
3.5 Trigonometric Functions & Graphs
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3.5.1 Graphs of Trigonometric Functions

Graphs of Trigonometric Functions

What  are t he g raphs of  t rig onom et ric f unct ions?

The trigo no metric functio ns sin, co s and tan all have special perio dic graphs

Yo u’ll need to  kno w their pro perties and ho w to  sketch them fo r a given do main in either degrees

o r radians

Sketching the trigo no metric graphs can help to

So lve trigo no metric equatio ns and find all so lutio ns

Understand transfo rmatio ns o f trigo no metric functio ns

What  are t he propert ies of  t he g raphs of  sin x and cos x?

The graphs o f sin x and co s x are bo th perio dic

They repeat every 360° (2π radians)

The angle will always be o n the x-axis

Either in degrees o r radians

The graphs o f sin x and co s x are always in the range -1 ≤ y ≤ 1

Do main: { }x | x ∈ ℝ
Range: { }y | −1 ≤ y ≤ 1
The graphs o f sin x and co s x are identical ho wever o ne is a translatio n o f the o ther

sin x passes thro ugh the o rigin

co s x passes thro ugh (0, 1)

The amplitude  o f the graphs o f sin x and co s x is 1

What  are t he propert ies of  t he g raph of  t an x?

The graph o f tan x is perio dic

It repeats every 180° (π radians)

The angle will always be o n the x-axis

Either in degrees o r radians

The graph o f tan x is undefined  at the po ints ± 90°, ± 270° etc

There are asympto tes  at these po ints o n the graph

In radians this is at the po ints ± 
π

2
, ± 

3π
2

 etc

The range o f the graph o f tan x is

Do main: 

⎧
⎪
⎪
⎨
⎪
⎪
⎩

⎫
⎮
⎮
⎬
⎮
⎮
⎭

x | x ≠ π2 +kπ, k ∈ ℤ
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Range: { }y | y ∈ ℝ

How do I sket ch t rig onom et ric g raphs?

Yo u may need to  sketch a trigo no metric graph so  yo u will need to  remember the key features o f

each o ne

The fo llo wing steps may help yo u sketch a trigo no metric graph

STEP 1: Check whether yo u sho uld be wo rking in degrees o r radians

Yo u sho uld check the do main given fo r this

If yo u see π in the given do main then yo u sho uld wo rk in radians

STEP 2: Label the x-axis in multiples o f 90°
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This will be multiples o f 
π

2
 if yo u are wo rking in radians

Make sure yo u co ver the who le do main o n the x-axis

STEP 3: Label the y-axis

The range fo r the y-axis will be – 1 ≤ y ≤ 1 fo r sin o r co s

Fo r tan yo u will no t need any specific po ints o n the y-axis

STEP 4: Draw the graph

Kno wing exact values will help with this, such as remembering that sin(0) = 0 and 

co s(0) = 1

Mark the impo rtant po ints o n the axis first

If yo u are drawing the graph o f tan x put the asympto tes in first

If yo u are drawing sin x o r co s x mark in where the maximum and minimum po ints will be

Try to  keep the symmetry and ro tatio nal symmetry as yo u sketch, as this will help when

using the graph to  find so lutio ns

Exam T ip

Sketch all three trig graphs o n yo ur exam paper so  yo u can refer to  them as many times as yo u

need to !

Worked example

Sketch the graphs o f y = co sθ and y = tanθ o n the same set o f axes in the interval -π ≤ θ ≤ 2π. Clearly

mark the key features o f bo th graphs.
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Using Trigonometric Graphs

How can I use a t rig onom et ric g raph t o find ext ra solut ions?

Yo ur calculato r will o nly give yo u the first so lutio n to  a pro blem such as sin (0.5)

This so lutio n is called the primary value

Ho wever, due to  the perio dic nature o f the trig functio ns there co uld be an infinite number o f

so lutio ns

Further so lutio ns are called the seco ndary values

This is why yo u will be given a do main (interval) in which yo ur so lutio ns sho uld be fo und

This co uld either be in degrees o r in radians

If yo u see π o r so me multiple o f π then yo u must wo rk in radians

The fo llo wing steps will help yo u use the trigo no metric graphs  to  find seco ndary values

