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3.6.1Matrix Transformations

Transformation by a Matrix
Whatisatransformationmatrix?

= Atransformationmatrixis used to determine the coordinates of animage fromthe
transformationofanobject
= Commonlyused transformation matrices include
= reflections,rotations, enlargements and stretches
= (In2D) amultiplicationbyany 2x2 matrix could be considered a transformation (in the 2D plane)

X
] Anindividualpointintheplanecanberepresentedasapositionvector,( 1

\Y)

= Several points,that create ashape say,canbe writtenas aposition matrix

yl y2 y3

abllx e
= Amatrixtransformationwill be of the form +

\e d)\y) \{f)
X
] Where{ 1representsanypointintheZDpIane
Y

ab e
] and are givenmatrices

cd f

Howdo I find the coordinates of animageunderatransformation?

= Thecoordinates (x}y)-theimage of the point (x, ) underthe transformation with matrices

ab e
and - are givenby

cd f
(X’} ab\lx e
= +
' cd f

= Similarly,foraposition matrix
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X’1 X'2 X'3 _ a b) X1 X2 X3 +{€ e e 1
WYy Yy ) Ned)xp % xg o AL

= [fyouusethis methodthenrememberto add eand fto eachcolumn
= AGDC canbeused formatrixmultiplication
= |f matricesinvolved are small,it may be as quick to do this manually

= STEP1
Determine the transformation matrix (T) and the position matrix (P)
The transformation matrix, if uncommon, will be giveninthe question
The position matrixis determined fromthe coordinates involved,itis bestto have the
coordinatesinorder,to avoid confusion

= STEP2
Setup and perform the matrix multiplication and additionrequired to determine the image
position matrix, P’
P’=TP

= STEP3
Determine the coordinates of the image from the image position matrix, P’

Howdo Ifind the coordinates of the original point giventheimageundera
transformation?

= To ‘reverse’atransformationwe would need the inverse transformation matrix
= je. T

ab 1 d —-b

= Fora?2x2matrix the inverseis given bym
€

cd
= wheredetT= ad — bc

= AGDC canbeusedtoworkoutinverse matrices

X')_ab X e

—C a

+
cd)\y f

)

= Youwouldrearrange r

\Y

wrl NG
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O Exam Tip

= Theformulaforthe determinantandinverse of a2x2 matrixcanbe found inthe Topic1:
Number and Algebrasectionof the formulabooklet

@ Worked example
A quadrilateral, Q, has the fourvertices A(2,5),B(5,9),C(11,9) and D(8, 5).

3 -1
FindthecoordinatesoftheimageonunderthetransformationT={ 12 |

STEP I Determine Yhe Transformakion and position matvices
1‘=k3 -\) g=k1 5 W %)
-l 2 5 9
Step2: P'=TP
P=[ 3 4\[25 n 8
(-\ 2“5 a4 9 5)
P 6-5 1I5-9° . 339 2w-5
(-H\o -5+ -\xig -%Ho)
g‘=(t 6 2% n) Alternaively vee o 60C
8 3 7 2 for matrix enutigicolion

oTer 3¢ Defermine the imse coordindyes %om I

A(Le) 8(e13) Cc(av7) bR, 2)
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Matrices of Geometric Transformations
Whatis meantbyageometrictransformation?

= The followingtransformations canbe represented (in 2D) using multiplicationof a2x2 matrix
= rotations (aboutthe origin)
= reflections
= enlargements
= (horizontal) stretches parallel to the x-axis
= (vertical) stretches parallel to the y-axis
= The followingtransformations canbe represented (in 2D) usingadditionof a2 x1matrix
= translations

What arethematrices forgeometrictransformations?

