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3.6.1Simple Identities

Simple Identities

Whatis atrigonometricidentity?

= Trigonometric identities are statements that are true forallvalues of X or 0

= Theyare used to help simplifytrigonometric equations before solvingthem
= Sometimesyoumayseeidentities writtenwith the symbol=
= Thismeans 'identicalto’

What trigonometricidentitiesdolneed to know?

= Thetwo trigonometric identities you must know are
sin 6

« tan @ =
cos 6

= Thisis theidentityfortané
» sin?0 + cos?0 = 1
= Thisis the Pythagoreanidentity
= Note that the notationsin 2@ is the same as (sin 9) 2
= Bothidentities canbe foundinthe formulabooklet
= Rearrangingthe second identityoften makes it easierto work with
« sin20=1- cos? 0
» cos?20= 1- sin?f

Wheredo the trigonometricidentitiescome from?

= Youdonotneedto knowthe prooffortheseidentities butitisagoodideato knowwhere they

come from

= From SOHCAHTOAwe know that
. opposite O
. sin O = —PPRT o 2
hypotenuse  H
adjacent A
" cosf) =—— =—
hypotenuse  H

opposite O

. tan g = —PPE _ 2

adjacent A

= Theidentityfortan 6 canbe seenbydivingsin 8 bycos 6?
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o
sinf Hw O g
. =—=-—=tan
cosh A A
H
= Thiscanalso be seenfromthe unit circle by considering aright-triangle with ahypotenuse of 1
g 0] sin 6
= tanf = — =
A cos 0

= The Pythagoreanidentitycanbe seenbyconsideringaright-triangle with ahypotenuse of 1
= Then(opposite)? +(adjacent)? =1
= Therefore sin? @+cos? 6 = 1
= Consideringthe equation of the unit circle also shows the Pythagoreanidentity
= The equationoftheunitcircleis x2 + y2 = 1
= The coordinates onthe unit circle are (cos 6, sin )
= Therefore the equation of the unit circle could be written cos? @+ sin? 6 = 1

. . T
= Athird veryusefulidentityis sin @ = cos (90° — ) orsin = cos (3 - 0)
= Thisisnotincluded inthe formulabookletbutis useful to remember
Howarethe trigonometricidentitiesused?

= Mostcommonlytrigonometric identities are used to change anequationinto aformthatallows it
to be solved
= Theycanalso beused to prove furtheridentities such as the double angle formulae

O ExamTip

= |fyouare asked to show thatone thingisidentical (=) to another,look at what parts are
missing - forexample, if tanxhas gone it must have been substituted
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@ Worked example
Show that the equationZSil’l2 X — c0S X =0 canbe writtenin the form
acos? x + bcos x+ ¢=0,where a, b and C are integers to be found
8 2
7sin*x - cosoc = 0

Lquation hoas both sSinac ond cosx so will wneed
c\«o\./\si/\ﬁ befoce {t con be solved.

Use the io\evx\:i’c\(j Sin*oc = | — cos?¥ac
Substitute : 2(\ — cos®oe) —cosac =0

Expmnd\ 12— 2copeenEEEE: BNO

Re_armmae: 2cos*x + Cosx - 9

a=2, b=, c=-2

Page 3 of 15
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

3.6.2Double Angle Formulae

Double Angle Formulae
What arethe double angle formulae?

= Thedouble angle formulae forsine and cosine are:

= sin26 = 2sin Ocos O

» c0s20 = cos? 0—sin?2 O = 2cos? 0—1 = 1— 2sin? 0
= Thesecanbefoundinthe formulabooklet

= Youdonotneedto knowhowto derive them

Howarethedoubleangleformulaeused?

