
3.6 Trigonometric Equations & Identities

AA HL



3.6.1 Simple Identities

Simple Identities

What  is a t rig onom et ric ident it y?

Trigo no metric identities are statements that are true fo r all values o f x  o r θ
They are used to  help simplify trigo no metric equatio ns befo re so lving them

So metimes yo u may see identities written with the symbo l ≡
This means 'identical to '

What  t rig onom et ric ident it ies do I need t o know?

The two  trigo no metric identities yo u must kno w are

tan θ =
sin θ
cos θ

This is the identity fo r tan θ

sin2θ + cos2θ = 1
This is the Pythago rean identity

No te that the no tatio n sin 2θ  is the same as (sin θ)
2

Bo th identities can be fo und in the f o rmula bo o klet

Rearranging the seco nd identity o ften makes it easier to  wo rk with

sin2θ= 1− cos2 θ
cos2θ= 1− sin2θ

Where do t he t rig onom et ric ident it ies com e f rom ?

Yo u do  no t need to  kno w the pro o f fo r these identities but it is a go o d idea to  kno w where they

co me fro m

Fro m SOHCAHTOA we kno w that

sin θ =
opposite

hypotenuse
=

O
H

cos θ =
adjacent

hypotenuse
=

A
H

tan θ =
opposite
adjacent

=
O
A

The identity fo r tan θ  can be seen by diving sin θ by cos θ ?
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sin θ
cos θ =

O
H
A
H

=
O
A = tan θ

This can also  be seen fro m the unit circle by co nsidering a right-triangle with a hypo tenuse o f 1

tan θ =
O
A =

sin θ
cos θ

The Pythago rean identity can be seen by co nsidering a right-triangle with a hypo tenuse o f 1

Then (o ppo site) + (adjacent)  = 1

Therefo re sin2 θ+cos2 θ = 1
Co nsidering the equatio n o f the unit circle also  sho ws the Pythago rean identity

The equatio n o f the unit circle is  x2 + y2 = 1
The co o rdinates o n the unit circle are  (cos θ , sin θ )

Therefo re the equatio n o f the unit circle co uld be written cos2 θ+sin2 θ=1

A third very useful identity is sin θ=cos (90°− θ ) o r sin θ=cos (

π

2
− θ )

This is no t included in the fo rmula bo o klet but is useful to  remember

How are t he t rig onom et ric ident it ies used?

Mo st co mmo nly trigo no metric identities are used to  change an equatio n into  a fo rm that allo ws it

to  be so lved

They can also  be used to  pro ve further identities such as the do uble angle f o rmulae

Exam T ip

If yo u are asked to  sho w that o ne thing is identical (≡) to  ano ther, lo o k at what parts are

missing –  fo r example, if tan x has go ne it must have been substituted

2 2
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Worked example

Sho w that the equatio n 2sin2 x−cos x=0  can be written in the fo rm 

acos2 x+bcos x+c=0 , where a , b  and c  are integers to  be fo und.
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3.6.2 Compound Angle Formulae

Compound Angle Formulae

What  are t he com pound ang le f orm ulae?

There are six co mpo und angle f o rmulae  (also  kno wn as additio n f o rmulae), two  each fo r sin, co s

and tan:

Fo r sin the +/- sign o n the left-hand side matches  the o ne o n the right-hand side

sin(A+B)≡sinAco sB + co sAsinB

sin(A-B)≡sinAco sB - co sAsinB

Fo r co s  the +/- sign o n the left-hand side is o ppo site to  the o ne o n the right-hand side

co s(A+B)≡co sAco sB - sinAsinB

co s(A-B)≡co sAco sB + sinAsinB

Fo r tan the +/- sign o n the left-hand side matches  the o ne in the numerato r o n the right-hand

side, and is o ppo site to  the o ne in the deno minato r

tan( )A+B ≡
tanA+ tanB
1− tanAtanB

tan( )A−B ≡
tanA− tanB
1+ tanAtanB

The co mpo und angle fo rmulae can all the fo und in the fo rmula bo o klet, yo u do  no t need to

remember them

When are t he com pound ang le f orm ulae used?

The co mpo und angle fo rmulae are particularly useful when �nding the values o f trigo no metric

ratio s witho ut the use o f a calculato r

Fo r example to  �nd the value o f sin15° rewrite it as sin (45 – 30)° and then

apply the co mpo und fo rmula fo r sin(A – B)

use yo ur kno wledge o f exact values to  calculate the answer

The co mpo und angle fo rmulae are also  used…

… to  derive further multiple angle trig identities such as the do uble angle fo rmulae

… in trigo no metric pro o f

… to  simplify co mplicated trigo no metric equatio ns befo re so lving

How are t he com pound ang le f orm ulae f or cosine proved?

