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3.5.1VoronoiDiagrams

Drawing VoronoiDiagrams
What are VoronoiDiagrams?

= AVoronoidiagramshows the regioncontainingthe setof all points which are closer to one given
site thanto anyothersite onthe diagram
= Asiteislocated atthe coordinates of aspecific place of interestonaVoronoidiagram
= |twillbe partitioned into anumberofregions
= Theseregions are oftencalled Voronoicells and willbe polygons
= There will be the same numberofregions as sites onthe diagram
= Forexample,if acitycontains five parks aVoronoidiagram could be drawn forthat city
dividingitinto five regions based ontheirclosest park
= The edgesofeachregionwillbe the perpendicularbisectoroftwo of the sites
= The edges mayalso be called boundaries
= Thevertices of eachregionare the intersections of three of these perpendicularbisectors
= The perpendicularbisectors of three individual points will always intersect at the point thatis
equidistant from the three points

Howare Voronoidiagrams drawn for three sites?

= Youwillnot be expectedto draw aVoronoidiagramfromscratch,howeveryoushould
understand how oneis constructed
= First,the perpendicularbisectorofthe line segmentjoining each pairof sites will be
constructed
= Theseshould be constructed usingdashedlines as onlyapart of eachline will be
needed forthe finaldiagram
= The points of intersectionofthese perpendicularbisectors will create the vertices
= Eachperpendicularbisectorshould stopwhenitmeets anotherperpendicularbisector
= Remove the part of the perpendicularbisectorthatis notinthe regionofthe two sites
= No perpendicularbisectorshould cross overanother
= Thiswillformtheregions,orcells

Howare Voronoidiagrams drawn formore thanthreesites?

= |tis challengingto draw aVoronoidiagramfromscratchifithas more thanthree sites
= Inthiscaseitis easiestto draw the Voronoidiagramforthree sites first and thenadd the next
sites one byone following these steps
= STEPT:The fourthsite willbe inone of the cells containing an existing site
= Draw the perpendicularbisectoroftheline segment betweenthese two sites
= STEP 2:Stopthis newline at the point where it meets anexistingboundary inthe Voronoi
diagram
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= STEP 3:There willnow be anexistingedge intheregionof the new site
= This should be shortened to meet the new boundary
= STEP4:The fourthsite willnow be inthe same cell as adifferent existing site
= Draw the perpendicularbisectoroftheline segment betweenthese two sites
= Thisis the stepyouwillmostlikelycarryoutinanexam
= Youmaybe asked to find the equationof amissingedge
= This willmean findingthe equationof the perpendicularbisector between the two sites
that are both withinone region
= Youmaybe asked to add the locationof amissing site to the Voronoidiagram
= This willmeanusing the givenedge of one ortwo of the regions and finding the second site
that would make this edge a perpendicularbisector
= Draw aperpendicularline fromthe site to the edge
= Checkthedistance of thisline and thencontinueitonthe othersite of the edge forthe
same distance
= This willbe the locationofyournew site
= Youmayneed to find the gradients of the edges you have and then use the negative
reciprocalto find the gradient of the perpendicularbisectorofthe currentand new site

O ExamTip

= Make sure thatyouhave astraight edge and an eraserwithyouinthe examso that any
perpendicularbisectors that youdraw are clearand any mistakes that are made canbe
erased

= [fyouare asked to adjustagivenVoronoidiagram and a perpendicularbisectorthatneeds to
beremoved orshortened,youcanputaseries of littlelines alongitto indicate thatitis
crossed out
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@ Worked example

The Voronoidiagram below shows sites A,B, C and D.

{
| |
- -+ L
0 2 4 5} 8
| D (6, 0)
a) Explainhow you know that the Voronoidiagramis incomplete.
The Voronot diogrom hos four sites
but only three Voronov cells.
b) Find the equation of the line whichwould complete the Voronoicell containing site A.

Give youranswerinthe formax + by + d = Owhere a, b, d € Z.
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Sites A ond D ore both n the Some regjon
So find the perpendiculor bisector of the line
segment oormed:‘ma A and D.

A:(1,2) D:(6,0)
flnd the midpoink:

MP = <";_6 ,"-;‘? = (35,1)

Perpendiculor
grodient AD gradient.
p— = [ —— . - i
My =9=2 =-Z . my0="3

61 S

Sub MP ond Minmp into equotion for o
stralght Line:
5_ Y, = m(ac -2,)

= 5 _=* mulbiply by 2
5 - z (DC- 7') to mﬁovgstu

_ 35 €coction ond
23- 2 = Sx —T veasrrange
4—3 - l|- = |0.'x.—35

| 100e -4y -31=0

| I ~E I B E =
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Interpreting Voronoi Diagrams
Whatis aVoronoidiagramused for?

= Voronoidiagrams are oftenused inland management to work out where the bestlocationwould
be accordingto where sites are already situated
= Theycanshow where to put something to make sure thatitis
= Closestto aparticularsite
= Closerto one site thananother
= Equidistantfromtwo orthree specific sites
= Asfaras possible fromanyothersite

Whatdolneedtoknowabout Voronoidiagrams?

