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3.5.1Graphs of Trigonometric Functions

Graphs of Trigonometric Functions
What arethegraphs of trigonometric functions?

= The trigonometric functions sin,cos and tanall have special periodic graphs
= You'llneed to know theirproperties and how to sketchthemforagivendomainineitherdegrees
orradians
= Sketchingthe trigonometric graphs canhelp to
= Solve trigonometric equations and find all solutions
= Understand transformations of trigonometric functions

What arethe properties of thegraphs of sinxand cos x?

= The graphs ofsinxand cos xare both periodic
= Theyrepeat every 360°(2rradians)
= The angle willalways be onthe x-axis
= FEitherindegrees orradians
= The graphs of sinxand cos x are always inthe range -1< y<1

= Domain:{Xl X € R}
] Range:{yl—l <y< 1}

= The graphs of sinxand cos xareidenticalhoweverone is atranslationofthe other
= sinxpasses through the origin
= cosxpassesthrough(O,1)
= The amplitude of the graphs of sinxand cos xis 1

What arethe propertiesof thegraphof tanx?

= The graphoftanxis periodic
= |trepeatsevery180°(xradians)
= The angle will always be onthe x-axis
= FEitherindegrees orradians
= The graphoftanxisundefined at the points +90°,£270° etc
= There are asymptotes at these points onthe graph

, o , m 3n
= |nradians thisis atthe p0|nt513,1—etc

2

= Therange of the graphoftanxis

. Domain:{Xl X ¢g+kﬂ', ke Z}

Page 1 of 12
For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

= Range: {yl y € [R}

Howdo Isketchtrigonometricgraphs?

= Youmayneed to sketchatrigonometric graphso youwillneed to rememberthe keyfeatures of
eachone
= Thefollowingsteps mayhelpyousketchatrigonometric graph
= STEPT1.Checkwhetheryoushould be workingindegrees orradians
= Youshould checkthe domaingivenforthis
= |fyouseeninthe givendomainthenyoushould workinradians
= STEP 2:Labelthe x-axis inmultiples of 90°
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TU
= This willbe multiples of 3 if youare workinginradians

= Make sure youcoverthe whole domain onthe x-axis
= STEP 3:Labelthe y-axis
= Therange forthe y-axis willbe -1<y<l1forsinorcos
= Fortanyouwillnotneed anyspecific points onthe y-axis
= STEP 4:Draw the graph
= Knowingexact values will help with this, such as remembering that sin(0) =0 and
cos(0) =1
= Markthe important points onthe axis first
= |fyouare drawing the graph of tanx put the asymptotes infirst
= |fyouare drawingsinxorcos xmark inwhere the maximum and minimum points will be
= Tryto keepthe symmetryand rotational symmetryas you sketch, as this will helpwhen
using the graph to find solutions

O ExamTip

= Sketchallthree triggraphs onyourexam paperso youcanreferto themas manytimes as you
need to!

@ Worked example

Sketchthe graphs ofy=cosfandy=tanf onthe same setof axesinthe interval -n<6<2xn.Clearly
mark the keyfeatures of both graphs.

Mack in +he
minimum and
maximum points i Drow the QSSM?\TGCQS

for cosh \ & for the ton g)mpk

..........................

Plot the ke:)'
values and
tren join them
up uusirxs a

SMmooth cCurve
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Using Trigonometric Graphs
Howcanluse atrigonometric graph to find extra solutions?

= Yourcalculatorwill only give youthe first solutionto aproblem such as sin”(0.5)
= Thissolutionis called the primary value
= However,due to the periodic nature of the trig functions there could be aninfinite numberof
solutions
= Furthersolutions are called the secondary values
= Thisis whyyouwillbe givenadomain(interval)inwhichyoursolutions should be found
= Thiscould eitherbeindegrees orinradians
= |fyouseerorsome multiple of tthenyoumustworkinradians
= The followingsteps willhelp youuse the trigonometric graphs to find secondary values
= STEP1:Sketchthe graphforthe givenfunctionand interval
= Checkwhetheryoushould be workingindegrees orradians and label the axes withthe
keyvalues
= STEP 2:Draw ahorizontal line going through the y-axis at the pointyou are trying to find the
values for
= Forexampleif youare looking forthe solutions to sin(-0.5) then draw the horizontal line
goingthrough the y-axis at-0.5
= The numberoftimes this line cuts the graphis the number of solutions within the given
interval
= STEP 3:Find the primaryvalue and mark it onthe graph
= This will eitherbe anexactvalue and you should know it
= Oryouwillbe able to use yourcalculatorto find it
= STEP 4:Use the symmetryofthe graphto find allthe solutions inthe interval byaddingor
subtracting fromthe keyvalues onthe graph

What patternscanbeseenfromthegraphsof trigonometric functions?