= Allof the followingtransformation matrices are givenin the formulabooklet
= Rotation
= Anticlockwise (orcounter-clockwise) through angle 6 about the origin

cosf —sinf
sinf cosf
= Clockwise through angle 6 about the origin

cosf sinf

—sinf cosf

= Inbothcases
= 0>0
= Omaybe measuredindegrees orradians
= Reflection

. Intheliney=(tan9)x
cos260 sin26
\sin20 —cos20/
= Omaybe measuredindegrees orradians
» forareflectioninthe x-axis,6=0° (O radians)
= forareflectioninthey-axis, 6 =90° (x/2radians)

= Enlargement
= Scalefactork,centre of enlargement at the origin (O, 0)

(k0]
\0 k)

= Horizontalstretch(orstretch parallelto the x-axis)
= Scalefactork

Page 4 of 10
For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

(o)
\0 1)
= Verticalstretch(orstretch parallel to the y-axis)
= Scale factork
(10
\0 k)
= Translation(vector)
= punitsinthe (positive) x-direction
= qunitsinthe (positive) ydirection

(&)

= Thisis notgiveninthe formulabooklet
Howdo Isolve problemsinvolving geometric transformations?

= The matrixequationsinvolved in problems willbe of the form
= P’zAPor
= P’zAP+b where b is atranslationvector
= (sometimes called an affine transformation)
= where
= Pisthe positionvectorofthe objectcoordinates
= P’isthe positionvectoroftheimage coordinates
= Aisthe transformation matrix
= bisatranslationvector
= Problems mayaskyouto
= find the coordinates of point(s) onthe image
= find the coordinates of point(s) onthe objectusing aninverse matrix (A-1)
= deduce/identifyamatrixcorrespondingto one of the common geometric transformations
= E.g.Find the matrixofarotationof45° clockwise about the origin

O ExamTip

= The formulae forthe all of the transformation matrices canbe found inthe Topic 3:
Geometry and Trigonometry sectionof the formulabooklet
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@ Worked example

Triangle PQR has coordinates P(-1,4), Q(5,4) and R(2, -1).

The transformation Tis areflectionintheline Yy = Xﬁ.
a) Find the matrix T thatrepresents areflectionintheline y = X\/?.
Froon Jormola booklel:  Reflection i lice :f(‘iane)x
e (c«:g 0 6in20
S 26 "CcQ.’29>
3:xJ§ st 0:43 ©0:=60°

"7 (Coe 120 6in 120°
Gin 12C° -cccl0®

T= (-uz 43)9)
3j2a V2

b) Find the position matrix, P’ representing the coordinates of the images of points P, Q and
Runderthe transformation T.

pl=Tp (e )
Bl = L’\ll ‘15/2)('\ 5 1) <’—POQ'V\'i'or\
\]’3‘1 \|9~ \.‘. L‘. -\ md)'\"\xp
: 2 ; LUSQ o 60C %“‘—
mo}ﬁmep\'\cc}ioé

P'=(‘;(\+\rr3) tewE)  -4anE)
ToeB)  2(es) Sl

Be Cure,%)\ COP:SinS a C&\Cu\d\?:rd'\g?\aj

2 2
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Matrices of Composite Transformations

The orderinwhich transformations occurcanlead to differentresults - forexample areflectioninthe
x-axis followed byclockwise rotationof 90° is different to rotation first,followed by the reflection.

Therefore,whenone transformationis followed byanotherorderis critical.

Whatisacompositetransformation?

= Acomposite functionis theresult of applying more thanone functionto apointorsetof points
= e.g. arotation,followed byanenlargement
= |tis possible to find asingle composite functionmatrixthat does the samejob as applying the
individual transformation matrices

Howdo Ifind asingle matrixrepresenting acompositetransformation?

= Multiplication of the transformation matrices
= However, the orderinwhichthe matrices is important
= |fthe transformationrepresented bymatrixMis applied first,and is thenfollowed byanother
transformationrepresented by matrix N
= the composite matrixis NM
e.P’=NMP
(NMis notnecessarilyequalto MN)
= The matrices are applied right to left
= The composite function matrixis calculated left to right
= Anotherwayto rememberthisis, starting fromP, always pre-multiply by a transformation
matrix
= Thisis the same as applyingcomposite functions to avalue
= The function(ormatrix) furthest to the rightis applied first

Howdo lapplythe sametransformationmatrixmorethanonce?

