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3.4.1Voronoi Diagrams

Drawing Voronoi Diagrams
What are Voronoi Diagrams?

= AVoronoidiagram shows the region containing the set of all points which are closer to one given site
than to any other site on the diagram
= Asiteislocated at the coordinates of a specific place of interest on a Voronoi diagram
= |twillbe partitionedinto a number of regions
= Theseregions are often called Voronoi cells and will be polygons
= There willbe the same number of regions as sites on the diagram
= Forexample, if a city contains five parks a Voronoi diagram could be drawn for that city dividing it
into five regions based on their closest park
= The edges of eachregion will be the perpendicular bisector of two of the sites
= The edges may also be called boundaries
= The vertices of eachregion are the intersections of three of these perpendicular bisectors
= The perpendicular bisectors of three individual points will always intersect at the point that is
equidistant from the three points

How are Voronoi diagrams drawn for three sites?

= You willnot be expected to draw a Voronoi diagram from scratch, however you should understand how
oneis constructed

= First, the perpendicular bisector of the line segment joining each pair of sites will be constructed

= These should be constructed using dashed lines as only a part of each line will be needed for
the final diagram

= The points of intersection of these perpendicular bisectors will create the vertices

= Eachperpendicular bisector should stop when it meets another perpendicular bisector
= Remove the part of the perpendicular bisectorthatis notin the region of the two sites
= No perpendicular bisector should cross over another
= Thiswill form the regions, or cells

How are Voronoi diagrams drawn for more than three sites?

= |tis challenging to draw a Voronoidiagram from scratch if it has more than three sites
= |nthiscaseitis easiestto draw the Voronoidiagram for three sites first and then add the next sites one
by one following these steps
= STEP1: The fourth site will be in one of the cells containing an existing site
= Draw the perpendicular bisector of the line segment between these two sites
= STEP 2: Stop thisnew line at the point where it meets an existing boundary in the Voronoi diagram
= STEP 3: There willnow be an existing edge in the region of the new site
= This should be shortened to meet the new boundary
= STEP 4:The fourth site willnow be in the same cell as a different existing site
= Draw the perpendicular bisector of the line segment between these two sites
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= Thisisthe step you willmost likely carry outinan exam
= You may be asked to find the equation of a missing edge
= This willmean finding the equation of the perpendicular bisector between the two sites that are
both within one region
= Youmay be asked to add the location of a missing site to the Voronoi diagram
= Thiswillmean using the given edge of one or two of the regions and finding the second site that
would make this edge a perpendicular bisector
= Draw aperpendicularline from the site to the edge
= Checkthe distance of thisline and then continue it on the other site of the edge for the same
distance
= Thiswill be the location of your new site
= Youmay need to find the gradients of the edges you have and then use the negative reciprocal to
find the gradient of the perpendicular bisector of the current and new site
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@ Worked example

The Voronoi diagram below shows sites A, B, Cand D.

0 2 2 8 5 X
D (6, 0)
a) Explain how you know that the Voronoi diagramis incomplete.
_[;\e. Voronou d'\agmm hos Four sites
but only three Voronou cells.
b) Find the equation of the line which would complete the Voronoi cell containing site A.

Giveyouranswerintheformax + by + d = Owherea, b, d € Z.
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Sikes A and D are both in the Some region
So find the perpendiculor bisector of the Lline
segment oonne.d.'ma A and D.

A:(1,2) D:(6,0)
Fflnd the midpoint:

MP =(";_" ,7-:") = (35,1)

Perpendiculor
grodient AD [ gradient.
— - -_ e = - '-5—
mw‘c;";‘ %--m.t.m‘z.

Sub MP ond Mimo into eguation for a
straight Line :

5- Y, = m(x -1'-.)

= 2 - 3F)  mulsiply by 2
3- : z (x 7') to wfavf_btw.

?.3_ 2 = Sx _3_5 €coction and

2 mw
4—3—&- = |[0x-35

v -
[oX3 —4-5 -3l=0 5

For more help, please visit www.exampaperspractice.co.uk
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Interpreting Voronoi Diagrams

What is a Voronoi diagram used for?

= Voronoidiagrams are often used in land management to work out where the bestlocation would be
according to where sites are already situated
= They can show where to put something to make sure thatitis
= Closest to aparticularsite
= Closertoonesite thananother
= Equidistant from two or three specific sites
= Asfaraspossible from any othersite

What do | need to know about Voronoi diagrams?

