reflection.

Therefore, when one transformationis followed by another order s critical.

What is a composite transformation?

= Acomposite functionis the result of applying more than one function to a point or set of points
= e.g. arotation, followed by an enlargement
= |tispossible to find a single composite function matrix that does the same job as applying the
individual transformation matrices

How do | find a single matrix representing a composite transformation?

= Multiplication of the transformation matrices
= However, the orderin which the matricesisimportant
= |f the transformation represented by matrix Mis applied first, and is then followed by another
transformation represented by matrix N
= the composite matrixis NM
e.P’=NMP
(NMis not necessarily equal to MN)
= The matrices are applied right to left
= The composite function matrixis calculated left to right
= Anotherway torememberthisis, starting from P, always pre-multiply by a transformation matrix
= Thisis the same as applying composite functions to a value
= The function (or matrix) furthest to the rightis applied first

How do | apply the same transformation matrix more than once?

= |fatransformation, represented by the matrix T, is applied twice we would write the composite
transformation matrix as T2
= T2=TT
= Thiswould be the case forany number of repeated applications
» T®would be the matrix for five applications of a transformation
* AGDC canquickly calculate T2, T%, etc
= Problems may involve considering patterns and sequences formed by repeated applications of a
transformation
= The coordinates of point(s) follow a particular pattern
= (20,16)-(10,8)-(5,4)-(2.5,2) ..
= Theareaof ashapeincreases/decreases by a constant factor with each application
e.g.if one transformation doubles the area then three applications willincrease the (original) area eight
times (2°)
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@ Worked example

The matrix Erepresents an enlargement with scale factor 0.25, centred on the origin.
The matrix Rrepresents arotation, 90° anticlockwise about the origin.

a) Find the matrix, C, that represents arotation, 90° anticlockwise about the origin followed by an
enlargement of scale factor 0.25, centred on the origin.

CER
C:[025 ©\[ (o -cin0CP Use he Formola booklek

l (o] o-zs)(gin“d’ cocA0°

o\ rb*u\m oti-clackwi
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025 o©
b) 0 0 256 256

0710256 256 0

of theimage square afterithas been transformed n times by matrix C. Find T4

A square has position matrix . Torepresents the position matrix
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c) Find the single transformation matrix that would map T4 to To.
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3.6.2 Determinant of a Transformation Matrix

Determinant of a Transformation Matrix

What is a determinant?

(2]
= Forthe 2x2 matrix A =
\cd)

= thedeterminantisdetA=ad-bc
What does the determinant of a transformation matrix (A) represent?

= The absolute value of the determinant of a transformation matrixis the area scale factor
= Areascalefactor = |detA|
= The area of the image will be product of the area of the object and |det A|
= Areaofimage = |det A| x Area of object
= Notethe areawillreduceif |det A| <1
If the determinant is negative then the orientation of the shape willbe reversed
= Forexample: the shape has beenreflected

How do | solve problems involving the determinant of a transformation matrix?

= Problems may involve comparing areas of objects and images
= Thiscouldbe as apercentage, proportion, etc
= Missing value(s) from the transformation matrix (and elsewhere) can be deduced if the determinant of
the transformation matrix is known
= Rememberto use the absolute value of the determinant
= This canlead to multiple answers to equations
= Useyour GDCtosolve these
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@ Worked example
Anisosceles triangle has vertices A(3, 1), B(15, 1) and C(2, 9).

a) Find the area of theisosceles triangle.

2\a,9)
R(31) Ig cls))
“ = ?
Aren = 3%12x8 (*A=2un)

“ Arzo o‘: ARBC = 48 Squase ool

b) 3 2
Triangle AABC s transformed using the matrix T= { —12 \ Find the area of the
transformed triangle.
Area ceole %oc\‘or ic lée\:]'\
| debT| = 3x2-24-1=8
*Aren. of image = WBx 8 = 384
Rrea o? ‘\mog%ol'meé '\'ﬁcma\e = 38 Soose onie
©) a-—2

3 a2

the area of theimage is twice as large as the area of the object, find the value of a.

Triangle AABC is now transformed using the matrix U= ( )where a€ /. Giventhat
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