= Double angle formulae will oftenbe used with...
= _.trigonometryexactvalues
= . graphs of trigonometric functions
= _.relationships betweentrigonometric ratios

To help solve trigonometric equations which contain sin Ocos 6:
1 . .
= Substitute Esm 20forsin Ocos O

] Solvefor29,ﬁndinga|lva|uesintherangefor29
= Therange willneed adaptingfor20

= Find the solutions for @

To help solve trigonometric equations which contain sin 26 and sin @ orcos 6

= Substitute 2sin @cos @ forsin 26

= Isolatealltermsin @

= Factorise oruse anotheridentityto write the equationinaformwhichcanbe solved
To help solve trigonometric equations which contain COS 26 and sin B orcos 6

= Substitute either2¢cos? @ —1 or1 —2sin? @ forcos 20
= Choose the trigonometric ratio thatis alreadyin the equation

» Isolatealltermsin @
= Solve
= The equationwillmostlikelybeinthe formof a quadratic
Double angle formulae canbe used in proving othertrigonometric identities

O ExamTip

= Allthese formulae are inthe Topic 3: Geometry and Trigonometry sectionof the formula
booklet

= |fyouare asked to show thatone thingisidentical (=) to another,look at what parts are
missing - forexample, if sinf has disappeared youmaywant to choose the equivalent
expressionforcos26thatdoes notinclude sing
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@ Worked example

Without using a calculator, solve the equationsin 260 =sin € for0°® < 6 < 360°.Showall
working clearly.

Double ongle identity: sin20 =2sin6cos®
7sinBcosb = snp
Brmﬂ ot Ldentities Lo one gide:
2sinbcosB -snb =0
Foctorise © sind (2cos6=1) =0
Fnd  solukions : sind =0 2¢680 - | = 0
6 =0 1
cosb =7
6 =60°
Find SQCQ-’\O\O\@ values  wikhin onge

Cosb0’ =7, So '
/o\raw Une to x =7

o
300/ 60
g T ®Sin® =0 gives'the
1
Second solution -5 solutions 6= 0°, 180°, 360°
for ®inB =0 is
6 =180

6= 0° 60° 120° 300° 360°
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3.6.3 Relationship Between Trigonometric Ratios

Relationship Between Trigonometric Ratios
Whatrelationships betweentrigonometricratios shouldlknow?

= |fyouknow avalue forone trigratio youcanoftenuse this to work out the value forthe others
without needingto find 6

a
= [fyouknow thatSIn 0= —  where a, b € N,youcan:

b

= Sketcharight-triangle with aopposite 8 and bonthe hypotenuse
= Use Pythagoras’theoremto find the value of the adjacent side
= Use SOHCAHTOAto find the values of cos 8and tanf
= |[fyouknowavalue forsinforcos 8youcanuse the Pythagoreanrelationship
= sin2 0+ cos? =1
= to find the value of the other
= |[fyouknowavalue forsinforcos 8youcanuse the double angle formulae to find the value of sin
20orcos 26
= |f youknow two out of the three values forsin8,cos 8 ortanfyoucanuse theidentityintan

sin 0

« tan 0=
cos 6

= to find the value of the third ratio
Howdo wedetermine whetheratrigonometricratio willbe positive ornegative?

= |tis possible to determine whetheratrigonometric ratio will be positive ornegative bylooking at
the size of the angle and considering the unit circle
= Anglesintherange 0° <0° <90° willbe positive forall three ratios
= Anglesintherange 90° <6° <180° will be positive forsinand negative forcos and tan
= Anglesintherange 180° <0° <270° willbe positive fortanand negative forsinand cos
= Anglesintherange 270° <6° <360° will be positive forcos and negative forsinand tan
= Theratios forangles of 0°,90°,180°,270° and 360° are either O, 1,-1orundefined
= Youshould know theseratios orknow how to derive themwithout a calculator

Q ExamTip

= Beingable to sketchoutthe unitcircle and remembering CAST canhelpyouto find all
solutions to aprobleminanexamquestion
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@ Worked example

3 T
The value of SIn a=§for3 < o £ T.Find:
f) cos o
Method 1 Use ris\at —{:wrio\r\ale:
T <
> L x < 7C
s
Answers in ree'\an JZLQGST’E 3—\
N
Sin ¢ = _—%—
H
Y : -0
03 Sin& H
TC ¢ =

/A Zf—'\ BJ Pﬂthasoms' theorem :

2 coordinate of —& c = |52 -3% = G
gjives Solution in fegion

Meknod- 2 : Use P ‘sb\aaorean \'o\enhib&:

| - Sin*x = l_(%)z

'lb b
COSex = + |22 -+ 1T
— V29 -5

NCheck which
Solukion (& in
cange.

