
3.6 Matrix Transformations



3.6.1 Matrix Transformations

Transformation by a Matrix

What  is a t ransf orm at ion m at rix?

A transfo rmatio n matrix is used to  determine the co o rdinates o f an image  fro m the

transf o rmatio n o f an o bject

Co mmo nly used transfo rmatio n matrices include

reflectio ns, ro tatio ns, enlargements and stretches

(In 2D) a multiplicatio n by any 2x2 matrix co uld be co nsidered a transfo rmatio n (in the 2D plane)

An individual po int in the plane can be represented as a po sitio n vecto r, 
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Several po ints, that create a shape say, can be written as a po sitio n matrix 
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A matrix transfo rmatio n will be o f the fo rm 
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y  represents any po int in the 2D plane
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How do I find t he coordinat es of  an im ag e under a t ransf orm at ion?

The co o rdinates (x’, y’) - the image o f the po int (x, y) under the transfo rmatio n with matrices 
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Similarly, fo r a po sitio n matrix
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If yo u use this metho d then remember to  add e and f to  each co lumn

A GDC can be used fo r matrix multiplicatio n

If matrices invo lved are small, it may be as quick to  do  this manually 

ST EP 1

Determine the transfo rmatio n matrix (T ) and the po sitio n matrix (P)

The transfo rmatio n matrix, if unco mmo n, will be given in the questio n

The po sitio n matrix is determined fro m the co o rdinates invo lved, it is best to  have the

co o rdinates in o rder, to  avo id co nfusio n 

ST EP 2

Set up and perfo rm the matrix multiplicatio n and additio n required to  determine the image

po sitio n matrix, P’

P’ = T P

ST EP 3

Determine the co o rdinates o f the image fro m the image po sitio n matrix, P’

How do I find t he coordinat es of  t he orig inal point  g iven t he im ag e under a
t ransf orm at ion?

To  ‘reverse’ a transfo rmatio n we wo uld need the inverse transf o rmatio n matrix

i.e. T

Fo r a 2x2 matrix 
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where detT=ad−bc
A GDC can be used to  wo rk o ut inverse matrices

Yo u wo uld rearrange 
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Exam T ip

The fo rmula fo r the determinant and inverse o f a 2x2 matrix can be fo und in the To pic 1:

Number and Algebra sectio n o f the fo rmula bo o klet

Worked example

A quadrilateral, Q, has the fo ur vertices A(2, 5), B(5, 9), C(11, 9) and D(8, 5).

Find the co o rdinates o f the image o f Q under the transfo rmatio n T=
⎛
⎜
⎜
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⎞
⎟
⎟
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⎠

3 −1
−1 2

.
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Matrices of Geometric Transformations

What  is m eant  by a g eom et ric t ransf orm at ion?

The fo llo wing transfo rmatio ns can be represented (in 2D) using multiplicatio n o f a 2x2  matrix

ro tatio ns (abo ut the o rigin)

reflectio ns

enlargements

(ho riz o ntal) stretches parallel to  the x-axis

(vertical) stretches parallel to  the y-axis

The fo llo wing transfo rmatio ns can be represented (in 2D) using additio n o f a 2x1 matrix

translatio ns

What  are t he m at rices f or g eom et ric t ransf orm at ions?

All o f the fo llo wing transfo rmatio n matrices are given in the f o rmula bo o klet

Ro tatio n

Anticlo ckwise (o r co unter-clo ckwise) thro ugh angle θ abo ut the o rigin

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

cosθ −sinθ
sinθ cosθ

Clo ckwise thro ugh angle θ abo ut the o rigin

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

cosθ sinθ
−sinθ cosθ

In bo th cases

θ > 0

θ may be measured in degrees o r radians

Reflectio n

In the line y= (tanθ)x
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

cos2θ sin2θ
sin2θ −cos2θ

θ may be measured in degrees o r radians

fo r a reflectio n in the x-axis, θ = 0° (0 radians)

fo r a reflectio n in the y-axis, θ = 90° (π/2 radians)

Enlargement

Scale facto r k, centre o f enlargement at the o rigin (0, 0)

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

k 0
0 k

Ho riz o ntal stretch (o r stretch parallel to  the x-axis)

Scale facto r k
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⎛
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⎜
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Vertical stretch (o r stretch parallel to  the y-axis)

Scale facto r k

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1 0
0 k

Translatio n (vecto r)

p units in the (po sitive) x-directio n

q units in the (po sitive) y directio n

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

p
q

This is no t given in the fo rmula bo o klet

How do I solve problem s involving  g eom et ric t ransf orm at ions?

The matrix equatio ns invo lved in pro blems will be o f the fo rm

P’=AP o r

P’=AP+b  where b  is a translatio n vecto r

(so metimes called an affine  transfo rmatio n)

where

P is the po sitio n vecto r o f the o bject co o rdinates

P’ is the po sitio n vecto r o f the image co o rdinates

A is the transfo rmatio n matrix

b  is a translatio n vecto r

Pro blems may ask yo u to

find the co o rdinates o f po int(s) o n the image

find the co o rdinates o f po int(s) o n the o bject using an inverse matrix (A )

deduce/identify a matrix co rrespo nding to  o ne o f the co mmo n geo metric transfo rmatio ns

E.g. Find the matrix o f a ro tatio n o f 45° clo ckwise abo ut the o rigin

Exam T ip

The fo rmulae fo r the all o f the transfo rmatio n matrices can be fo und in the To pic 3:

Geo metry and Trigo no metry sectio n o f the fo rmula bo o klet

-1
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a)

b)

Worked example

Triangle PQR has co o rdinates P(-1, 4), Q(5, 4) and R(2, -1).