STEP 1: Sketch the graph fo r the given functio n and interval

Check whether yo u sho uld be wo rking in degrees o r radians and label the axes with the

key values

STEP 2: Draw a ho riz o ntal line go ing thro ugh the y-axis at the po int yo u are trying to  find the

values fo r

Fo r example if yo u are lo o king fo r the so lutio ns to  sin (-0.5) then draw the ho riz o ntal line

go ing thro ugh the y-axis at -0.5

The number o f times this line cuts the graph is the number o f so lutio ns within the given

interval

STEP 3: Find the primary value and mark it o n the graph

This will either be an exact value and yo u sho uld kno w it

Or yo u will be able to  use yo ur calculato r to  find it

STEP 4: Use the symmetry o f the graph to  find all the so lutio ns in the interval by adding o r

subtracting fro m the key values o n the graph

What  pat t erns can be seen f rom  t he g raphs of  t rig onom et ric f unct ions?

The graph o f sin x has ro tatio nal symmetry abo ut the o rigin

So  sin(-x) = - sin(x)

sin(x) = sin(180° - x) o r sin(π – x)

The graph o f co s x has reflectio nal symmetry abo ut the y-axis

So  co s(-x) = co s(x)

co s(x) = co s(360° – x) o r co s(2π – x)

The graph o f tan x repeats every 180° (π radians)

So  tan(x) = tan(x ± 180°) o r tan(x ±  π )

The graphs o f sin x and co s x repeat every 360° (2π radians)

So  sin(x) = sin(x ±  360°) o r sin(x  ±  2π)

co s(x) = co s(x ±  360°) o r co s(x  ±  2π)

-1

-1
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Exam T ip

Take care to  always check what the interval fo r the angle is that the questio n is fo cused o n

Worked example

One so lutio n to  co s x = 0.5 is 60°. Find all the o ther so lutio ns in the range -360° ≤ x ≤ 360°.
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3.5.2 Transformations of Trigonometric Functions

Transformations of Trigonometric Functions

What  t ransf orm at ions of  t rig onom et ric f unct ions do I need t o know?

As with o ther graphs o f functio ns, trigo no metric graphs can be transfo rmed thro ugh

translatio ns, stretches and reflectio ns

Translatio ns  can be either ho riz o ntal (parallel to  the x-axis) o r vertical (parallel to  the y-axis)

Fo r the functio n y = sin (x)

A vertical translatio n o f a units  in the po sitive directio n (up) is deno ted by 

y = sin (x) + a

A vertical translatio n o f a units  in the negative directio n (do wn) is deno ted by

y = sin (x) - a

A ho riz o ntal translatio n in the po sitive directio n (right) is deno ted by y = sin (x - a)

A ho riz o ntal translatio n in the negative directio n (left) is deno ted by y = sin (x + a)

Stretches  can be either ho riz o ntal (parallel to  the x-axis) o r vertical (parallel to  the y-axis)

Fo r the functio n y = sin (x)

A vertical stretch o f a f acto r a units  is deno ted by y = a sin (x)

A ho riz o ntal stretch o f a f acto r a units  is deno ted by y = sin (
x
a

)

Reflectio ns  can be either acro ss the x-axis o r acro ss the y-axis

Fo r the functio n y = sin (x)

A reflectio n acro ss the x-axis is deno ted by y = - sin (x)

A reflectio n acro ss the y-axis is deno ted by y = sin (-x)

What  com bined t ransf orm at ions are t here?

Stretches in the ho riz o ntal and vertical directio n are o ften co mbined

The functio ns a sin(bx) and a co s(bx) have the fo llo wing pro perties:

The amplitude o f the graph is |a |

The perio d  o f the graph is 
360
b

° (o r 
2π
b

 rad)

Translatio ns in bo th directio ns co uld also  be co mbined with the stretches

The functio ns a sin(b(x - c )) + d and a co s(b(x - c )) + d have the fo llo wing pro perties:

The amplitude o f the graph is |a |

The perio d  o f the graph is 
360
b ° (o r 

2π
b )

The translatio n in the ho riz o ntal directio n is c

The translatio n in the vertical directio n is d

d represents the principal axis (the line that the functio n fluctuates abo ut)
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The functio n a tan(b(x - c )) + d has the fo llo wing pro perties:

The amplitude o f the graph do es no t exist

The perio d  o f the graph is 
180
b ° (o r 

2π
b )

The translatio n in the ho riz o ntal directio n is c

The translatio n in the vertical directio n (principal axis) is d

How do I sket ch t ransf orm at ions of  t rig onom et ric f unct ions?