The pro o f fo r the co mpo und angle identity co s (A – B ) = co s A co s B  + sin A sin B can be seen by

co nsidering two  co o rdinates o n a unit circle, P (co s A, sin A) and Q (co s B, sin B )

The angle between the po sitive x- axis and the po int P is A
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The angle between the po sitive x- axis and the po int Q is B

The angle between P and Q is B – A

Using the distance fo rmula (Pythago ras) the distance PQ can be given as

|PQ|  = (co s A – co s B) + (sin A – sin B)

Using the co sine rule the distance  PQ can be given as

|PQ| =  1  + 1  -2(1)(1)co s(B – A) = 2 - 2 co s(B – A)

Equating these two  fo rmulae, expanding and rearranging gives

2 - 2 co s(B – A) = co s A + sin A + co s B + sin B –2 co s A co s B  - 2sin A sin B

2 - 2 co s(B – A) = 2 – 2(co s A co s B  + sin A sin B )

Therefo re co s (B – A) = co s A co s B  + sin A sin B

Changing -A fo r A in this identity and rearranging pro ves the identity fo r co s (A + B)

co s (B – (-A)) = co s(-A) co s B  + sin(-A) sin B = co s A co s B – sin A sin B

How are t he com pound ang le f orm ulae f or sine proved?

The pro o f fo r the co mpo und angle identity sin (A + B ) can be seen by using the abo ve pro o f fo r

co s (B – A) and

Co nsidering co s (π/2 – (A + B)) = co s (π/2)co s(A + B) + sin(π/2)sin(A + B)

Therefo re co s (π/2 – (A + B)) = sin(A + B)

Rewriting co s (π/2 – (A + B)) as co s ((π/2 – A) + B) gives

co s (π/2 – (A + B)) = co s (π/2 – A) co s B + sin (π/2 – A) sin B

Using co s (π/2 – A) = sin A and sin (π/2 – A) = co s A and equating gives

sin (A + B) = sin A co s B + co s A co s B

Substituting B fo r -B pro ves the result fo r sin (A – B)

How are t he com pound ang le f orm ulae f or t an proved?

The pro o f fo r the co mpo und angle identities tan (A ± B) can be seen by

2 2 2

2  2 2

2 2 2 2
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Rewriting tan (A ± B ) as 
sin (A ± B )

cos(A ± B )

Substituting the co mpo und angle fo rmulae in

Dividing the numerato r and deno minato r by co s A co s B

Exam T ip

All these fo rmulae are in the To pic 3: Geo metry and Trigo no metry  sectio n o f the fo rmula

bo o klet – make sure that yo u use them co rrectly paying particular attentio n to  any

negative/po sitive signs
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a)

b)

Worked example

Sho w that tan ⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x+ π

4
− tan ⎛

⎜
⎜

⎝

⎞
⎟
⎟

⎠
x− π

4
=

2(tan2x+1)

1− tan2x

Hence, so lve tan ⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x+ π

4
− tan ⎛

⎜
⎜

⎝

⎞
⎟
⎟

⎠
x− π

4
= −4  fo r 0 ≤ x ≤ π

2
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3.6.3 Double Angle Formulae

Double Angle Formulae

What  are t he double ang le f orm ulae?

The do uble angle f o rmulae fo r sine and co sine are:

sin 2θ = 2sin θcos θ
cos 2θ = cos2 θ− sin2 θ = 2cos2 θ−1 = 1− 2sin2 θ

tan2θ ≡
2tanθ

1− tan2θ
These can be fo und in the fo rmula bo o klet

The fo rmulae fo r sin and co s can be fo und in the SL sectio n

The fo rmula fo r tan can be fo und in the HL sectio n

How are t he double ang le f orm ulae derived?

The do uble angle fo rmulae can be derived fro m the co mpo und angle fo rmulae

Simply replace B fo r A in each o f the fo rmulae and simplify

Fo r example

Sin 2A = sin (A + A) = sinAco sA + sinAco sA = 2sinAco sA

How are t he double ang le f orm ulae used?

Do uble angle fo rmulae will o ften be used with…

... trigo no metry exact values

... graphs o f trigo no metric functio ns

... relatio nships between trigo no metric ratio s

To  help so lve trigo no metric equatio ns which co ntain sin θcos θ :

Substitute 
1
2
sin 2θ  fo r sin θcos θ

So lve fo r 2θ , �nding all values in the range fo r 2θ
The range will need adapting fo r 2θ

Find the so lutio ns fo r θ
To  help so lve trigo no metric equatio ns which co ntain sin 2θ  and sin θ  o r cos θ

Substitute 2sin θcos θ  fo r sin 2θ
Iso late all terms in θ
Facto rise o r use ano ther identity to  write the equatio n in a fo rm which can be so lved

