
3.5 Voronoi Diagrams



3.5.1 Voronoi Diagrams

Drawing Voronoi Diagrams

What  are Voronoi Diag ram s?

A Vo ro no i diagram sho ws the regio n co ntaining the set o f all po ints which are clo ser to  o ne given

site  than to  any o ther site  o n the diagram

A site  is lo cated at the co o rdinates o f a speci�c place o f interest o n a Vo ro no i diagram

It will be partitio ned into  a number o f regio ns

These regio ns are o ften called Vo ro no i cells and will be po lygo ns

There will be the same number o f regio ns as sites o n the diagram

Fo r example, if a city co ntains �ve parks a Vo ro no i diagram co uld be drawn fo r that city

dividing it into  �ve regio ns based o n their clo sest park

The edges  o f each regio n will be the perpendicular bisecto r o f two  o f the sites

The edges may also  be called bo undaries

The vertices  o f each regio n are the intersectio ns  o f three o f these perpendicular bisecto rs

The perpendicular bisecto rs o f three individual po ints will always intersect at the po int that is

equidistant  fro m the three po ints

How are Voronoi diag ram s drawn f or t hree sit es?

Yo u will no t  be expected to  draw a Vo ro no i diagram fro m scratch, ho wever yo u sho uld

understand ho w o ne is co nstructed

First, the perpendicular bisecto r o f the line segment jo ining each pair o f sites will be

co nstructed

These sho uld be co nstructed using dashed lines as o nly a part o f each line will be

needed fo r the �nal diagram

The po ints o f  intersectio n o f these perpendicular bisecto rs will create the vertices

Each perpendicular bisecto r sho uld sto p when it meets ano ther perpendicular bisecto r

Remo ve the part o f the perpendicular bisecto r that is no t in the regio n o f the two  sites

No  perpendicular bisecto r sho uld cro ss o ver ano ther

This will fo rm the regio ns, o r cells

How are Voronoi diag ram s drawn f or m ore t han t hree sit es?

It is challenging to  draw a Vo ro no i diagram fro m scratch if it has mo re than three sites

In this case it is easiest to  draw the Vo ro no i diagram fo r three sites �rst and then add the next

sites o ne by o ne fo llo wing these steps

STEP 1: The fo urth site will be in o ne o f the cells co ntaining an existing site

Draw the perpendicular bisecto r o f the line segment between these two  sites

STEP 2: Sto p this new line at the po int where it meets an existing bo undary  in the Vo ro no i

diagram
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STEP 3: There will no w be an existing edge in the regio n o f the new site

This sho uld be sho rtened  to  meet the new bo undary

STEP 4: The fo urth site will no w be in the same cell as a di�erent existing site

Draw the perpendicular bisecto r o f the line segment between these two  sites

This is the step yo u will mo st likely carry o ut in an exam

Yo u may be asked to  �nd the equatio n o f  a missing edge

This will mean �nding the equatio n o f the perpendicular bisecto r between the two  sites

that are bo th within o ne regio n

Yo u may be asked to  add the lo catio n o f  a missing site  to  the Vo ro no i diagram

This will mean using the given edge  o f o ne o r two  o f the regio ns and �nding the seco nd site

that wo uld make this edge a perpendicular bisecto r

Draw a perpendicular line fro m the site to  the edge

Check the distance o f this line and then co ntinue it o n the o ther site o f the edge fo r the

same distance

This will be the lo catio n o f yo ur new site

Yo u may need to  �nd the gradients o f the edges yo u have and then use the negative

recipro cal to  �nd the gradient o f the perpendicular bisecto r o f the current and new site

Exam T ip

Make sure that yo u have a straight edge and an eraser with yo u in the exam so  that any

perpendicular bisecto rs that yo u draw are clear and any mistakes that are made can be

erased 

If yo u are asked to  adjust a given Vo ro no i diagram and a perpendicular bisecto r that needs to

be remo ved o r sho rtened, yo u can put a series o f little lines alo ng it to  indicate that it is

cro ssed o ut
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a)

b)

Worked example

The Vo ro no i diagram belo w sho ws sites A, B, C and D.

Explain ho w yo u kno w that the Vo ro no i diagram is inco mplete.

Find the equatio n o f the line which wo uld co mplete the Vo ro no i cell co ntaining site A.

Give yo ur answer in the fo rm ax + by + d = 0  where a, b, d ∈ ℤ .
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Interpreting Voronoi Diagrams

What  is a Voronoi diag ram  used f or?