= [fatransformation,represented bythe matrixT,is applied twice we would write the composite
transformation matrix as T2
- TZ=TT
= This would be the case foranynumberofrepeated applications
* T5would be the matrixforfive applications of atransformation
* AGDC canquicklycalculate T2,T5 etc
= Problems mayinvolve considering patterns and sequences formed byrepeated applications of
atransformation
= The coordinates of point(s) follow a particular pattern
= (20,16)-(10,8)-(5,4)-(25,2) ..
= Theareaofashapeincreases/decreases byaconstantfactorwitheachapplication
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e.g.ifone transformationdoubles the area then three applications willincrease the (original) area
eight times (29)

O Exam Tip

= Whenperforming multiple transformations onasetof points, make sure you put your
transformation matrices inthe correct order,youcancheck thisinanexambut sketchinga
diagram and checking that the transformed point ends up where it should

= Youmaybe asked to show yourworkings butyoucanstillcheck that youhave performed you
matrix multiplication correctly by puttingit throughyour GDC

@ Worked example

The matrix E represents anenlargement with scale factor0.25,centred onthe origin.
The matrixRrepresents arotation, 20° anticlockwise about the origin.

a) Find the matrix, C,that represents arotation, 90° anticlockwise about the originfollowed
byanenlargement of scale factor0.25,centred on the origin.

C-ER
C=[025 ©\[ceea® -cin0 Use the %ormu\q beoklek
0 025)\ s W cocf
en\a\-?mk rb’\'bl\'uon, Qn\"-' c\a;\cu'\Se
k028 ©-40°
C:|e2s o \[ o - Uge o 6OC Sor makio
o o)\l o

muH'ip\icrA‘\on
oo C = O = 025
025 ©

b) ( 0 0 256 256

Asquare has position matrix T. =

00256 256 0

matrix of the image square afterithas beentransformed ntimes bymatrixC. Find T4

o o 25 :zse)
O 256 256 o
Uce a GDC, ‘\'3@«\5 hie in Cm’eyo\\(j as one coleo\akion

1;=(o o \ I)

\. Thorepresents the position

R -o-zs)“

025 (o)

c \ | 0

c) Find the single transformation matrix that would map T4to To.
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T * T wodd be the inverze or g‘.
(No\'e Wt [C}]-‘ doee ndt mean %—*)
Ve 6 60C o Find [CT in ore coleddlion

[c‘*'r [ 256 O
(@) 256

3.6.2Determinant of a Transformation Matrix

Determinant of a Transformation Matrix

Whatisadeterminant?

(2]
= Forthe 2x2matrix A =
\cd)

= the determinantisdetA=ad- bc
What doesthedeterminant of atransformation matrix (A)represent?

= The absolute value of the determinant of a transformation matrixis the areascale factor
= Areascalefactor=|detA|

= The areaof the image willbe product of the areaof the object and |det A|
= Areaofimage =|det A|xAreaof object

= Notethe areawillreduceif |[det Al <1

= |[fthe determinantis negative thenthe orientationof the shape willbe reversed
= Forexample:the shape has beenreflected

Howdolsolve problemsinvolving thedeterminant of atransformationmatrix?

= Problems mayinvolve comparing areas of objects and images
= This could be as apercentage, proportion, etc
= Missingvalue(s) fromthe transformation matrix (and elsewhere) canbe deduced if the
determinant of the transformation matrixis known
= Rememberto use the absolute value of the determinant
= This canlead to multiple answers to equations
= UseyourGDCto solve these

O ExamTip

= Rememberthatthe formulaforfindingthe determinant of a matrixis givenin the formula
booklet!
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@ Worked example
Anisosceles triangle has vertices A(3,1),B(15,T7) and C(9, 9).

a) Find the area of theisosceles triangle.

A ckefch or p\o‘\' on GOC will \‘\éP %“A e area

B\3,3)
A3 1) :[3 cls)
< 2 4
Area * 3 %128 (*A=14)

* Aren of ARBC = 48 square waifs I

) 3 2
Triangle AABC is transformed using the matrix T= ( ~12 ) Find the areaof the
transformed triangle.
Area ccole Joderie |debT|
|detT| = 3x2- 24128
»Area. o} image = W8x 8 = 384
RArea o? *mng%ormeA ‘\’r'\o.na\e = 3% Sqpese onite
c) a -2

Triangle AABC is now transformed using the matrix U= (3 )Where a€/Z Given

az

thatthe areaof the image is twice as large as the area of the object, find the value of 4.

dek U= OO - o INETA

\a3+g\=2

For ®+6=2, o2:-% o ¢ Z’ reject
for o46=-2 03>:-8 a=-2, a€Z

S Q==L
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