To  help so lve trigo no metric equatio ns which co ntain cos 2θ  and sin θ  o r cos θ
Substitute either 2cos2 θ−1 o r 1 − 2sin2 θ  fo r cos 2θ
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Cho o se the trigo no metric ratio  that is already in the equatio n

Iso late all terms in θ
So lve

The equatio n will mo st likely be in the fo rm o f a quadratic

To  help so lve trigo no metric equatio ns which co ntain tan 2θ
Substitute the do uble angle identity fo r tan 2θ
Rearrange, o ften this will lead to  a quadratic equatio n in terms o f tan θ
So lve

Do uble angle fo rmulae can be used in pro ving o ther trigo no metric identities

Exam T ip

All these fo rmulae are in the To pic 3: Geo metry and Trigo no metry  sectio n o f the fo rmula

bo o klet

If yo u are asked to  sho w that o ne thing is identical (≡) to  ano ther, lo o k at what parts are

missing –  fo r example, if sinθ has disappeared yo u may want to  cho o se the equivalent

expressio n fo r co s2θ that do es no t include sinθ
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Worked example

Witho ut using a calculato r, so lve the equatio n sin 2θ=sin θ  fo r 0° ≤ θ ≤ 360°. Sho w all

wo rking clearly.
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3.6.4 Relationship Between Trigonometric Ratios

Relationship Between Trigonometric Ratios

What  relat ionships bet ween t rig onom et ric rat ios should I know?

If yo u kno w a value fo r o ne trig ratio  yo u can o ften use this to  wo rk o ut the value fo r the o thers

witho ut needing to  �nd θ

If yo u kno w that sin θ=
a
b  , where a, b ∈ ℕ, yo u can:

Sketch a right-triangle with a o ppo site θ and b o n the hypo tenuse

Use Pythago ras’ theo rem to  �nd the value o f the adjacent side

Use SOHCAHTOA to  �nd the values o f co s θ and tan θ
If yo u kno w a value fo r sin θ o r co s  θ yo u can use the Pythago rean relatio nship

sin2 θ+ cos2 θ=1
to  �nd the value o f the o ther 

If yo u kno w a value fo r sin θ o r co s θ yo u can use the do uble angle fo rmulae to  �nd the value o f sin

2θ o r co s 2θ
If yo u kno w a value fo r tan θ yo u can use the do uble angle fo rmulae to  �nd the value o f tan 2θ
If yo u kno w two  o ut o f the three values fo r sin θ, co s θ o r tan θ yo u can use the identity in tan

tan θ=
sin θ
cos θ

to  �nd the value o f the third ratio

How do we det erm ine whet her a t rig onom et ric rat io will be posit ive or neg at ive?

It is po ssible to  determine whether a trigo no metric ratio  will be po sitive o r negative by lo o king at

the siz e o f the angle and co nsidering the unit circle

Angles in the range 0° < θ° < 90° will be po sitive fo r all three ratio s

Angles in the range 90° < θ° < 180° will be po sitive fo r sin and negative fo r co s and tan

Angles in the range 180° < θ° < 270° will be po sitive fo r tan and negative fo r sin and co s

Angles in the range 270° < θ° < 360° will be po sitive fo r co s and negative fo r sin and tan

The ratio s fo r angles o f 0°, 90°, 180°, 270° and 360° are either 0, 1, -1 o r unde�ned

Yo u sho uld kno w these ratio s o r kno w ho w to  derive them witho ut a calculato r

Exam T ip

Being able to  sketch o ut the unit circle and remembering CAST can help yo u to  �nd all

so lutio ns to  a pro blem in an exam questio n 
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i)

ii)

Worked example

The value o f sin α=
3
5  fo r 

π
2 ≤ α ≤ π.  Find:

cos α

tan α
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iii)

iv)

sin 2α

cos 2α
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v) tan 2α
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3.6.5 Linear Trigonometric Equations

Trigonometric Equations: sinx = k

How are t rig onom et ric equat ions solved?

Trigo no metric equatio ns can have an in�nite number o f so lutio ns

Fo r an equatio n in sin o r co s yo u can add 360° o r 2π to  each so lutio n to  �nd mo re so lutio ns

Fo r an equatio n in tan yo u can add 180° o r π to  each so lutio n

When so lving a trigo no metric equatio n yo u will be given a range o f values within which yo u sho uld

�nd all the values

So lving the equatio n no rmally and using the inverse functio n o n yo ur calculato r o r yo ur

kno wledge o f exact values  will give yo u the primary value

The seco ndary values  can be fo und with the help o f:

The unit circle

The graphs o f  trigo no metric f unctio ns

How are t rig onom et ric equat ions of  t he f orm  sin x = k solved?