= Youmaybe asked to find the shortestdistance fromapointtoits closestsite

= Use Pythagoras’Theoremto find the distance between the given coordinate and the sitein

the sameregionasit

= |fthecoordinateis onanedge thenthere willbe two sites equidistant fromit
= Youmaybe asked to find the point whichis furthest fromany of the sites

= This willbe one of the vertices

= To choose whichvertexlookatwhichis the centre of the largest empty circle
= Youmaybe asked to estimate the success of anewsite

= Thisis done bylookingat the dataforthe nearest site

= The predictionforthe new site would be assumed to be the same

= Thisis called nearest neighbourinterpolation
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@ Worked example

The Voronoidiagram below shows the foursites A,B,C and Dwithcoordinates (2,10),(14,14), (14,
4),and (6,2) respectively. Tunitrepresents 10 km.

y

-

B (14, 14)
®

- X

i) State whichsite anew business opening at the coordinate (5,8) should look at to predict
future sales.
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Plot the point and lock for the site

tn the Soame re_sion.:
y

""""  B(14,14)
i
“The new business '
is in the same ‘*A(E' 19) p
region as sike A (5,8)
f \ C(14,4)
D(62) \ I
1 1 ° |
_ -
2 4 6

Site A |

ii) Find the shortestdistance fromthe point (5, 8) to its nearest site.

The poink (5.8) (s clogsest to site A,
Formulo {for digtonce between two Polnts:

ad = J(x.‘xzyz"'(j."jz)z
. A: (2,1
P.gsls«) (’ ,:)
x, Y X2 J=
Sub Coordinates:

ad J(?.-s)"' +(|o-8)"

Jea @ = [13
distonce. = JlTx |Okm = 36.055 .. km

distonce = 36.1km (3sf)
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3.5.2Toxic Waste Dump Problem

Toxic Waste Dump Problem

Whatis the toxic wastedump problem?

The toxic waste dump problemis the name givento the generalidea of finding the pointona
Voronoidiagramwhichis furthest fromanyof the sites
= Asiteisthe coordinates of aspecific place ofinterestonaVoronoidiagram
Itis giventhis name because of the common problemof findingaplace to putatoxic waste
dump thatis equally far awayfromanyinhabited area
= Forexample,if aprovince contains five towns aVoronoidiagram could be used to find the
point withinthe province whichis furthest fromeachtown
The toxic waste dump problemis more of anideathanaspecific problem
= The same conceptcould be applied to othercontexts suchas
= Findingapositionforanew supermarketthatis equallyfarfromall competitors
= Findingaplace to plantanew tree thatis equallyfarfromothertrees competingforwater
resources
= Findingthe quietest place to enjoya picnic thatis equallyfarfrom othernoisygroups of
people
= Notethatthe termequally faris usedinall of the above examples

Howis a Voronoidiagram used to find the furthest point from anysite?

WithinanyVoronoidiagram the furthest point fromany site will always be either
= oneofthecellvertices,or
= somewhere onaboundaryofthe diagram
InanIB exam, the solutionwill always be one of the cell vertices
To find the furthest point youwillneed to considereach of the cell vertices separatelyand find
whichone is furthest fromall of the sites
Thisis done byconstructing the largest empty circle

Whatisthelargestemptycircle?

Thelargest empty circleis the largest possible circle constructed onaVoronoidiagram that
contains no sites
The centre of the circle willbe one of the vertices of acellorregion
= Thevertices of eachregionare theintersections of the boundaries
The radius of the circle will be the distance fromthe vertexto the closestsite
= Theclosestsite willbe onthe circumference
= Use Pythagoras’Theoremto find the distance
There maybe ascale to convert the distance found onthe Voronoidiagraminto adistance inreal
life
= Forexampleifthe scaleis Tunitrepresents 5 kmthen5 units represents 25 km

O ExamTip

= Thesolutionto the toxic waste dump will always be one of the points of intersection

between the perpendicularbisectors,so youneed to know the coordinates of these points
= Rememberthatyoucanuse yourGDC to solve apairof the simultaneous equations
quicklyif youknow the equations of two of the perpendicularbisectors thatintersect at
that point
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@ Worked example

The Voronoidiagram below shows fourcities at the sites A,B,C and D. The coordinates of the

(5 7\ (5 3\
points Xand Yarel = , —— land | =, = lrespectively.

\4°4) \2'2)

6

A (-1,0)

-2

D (2,-1)

Determine the optimal positionwhere atoxic waste site could be located and, given that Tunit
represents 50 km, find the distance from this point to its nearest city.
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he optimal position would be ok tne poink X oc Y
Drow tne L.oxsest possible circle. cenkved at X and V.

Tre Ylue cirele is Lorger
Eron the el so bthe

6 Uodopst empty Circle
s | clenbred ot X

,4)

|/ Chasse. onvy
' of the sites

X
Bisg
o the cirde

Y | 1 D(Z,- EO '(')ivl\d {)AL
distance

Formula for distance between ktwo palnats:
S 3 .
(& - S ° 3,
J('x,-x?_)z"’('j.':jz)z Xﬁ“r, LR) (f 4'-()

x, 'd' Xa Uz

Sub Coovdinakes
k3
[Go g = larw-1%
= 2.9504%.. units
Adistoncer = 2.8504 ... X 50km = 142 SZ:0km

el il H W W S

distonce = 143 km (’58(3)
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