= The graphofsinxhasrotational symmetryabout the origin
= So sin(-x) =-sin(x)
= sin(x) =sin(180° - x) orsin(x - x)

= The graphofcos xhasreflectional symmetryabout the y-axis
= Socos(-x)=cos(x)
= cos(x)=cos(360°-x)orcos(2n-x)

= The graphoftanxrepeats every180° (zradians)
= Sotan(x)=tan(x+180°) ortan(x+ =n)

= The graphs ofsinxand cos xrepeatevery360° (2xradians)
= Sosin(x)=sin(x+ 360°) orsin(x + 2n)
= cos(x)=cos(xx 360°)orcos(x = 2x)
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O Exam Tip

= Take care to always check what the interval forthe angle is that the questionis focused on

@ Worked example

One solutionto cos x=0.5is 60°.Find all the othersolutions inthe range -360°<x<360°.

The. horizontal Line ot
Dfﬂw.) 'Bf\e %rO\PVL OF cosa ¢ '9 3 =05 sShows that
there oce 4 Solutions

N ] a
K / -

-360 -2 -lgo o 9 180 360
— et —
+60 -60| +60 -60

=i

Solutions  are : 40, 360 -60° -60°, -360" + 60°

- 60°) -200°, 60°, 300°
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3.5.2Transformations of Trigonometric Functions

Transformations of Trigonometric Functions
What transformations of trigonometric functionsdolneed to know?

= Aswithothergraphs of functions, trigonometric graphs canbe transformed through
translations, stretches and reflections
= Translations canbe eitherhorizontal (parallel to the x-axis) orvertical (parallel to the y-axis)
= Forthe functiony =sin(x)
= Averticaltranslation of aunits in the positive direction(up) is denoted by
y =sin(x)+a
= Averticaltranslation of aunits in the negative direction(down)is denoted by
y =sin(x)-a
= Ahorizontaltranslationin the positive direction(right) is denoted byy =sin(x - a)
= Ahorizontaltranslationin the negative direction(left)is denoted byy =sin(x + a)
= Stretches canbe eitherhorizontal (parallel to the x-axis) orvertical (parallel to the y-axis)
= Forthe functiony =sin(x)
= Averticalstretchofafactoraunitsis denoted byy =asin(x)

X
= Ahorizontalstretchofafactor aunitsis denoted byy =sin(—)
a

= Reflections canbe eitheracross the x-axis oracross the y-axis
= Forthe functiony =sin(x)

= Areflectionacross the x-axisis denoted byy =-sin(x)

= Areflectionacross the y-axisis denoted byy =sin(-x)

What combined transformations are there?

Stretchesinthe horizontal and vertical direction are oftencombined
= The functions asin(bx)and acos(bx)have the following properties:
= The amplitude of the graphis |a|

360 21
°(or— rad)

b
= Translationsinbothdirections could also be combined with the stretches
= The functions asin(b(x - ¢))+ dand acos(b(x - ¢)) + dhave the following properties:
= The amplitude of the graphis |a|

360 2m
°(or—/)

b b

= The translationinthe horizontal directionis ¢
= Thetranslationinthe vertical directionis d

= drepresents the principal axis (the line that the functionfluctuates about)

= The period of the graphis

= The period of the graphis
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= The function atan(b(x - ¢))+ dhas the following properties:
= The amplitude of the graphdoes not exist
180 2m
b b
= The translationinthe horizontal directionis ¢
= Thetranslationinthe vertical direction (principal axis) is d

= The period of the graphis )

Howdo Ilsketchtransformations of trigonometric functions?

= Sketchthe graph of the original function first
= Carryouteachtransformationseparately
= Theorderinwhichyoucarryoutthe transformations isimportant
= Giventheform y=asin(b(x -c))+ dcarryout anystretches first, translations next and
reflections last
= |fthe functionis writteninthe form y =asin(bx - bc) + dfactorise out the coefficient of x
before carryingout anytransformations
= Useaverylight pencilto mark where the graph has moved foreach transformation
= |tisagoodideato markinthe principal axis the lines corresponding to the maximum and minimum
points first
= The principal axis will be the line y =d
= The maximumpoints willbe ontheliney=d+a
= The minimumpoints willbe ontheline y=d-a
= Sketchinthe new transformed graph
= Checkitiscorrectbylookingatsome keypoints fromthe exact values

O ExamTip

= Besureto applytransformationsinthe correct order - applying theminthe wrongordercan
produce anincorrect transformation

= Whenyousketchatransformed graph,indicate the new coordinates of anypoints that are
marked onthe original graph

= Trytoindicate the coordinates of points where the transformed graphintersects the
coordinate axes (althoughif youdon't have the equation of the original function this maynot
be possible)

= |fthe graphhas asymptotes,don'tforgetto sketchthe asymptotes of the transformed
graph as well

Page 7 of 12
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

@ Worked example

Sketchthe graphof ¥ =2 sin(3( ——\\ 1 fortheinterval -2r<x< 2r. State the amplitude,

4))

period and principal axis of the funct|on.