It is a go o d idea to  sketch the graph o f the trigo no metric functio n �rst

Use the given range o f values as the do main fo r yo ur graph

The intersectio ns o f the graph o f the functio n and the line y = k will sho w yo u

The lo catio n o f the so lutio ns

The number o f so lutio ns

Yo u will be able to  use the symmetry pro perties o f the graph to  �nd all seco ndary values within

the given range o f values

The metho d fo r �nding seco ndary values are:

Fo r the equatio n sin x = k the primary value is x  = sin   k

A seco ndary value is x = 180° - sin   k

Then all values within the range can be fo und using x  ± 360n and 

x  ± 360n where n ∈ ℕ
Fo r the equatio n co s x = k the primary value is x  = co s  k 

A seco ndary value is x  = - co s  k

Then all values within the range can be fo und using x  ± 360n and 

x  ± 360n where n ∈ ℕ
Fo r the equatio n tan x = k  the primary value is x = tan  k

All seco ndary values within the range can be fo und using x ± 180n where n ∈ ℕ

1
-1

2 
-1

1

2

1
-1

2
-1

1

2

-1

Exam T ip

If yo u are using yo ur GDC it will o nly give yo u the principal value and yo u need to  �nd all o ther

so lutio ns fo r the given interval

Sketch o ut the CAST diagram and the trig graphs o n yo ur exam paper to  refer back to  as many

times as yo u need to
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Worked example

So lve the equatio n 2cos x = −1  , �nding all so lutio ns in the range −π ≤ x ≤ π .
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Trigonometric Equations: sin(ax + b) = k

How can I solve equat ions wit h t ransf orm at ions of  t rig  f unct ions?

Trigo no metric equatio ns in the fo rm sin(ax + b) can be so lved in mo re than o ne way

The easiest metho d is to  co nsider the transfo rmatio n o f the angle as a substitutio n

Fo r example let u = ax + b

Transfo rm the given interval fo r the so lutio ns in the same way as the angle

Fo r example if the given interval is 0° ≤ x ≤ 360° the new interval will be

(a (0°) + b) ≤ u ≤ (a (360°) + b)

So lve the functio n to  �nd the primary value fo r u

Use either the unit circle o r sketch the graph to  �nd all the o ther so lutio ns in the range fo r u

Undo  the substitutio n to  co nvert all o f the so lutio ns back into  the co rrespo nding so lutio ns fo r x

Ano ther metho d wo uld be to  sketch the transfo rmatio n o f the functio n

If yo u use this metho d then yo u will no t need to  use a substitutio n fo r the range o f values

Exam T ip

If yo u transfo rm the interval, remember to  co nvert the fo und angles back to  the �nal values at

the end!

If yo u are using yo ur GDC it will o nly give yo u the principal value and yo u need to  �nd all o ther

so lutio ns fo r the given interval

Sketch o ut the CAST diagram and the trig graphs o n yo ur exam paper to  refer back to  as many

times as yo u need to
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Worked example

So lve the equatio n 2cos(2x − 30°) = −1 , �nding all so lutio ns in the range 

−360° ≤ x ≤ 360°.
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3.6.6 Quadratic Trigonometric Equations

Quadratic Trigonometric Equations

How are quadrat ic t rig onom et ric equat ions solved?

A quadratic trigo no metric equatio n is o ne that includes either sin2 θ , cos2 θ  o r tan2 θ
Often the identity sin2 θ+cos2 θ=1  can be used to  rearrange the equatio n into  a fo rm that

is po ssible to  so lve

If the equatio n invo lves bo th sine and co sine then the Pythago rean identity sho uld be used

to  write the equatio n in terms o f just o ne o f these functio ns

So lve the quadratic equatio n using yo ur GDC, the quadratic equatio n o r facto risatio n

This can be made easier by changing the functio n to  a single letter

Such as changing 2cos2 θ−3cos θ−1=0 to  2c2−3c−1=0
A quadratic can give up to  two  so lutio ns

Yo u must co nsider bo th so lutio ns to  see whether a real value exists

Remember that so lutio ns fo r sin θ = k and co s θ = k o nly exist fo r -1 ≤ k ≤ 1  

So lutio ns fo r tan θ = k exist fo r all values o f k

Find all so lutio ns within the given interval

There will o ften be mo re than two  so lutio ns fo r o ne quadratic equatio n

The best way to  check the number o f so lutio ns is to  sketch the graph o f the functio n

Exam T ip

Sketch the trig graphs o n yo ur exam paper to  refer back to  as many times as yo u need to !

Be careful to  make sure yo u have fo und all o f the so lutio ns in the given interval, being super-

careful if yo u get a negative so lutio n but have a po sitive interval
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Worked example

So lve the equatio n 11sin x – 7 =5cos2 x , �nding all so lutio ns in the range 0 ≤ x ≤ 2π.
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