The transfo rmatio n T is a reflectio n in the line y=x 3 .

Find the matrix T that represents a reflectio n in the line  y=x 3 .

Find the po sitio n matrix, P’, representing the co o rdinates o f the images o f po ints P, Q and

R under the transfo rmatio n T.
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Matrices of Composite Transformations

The o rder in which transfo rmatio ns o ccur can lead to  different results – fo r example a reflectio n in the

x-axis fo llo wed by clo ckwise ro tatio n o f 90°  is different to  ro tatio n first, fo llo wed by the reflectio n.

Therefo re, when o ne transfo rmatio n is fo llo wed by ano ther o rder is critical.

What  is a com posit e t ransf orm at ion?

A co mpo site functio n is the result o f applying mo re than o ne functio n to  a po int o r set o f po ints

e.g.  a ro tatio n, fo llo wed by an enlargement

It is po ssible to  find a single  co mpo site functio n matrix that do es the same jo b as applying the

individual transfo rmatio n matrices

How do I find a sing le m at rix represent ing  a com posit e t ransf orm at ion?

Multiplicatio n o f the transfo rmatio n matrices

Ho wever, the o rder in which the matrices is impo rtant

If the transfo rmatio n represented by matrix M is applied first, and is then fo llo wed by ano ther

transfo rmatio n represented by matrix N

the co mpo site matrix is NM

e. P’ = NMP

(NM is no t necessarily equal to  MN)

The matrices are applied  right to  left

The co mpo site functio n matrix is calculated  left to  right

Ano ther way to  remember this is, starting fro m P, always pre-multiply  by a transfo rmatio n

matrix

This is the same as applying co mpo site f unctio ns  to  a value

The functio n (o r matrix) furthest to  the right is applied first

How do I apply t he sam e t ransf orm at ion m at rix m ore t han once?

If a transfo rmatio n, represented by the matrix T , is applied twice we wo uld write the co mpo site

transfo rmatio n matrix as T

T  = T T

This wo uld be the case fo r any number o f repeated applicatio ns

T  wo uld be the matrix fo r five applicatio ns o f a transfo rmatio n

A GDC can quickly calculate T , T , etc

Pro blems may invo lve co nsidering patterns and sequences fo rmed by repeated applicatio ns o f

a transfo rmatio n

The co o rdinates o f po int(s) fo llo w a particular pattern

(20, 16) – (10, 8) – (5, 4) – (2.5, 2) …

The area o f a shape increases/decreases by a co nstant facto r with each applicatio n

2

2

5

2 5
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e.g. if o ne transfo rmatio n do ubles the area then three applicatio ns will increase the (o riginal) area

eight times (2 )

Exam T ip

When perfo rming multiple transfo rmatio ns o n a set o f po ints, make sure yo u put yo ur

transfo rmatio n matrices in the co rrect o rder, yo u can check this in an exam but sketching a

diagram and checking that the transfo rmed po int ends up where it sho uld

Yo u may be asked to  sho w yo ur wo rkings but yo u can still check that yo u have perfo rmed yo u

matrix multiplicatio n co rrectly by putting it thro ugh yo ur GDC

3

a)

b)

c)

Worked example

The matrix E represents an enlargement with scale facto r 0.25, centred o n the o rigin. 

The matrix R represents a ro tatio n, 90° anticlo ckwise abo ut the o rigin.  

Find the matrix, C, that represents a ro tatio n, 90° anticlo ckwise abo ut the o rigin fo llo wed

by an enlargement o f scale facto r 0.25, centred o n the o rigin.

A square has po sitio n matrix T0=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

0 0 256 256
0 256 256 0

.  T  represents the po sitio n

matrix o f the image square after it has been transfo rmed n times by matrix C.  Find T

Find the single transfo rmatio n matrix that wo uld map T  to  T .

n

4

4 0
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3.6.2 Determinant of a Transformation Matrix

Determinant of a Transformation Matrix

What  is a det erm inant ?

Fo r the 2×2 matrix A=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

a b
c d

the determinant is detA = ad - bc

What  does t he det erm inant  of  a t ransf orm at ion m at rix (A) represent ?

The abso lute value  o f the determinant  o f a transfo rmatio n matrix is the area scale f acto r

Area scale facto r = |det A|

The area o f the image  will be pro duct  o f the area o f the o bject  and |det A|

Area o f image = |det A| × Area o f o bject

No te the area will reduce if |det A| < 1

If the determinant is negative  then the o rientatio n o f the shape will be reversed

Fo r example: the shape has been re�ected

How do I solve problem s involving  t he det erm inant  of  a t ransf orm at ion m at rix?

Pro blems may invo lve co mparing areas o f o bjects  and images

This co uld be as a percentage, pro po rtio n, etc

Missing value(s) fro m the transfo rmatio n matrix (and elsewhere) can be deduced if the

determinant o f the transfo rmatio n matrix is kno wn

Remember to  use the abso lute value  o f the determinant

This can lead to  multiple answers to  equatio ns

Use yo ur GDC to  so lve these

Exam T ip

Remember that the fo rmula fo r �nding the determinant o f a matrix is given in the fo rmula

bo o klet!
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a)

b)

c)

Worked example

An iso sceles triangle has vertices A(3, 1), B(15, 1) and C(9, 9).

Find the area o f the iso sceles triangle.

Triangle △ABC is transfo rmed using the matrix T=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

3 2
−1 2

. Find the area o f the

transfo rmed triangle.

Triangle △ABC is no w transfo rmed using the matrix U=
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

a −2
3 a2  where a∈ℤ . Given

that the area o f the image is twice as large as the area o f the o bject, find the value o f a .
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