2
Cos ok

i) tan o
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32

Use. toapnx = Swx - S

CoSx _ 4
S

_ 2

4

Check if bano&:*% is in the correckt range
JC. < < :

o s ol B ol

Jcompc is nesalﬁve
™

iif) sin 2a

Douvle angle iolen*;i{cj'- sin20 = 23\nBcosH

Sin 2% = Z2Sinekcos = T %
_2(2)(%) cos o m ot
- _Z__L;. ; — J

25

S\in26c = -2%

iv) cos2a
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Double angle (dent(t:j i Cos2x = cos®ot — Sin’x

q_'l _3_7._1
COSZOL:—g—S _25

>
CoS 20¢ = 28

tan 2a

Msina (denk(tj ton B = Sinb

cos@

ban2e = sin2¢ = "3 _ |24
Cos 20 =+ +
29
-2¢
on2e = ~—=—
t E
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3.6.4 Linear Trigonometric Equations

Trigonometric Equations: sinx = k
Howare trigonometric equations solved?

= Trigonometric equations can have aninfinite numberofsolutions
= Foranequationinsinorcosyoucanadd 360°or2rxto eachsolutionto find more solutions
= Foranequationintanyoucanadd180°ornto eachsolution
= Whensolvingatrigonometric equationyouwill be given arange of values withinwhichyou should
find all the values
= Solvingthe equationnormallyand using the inverse functiononyourcalculatororyour
knowledge of exact values will give you the primary value
= The secondary values canbe found with the help of:
= Theunit circle
= The graphs of trigonometric functions

Howare trigonometric equations of the form sinx = ksolved?

= |tisagoodideato sketchthe graphof the trigonometric function first
= Use the givenrange of values as the domainforyourgraph
= Theintersections of the graph of the functionand the line y =k willshow you
= Thelocationofthesolutions
= The numberofsolutions
= Youwillbe able to use the symmetryproperties of the graphto find all secondaryvalues within
the givenrange of values
= The method forfindingsecondaryvalues are:
= Forthe equationsinx =k the primaryvalue is x;=sin 'k
» Asecondaryvalueisx, =180° - sin 'k
= Thenallvalues within the range can be found usingx; £ 36 0n and
Xp +360nwhere ne N
» Forthe equationcosx=kthe primaryvalue is x;=cos "k
= Asecondaryvalueisx, =-cos 'k
= Thenallvalues within the range canbe found usingx;£360n and

Xp +360nwhere ne N
= Forthe equationtanx=k the primaryvalue is x=tan 'k

= Allsecondaryvalues withinthe range canbe found usingx+180nwhere ne N

O Exam Tip

= [fyouare usingyourGDC it willonlygive youthe principal value and youneed to find allother
solutions forthe giveninterval

= Sketchoutthe CAST diagram and the trig graphs onyourexam paperto referbackto as many
times as youneed to

Page 10 of 15
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

@ Worked example

Solve the equation2¢0S X = — 1 findingallsolutionsintherange =TT < X < TT.

Isolote cos=> : cosx = - |

2
x = Cos_(‘l_z)

use GOC or
\cnow\edf)e of = 2T /P(';marj value
exock values 3

F{nd\ SQCO/\O\O@ values

L7 ]
2m _ TC
n-% = 9_-3_ T

-d4.5 21
\/\/ork\'./\s wikh /$\ .

Cossc.  so /£ind
x - coovdinake

P\

)
(&)
N
a

N
N

ZT % om o and 48+ D70

Find o\l onswecs A mr\ge -TT< > £ 3T

2T 2T 4T qT
3 3 '3 73
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Trigonometric Equations: sin(ax +b) = k

Howcanlsolve equations withtransformations of trig functions?