Vo ro no i diagrams are o ften used in land management to  wo rk o ut where the best lo catio n wo uld

be acco rding to  where sites are already situated

They can sho w where to  put so mething to  make sure that it is

Clo sest to  a particular site

Clo ser to  o ne site than ano ther

Equidistant fro m two  o r three speci�c sites

As far as po ssible fro m any o ther site

What  do I need t o know about  Voronoi diag ram s?

Yo u may be asked to  �nd the sho rtest distance fro m a po int to  its clo sest site

Use Pythago ras’ Theo rem to  �nd the distance between the given co o rdinate and the site in

the same regio n as it

If the co o rdinate is o n an edge then there will be two  sites equidistant fro m it

Yo u may be asked to  �nd the po int which is furthest fro m any o f the sites

This will be o ne o f the vertices

To  cho o se which vertex lo o k at which is the centre o f the largest empty circle

Yo u may be asked to  estimate the success o f a new site

This is do ne by lo o king at the data fo r the nearest site

The predictio n fo r the new site wo uld be assumed to  be the same

This is called nearest neighbo ur interpo latio n
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i)

Worked example

The Vo ro no i diagram belo w sho ws the fo ur sites A, B, C and D with co o rdinates (2, 10), (14, 14), (14,

4), and (6, 2) respectively.  1 unit represents 10 km.

State which site a new business o pening at the co o rdinate (5, 8) sho uld lo o k at to  predict

future sales.
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ii) Find the sho rtest distance fro m the po int (5, 8) to  its nearest site.
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3.5.2 Toxic Waste Dump Problem

Toxic Waste Dump Problem

What  is t he t oxic wast e dum p problem ?

The to xic waste dump pro blem is the name given to  the general idea o f �nding the po int o n a

Vo ro no i diagram which is furthest fro m any o f the sites

A site  is the co o rdinates o f a speci�c place o f interest o n a Vo ro no i diagram

It is given this name because o f the co mmo n pro blem o f �nding a place to  put a to xic waste

dump that is equally f ar away fro m any inhabited area

Fo r example, if a pro vince co ntains �ve to wns a Vo ro no i diagram co uld be used to  �nd the

po int within the pro vince which is furthest fro m each to wn

The to xic waste dump pro blem is mo re o f an idea than a speci�c pro blem

The same co ncept co uld be applied to  o ther co ntexts such as

Finding a po sitio n fo r a new supermarket that is equally far fro m all co mpetito rs

Finding a place to  plant a new tree that is equally far fro m o ther trees co mpeting fo r water

reso urces

Finding the quietest place to  enjo y a picnic that is equally far fro m o ther no isy gro ups o f

peo ple

No te that the term equally f ar is used in all o f the abo ve examples

How is a Voronoi diag ram  used t o �nd t he f urt hest  point  f rom  any sit e?

Within any Vo ro no i diagram the furthest po int fro m any site will always be either

o ne o f the cell vertices, o r

so mewhere o n a bo undary o f the diagram

In an IB exam, the so lutio n will always be o ne o f the cell vertices

To  �nd the furthest po int yo u will need to  co nsider each o f the cell vertices separately and �nd

which o ne is furthest fro m all o f the sites

This is do ne by co nstructing the largest empty circle

What  is t he larg est  em pt y circle?

The largest empty circle  is the largest po ssible circle co nstructed o n a Vo ro no i diagram that

co ntains no  sites

The centre  o f the circle will be o ne o f the vertices o f a cell o r regio n

The vertices  o f each regio n are the intersectio ns  o f the bo undaries

The radius o f the circle will be the distance fro m the vertex to  the clo sest site

The clo sest site will be o n the circumference

Use Pythago ras’ Theo rem to  �nd the distance

There may be a scale to  co nvert the distance fo und o n the Vo ro no i diagram into  a distance in real

life

Fo r example if the scale is 1 unit represents 5 km then 5 units represents 25 km

Exam T ip

The so lutio n to  the to xic waste dump will always be o ne o f the po ints o f intersectio n

between the perpendicular bisecto rs, so  yo u need to  kno w the co o rdinates o f these po ints

Remember that yo u can use yo ur GDC to  so lve a pair o f the simultaneo us equatio ns

quickly if yo u kno w the equatio ns o f two  o f the perpendicular bisecto rs that intersect at

that po int
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Worked example

The Vo ro no i diagram belo w sho ws fo ur cities at the sites A, B, C and D.  The co o rdinates o f the

po ints X and Y are 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

5
4 ,

7
4  and 

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

5
2 ,

3
2  respectively.

Determine the o ptimal po sitio n where a to xic waste site co uld be lo cated and, given that 1 unit

represents 50 km, �nd the distance fro m this po int to  its nearest city.
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