Pe‘?od Zx
Principal axis = -]
% = 2swn (3 o -¢)>—‘|/
Joe-z 1A
. Gmeplitude = horizontal swft

. Moax -~Mmin = &

~ Pen'od =Z_T‘

A=A A

B tf \ /’[ \ / \ [ |
—~y=-l
Dmuu in the %t“" b‘ '4' +OTC
principal axis
first.

(5‘7:"-1'- 3)
oamplitude : 2
Pu‘ioo\ : 2—3“:
Pcine.-'?a’. oxis : 5 =-1
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3.5.3Modelling with Trigonometric Functions

Modelling with Trigonometric Functions
What canbe modelled with trigonometric functions?

= Anythingthat oscillates (fluctuates periodically) canbe modelled using a trigonometric function
= Normallysome transformation of the sine orcosine function
= Examplesinclude:

« D (t) isthe depthofwateratashore thours aftermidnight

= T (d) is the temperature of acity ddays afterthe Ist January

- H (t) is vertical height above ground of aperson tseconds afterentering a Ferris wheel
= Notice that the x-axis willnot always containanangle

= Inthe examples above time ornumberof days would be on the x-axis
= Depthofthe water,temperature orvertical height would be onthe y-axis

What arethe parameters of trigonometric models?

= Atrigonometric modelcould be of the form
« flx)=asin(b(x—c))+d
- flx)=acos(b(x—c))+d
« fx)=atan(b(x—c))+d

= The arepresents the amplitude of the function
= The biggerthe value of athe biggerthe range of values of the function
= Forthe function a tan (b(X = C)) + d the amplitude is undefined

= The bdetermines the period of the function

360°  2m

b b

= The biggerthe value of bthe quickerthe functionrepeats acycle
= The crepresents the horizontal shift
= The drepresents the vertical shift

= Thisis the principal axis

= Period =

What are possiblelimitations of atrigonometric model?

= The amplitudeis the same foreachcycle

= |nreal-life this might not be the case

= The functionmight getcloserto the value of dovertime
= The periodis the same foreachcycle

= |nreal-life this might not be the case
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= Thetime to complete acycle might change overtime

Q Exam Tip

= Thevariable inthese questionsis often t fortime.
= Readthe question carefullyto make sure youknow whatyou are beingasked to solve.

@ Worked example

The waterdepth, D,inmetres,ataportcanbe modelled bythe function
D(¢) =3 sin (15°(¢=2)) + 12, 0<t<24

where tis the elapsed time,inhours, since midnight.

a) Write down the depth of the waterat midnight.

Substitute £=0 for midnight

D(0) = 3sin(18 (0-2) + 12 w.s/\/

3sin (—30) +12

3(-z) +\2 =105

D=105m

b) Find the minimumwaterdepth and the numberof hours aftermidnight that this depth
occurs.
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LS . .
prmc\fzo\L oOX1s

D(t) =;>s‘m(|6 (t-2) + 12

amelitude

Princigak oxis 1s ok y = 12

amelitude is 3 Minimum = 12-3 = 9
Let D(t) =9
3sin (18 (¢ -2))+ 12 =9
3sin(1s (t-2) =-3
sin(15 (t-2)) = -1
s (+-2) = -90
t = -4 +2%n
c,nc,\e_ rg_peo&s every
24 hours
D(®)
|0.5[
(-4/2) (z0.)

Minimum = 9m
LEO hours ofter midniﬂhi-

c) Calculate howlongthe waterdepthis atleast13.5 meach day.
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Let D(t) =13.5
3sin(15 (¢-2))+ 12 =13.5
353{1(16 (¢-2)) = 1.5
sin(18 (t-2)) =0.5

s (t-2) = 30
t = 4 +2:(|-n
c,bc.\e_ repeaks every
24 hours

Use 53mme.{:r:j ond properties of the 3r0\ph to find
se_cono\cxg value of ¢t

O

w
&En
S,

1 B
N

graph ts transloted E
Z units to the right, :

£

O f=mmmmm-
v

d..

=4 ond ©=12

Find the diffecence between the tiwes.
2ok = %
3 hours
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