Trigonometric equations inthe formsin(ax+b) canbe solved inmore than one way
The easiestmethodis to considerthe transformation of the angle as a substitution
= Forexampleletu=ax+b
Transformthe giveninterval forthe solutions inthe same way as the angle
= Forexample if the givenintervalis 0°<x<360° the new interval will be
= (a(0°)+b)<u<(a(360°)+b)
Solve the functionto find the primaryvalue foru
Use eitherthe unitcircle orsketchthe graphto find all the othersolutions inthe range foru
Undo the substitutionto convert all of the solutions back into the correspondingsolutions for x
Anothermethod would be to sketch the transformation of the function
= |fyouuse this method thenyouwillnotneed to use asubstitutionforthe range of values

O ExamTip

= |fyoutransformtheinterval,rememberto convert the found angles back to the final values at
the end!

= |fyouare usingyour GDC it will only give you the principal value and youneed to find all other
solutions forthe giveninterval

= Sketchoutthe CAST diagram and the trig graphs onyourexam paperto referback to as many
times asyouneedto
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@ Worked example

Solve the equation2¢08(2x — 30°) = — 1, findingall solutions in the range
-360° < x < 360°.

2 cos (20c -30°) =1 - 360°< x ¢ 360°
Start b‘ﬂ c,\r\o\nair\s the ronge : —350°¢ 20¢-30 < 690°

Substibuke O = 2o -30 :
2cosB =-1 -350°< O <690°
]
Cos B = -5 |
. \Maoy
O = cos™ (-) p=r20% Yo e
A~

12°° 360°- |20°

/

O AN AN Loy
i Y/ 290

Qlﬁ.o \

320N/ o, N
T St

Feom the skebtcn You' can see there are 3 Solubions:
0= 120"%360° ond B = 240°+360°

o o ] ° ) ') o o
0= -600,-480, -2¢0° -120°, 120, 240", 4RO, 60O

Solve for o : % = &'+ 30
z

% = -285°, -2258° -108°, -4s°
#5°, 13s5°, 2s5°, 315°
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3.6.5 Quadratic Trigonometric Equations

Quadratic Trigonometric Equations

Howare quadratic trigonometric equations solved?

= Aquadratic trigonometric equationis one thatincludes eithersin? 9,0052 O ortan? 6

= Oftentheidentity sinZ 0+ cos? 0 =1 canbeused to rearrange the equationinto aformthat
is possible to solve
= [fthe equationinvolves bothsine and cosine thenthe Pythagoreanidentity should be used
to write the equationinterms of just one of these functions
= Solve the quadratic equationusingyour GDC, the quadratic equationorfactorisation
= This canbe made easierbychangingthe functionto asingle letter
= Suchas changing 2cos?2 0—3cos@—1=0t02c?—3c—-1=0
= Aquadratic cangive upto two solutions
= Youmustconsiderbothsolutions to see whetherareal value exists
= Rememberthatsolutions forsind=kand cos8=konlyexistfor-1<k<1
= Solutions fortan@=kexistforallvalues ofk
= Find all solutions withinthe giveninterval
= There willoftenbe more thantwo solutions forone quadratic equation
= Thebestwayto checkthe numberofsolutionsisto sketchthe graphofthe function

O ExamTip

= Sketchthe triggraphs onyourexam paperto referback to as manytimes as youneed to!
= Be carefulto make sure you have found all of the solutions inthe giveninterval, being super-
carefulif youget anegative solution but have a positive interval
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@ Worked example

Solve the equation 11sin x — 7 =5c0s? X, findingallsolutions intherange 0 < x < 2.

Use the i1dentit cos®x = |- gsin®*sc ko weite

eq(ua\:\'ow in tevrms of sinm:

HS(V\JL -+ = SU —Si\/\IDC) in formula loooklet
'L K_/
= 5 - 55\/\ o o

Move oll terms *to one_ Side:
|| sinxe — F —C’S - SS{n?‘:)c> =0
Spb the widden ouodvabic
llsine =+ - 5+ Ssin*x =0

Ssin®o + llsinx — )2 =0

Sinoc = —% or Sinx = -3
/ Sinx so use no solution
Y Coordinate . .
. \ So d\\sreso\ro\.
Sinoc = == &
>~ = 092372 ... 092272...
primo«‘s Solution ’
X = 7C -0.92732...
= 72.2\4..
/ .
Secof\o\o«g Solution

x =092%, 2.21 (3sf)
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