Sketch the graph o f the o riginal functio n first

Carry o ut each transfo rmatio n separately

The o rder in which yo u carry o ut the transfo rmatio ns is impo rtant

Given the fo rm y = a sin(b(x - c )) + d carry o ut any stretches  first, translatio ns  next and

reflectio ns  last

If the functio n is written in the fo rm y = a sin(bx - bc ) + d facto rise o ut the co efficient o f x

befo re carrying o ut any transfo rmatio ns

Use a very light pencil to  mark where the graph has mo ved fo r each transfo rmatio n

It is a go o d idea to  mark in the principal axis the lines co rrespo nding to  the maximum and minimum

po ints first

The principal axis  will be the line y = d

The maximum po ints  will be o n the line y = d + a

The minimum po ints  will be o n the line y = d - a

Sketch in the new transfo rmed graph

Check it is co rrect by lo o king at so me key po ints fro m the exact values

Exam T ip

Be sure to  apply transfo rmatio ns in the co rrect o rder – applying them in the wro ng o rder can

pro duce an inco rrect transfo rmatio n

When yo u sketch a transfo rmed graph, indicate the new co o rdinates o f any po ints that are

marked o n the o riginal graph

Try to  indicate the co o rdinates o f po ints where the transfo rmed graph intersects the

co o rdinate axes (altho ugh if yo u do n't have the equatio n o f the o riginal functio n this may no t

be po ssible)

If the graph has asympto tes, do n't fo rget to  sketch the asympto tes o f the transfo rmed

graph as well
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Worked example

Sketch the graph o f y =2 sin⎛
⎜

⎝

⎞
⎟

⎠
3⎛

⎜

⎝

⎞
⎟

⎠
x – π4 −1  fo r the interval -2π ≤ x ≤ 2π. State the amplitude,

perio d and principal axis o f the functio n.
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3.5.3 Modelling with Trigonometric Functions

Modelling with Trigonometric Functions

What  can be m odelled wit h t rig onom et ric f unct ions?

Anything that o scillates (fluctuates perio dically) can be mo delled using a trigo no metric functio n

No rmally so me transfo rmatio n o f the sine o r co sine functio n

Examples include:

D (t)  is the depth o f water at a sho re t ho urs after midnight

T (d) is the temperature o f a city d days after the 1st January

H (t)  is vertical height abo ve gro und o f a perso n t seco nds after entering a Ferris wheel

No tice that the x-axis will no t always co ntain an angle

In the examples abo ve time o r number o f days wo uld be o n the x-axis

Depth o f the water, temperature o r vertical height wo uld be o n the y-axis

What  are t he param et ers of  t rig onom et ric m odels?

A trigo no metric mo del co uld be o f the fo rm 

f ( )x =a sin (b (x−c) )+d
f ( )x =a cos (b (x−c) )+d
f ( )x =a tan (b (x−c) )+d

The a represents the amplitude  o f the functio n

The bigger the value o f a the bigger the range  o f values o f the functio n

Fo r the functio n  a tan (b (x−c) )+d  the amplitude is undefined

The b determines the perio d  o f the functio n

Perio d =
360°
b

=
2π
b

The bigger the value o f b the quicker the functio n repeats a cycle

The c represents the ho riz o ntal shif t

The d represents the vertical shif t

This is the principal axis

What  are possible lim it at ions of  a t rig onom et ric m odel?

The amplitude is the same fo r each cycle

In real-life this might no t be the case

The functio n might get clo ser to  the value o f d o ver time

The perio d is the same fo r each cycle

In real-life this might no t be the case
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The time to  co mplete a cycle might change o ver time

Exam T ip

The variable in these questio ns is o ften t fo r time.

Read the questio n carefully to  make sure yo u kno w what yo u are being asked to  so lve.

a)

b)

Worked example

The water depth, D, in metres, at a po rt can be mo delled by the functio n

D ( )t =3 sin ( )15°(t−2) +12, 0 ≤ t < 24

where t is the elapsed time, in ho urs, since midnight.

Write do wn the depth o f the water at midnight.

Find the minimum water depth and the number o f ho urs after midnight that this depth

o ccurs.
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c) Calculate ho w lo ng the water depth is at least 13.5 m each day.
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