= Youmay be asked to find the shortest distance from a point toits closest site

= UsePythagoras’ Theorem to find the distance between the given coordinate and the site in the

sameregionasit

= |fthe coordinateis onanedge then there will be two sites equidistant from it
= Youmay be asked to find the point whichis furthest from any of the sites

= Thiswillbe one of the vertices

= Tochoose whichvertexlook at whichis the centre of the largest empty circle
= Youmay be asked to estimate the success of a new site

= Thisis done by looking at the data for the nearest site

= The prediction for the new site would be assumed to be the same

= Thisis called nearest neighbourinterpolation
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@ Worked example

The Voronoi diagram below shows the four sites A, B, C and D with coordinates (2,10), (14, 14), (14, 4),
and (6, 2) respectively. Tunit represents 10 km.

14

-

B(14,14)
-

A(2,10)

i) State which site anew business opening at the coordinate (5, 8) should look at to predict future
sales.
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Plot the point and ook for the site

(n the Same resion-
y

 B(14,14)
L ]

“The new business
is (n the same
region as sitke A, ¢

—A(2,10)
™ 1

| ,.,(si 8 4

C(14,4)
;1 | 1
X
2 & 6
Site A
ii) Find the shortest distance from the point (5, 8) to its nearest site.

For more help, please visit www.exampaperspractice.co.uk
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The poink (5.8) (s closest to site A,
Formula for distance between two points:

ad = J(‘x.—xz)z"'(‘j."ja)z
P:(5’3) ﬂ:(z':“:)

x g %‘ X2 U"

Sub Coordinates:
d = J( 2 -8)* + (lo—‘B)"

= Jea~@*= |13
Aistonce. = l 13 X |Okm = 36.055.. kxm

Adistonce. = 36.1km (3s£)

For more help, please visit www.exampaperspractice.co.uk
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3.4.2 Toxic Waste Dump Problem

Toxic Waste Dump Problem
What is the toxic waste dump problem?

= The toxic waste dump problem is the name given to the general idea of finding the point on a Voronoi
diagram which is furthest from any of the sites
= Asiteis the coordinates of a specific place of interest on a Voronoi diagram
= |tis given this name because of the common problem of finding a place to put a toxic waste dump that
is equally far away from any inhabited area
= Forexample, if a province contains five towns a Voronoi diagram could be used to find the point
within the province which s furthest from each town
= The toxic waste dump problemis more of anidea than a specific problem
= The same concept could be applied to other contexts such as
= Finding a position for a new supermarket thatis equally far from all competitors
= Finding aplacetoplantanew tree thatis equally far from othertrees competing for water
resources
= Finding the quietest place to enjoy a picnic that is equally far from other noisy groups of
people
= Note that the term equally faris usedin all of the above examples

How is a Voronoi diagram used to find the furthest point from any site?

= Within any Voronoi diagram the furthest point from any site will always be either
= one of the cell vertices, or
= somewhere onaboundary of the diagram
= |nan|Bexam, the solution will always be one of the cell vertices
= To find the furthest point you will need to consider each of the cell vertices separately and find which
oneis furthest from all of the sites
= Thisis done by constructing the largest empty circle

What is the largest empty circle?

= Thelargest empty circleis the largest possible circle constructed on a Voronoi diagram that contains
no sites
= The centre of the circle will be one of the vertices of a cell orregion
= The vertices of eachregion are the intersections of the boundaries
= Theradius of the circle will be the distance from the vertex to the closest site
= The closest site will be on the circumference
= UsePythagoras’ Theorem to find the distance
= There may be ascale to convert the distance found on the Voronoi diagram into a distance inreal life
= Forexampleif the scaleis 1unitrepresents 5 kmthen 5 units represents 25 km
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@ Worked example

The Voronoi diagram below shows four cities at the sites A, B, Cand D. The coordinates of the points X

(5 7\ (53)
andYare\4 , 4}and ok 2/respectwely.

D (2,:1]

Determine the optimal position where a toxic waste site could be located and, given that Tunit
represents 50 km, find the distance from this point to its nearest city.
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“he optimal position would be ok the poink X or Y

Drow tie Lm'fj:st Possible circle. cenkved at X and VY.
Tre blue cirele is Loreer
Enon the ved so the

Locoest empty circle
| s | cenkred, otk X

C"UI’SL om.:ﬁ
of the sites
on the circe
to find the
d‘s&ﬂ.nm.

Formula {or distonce between two points:

‘§'?—'- :
d = J(x.—xz)z-*(ﬁ.—nz)‘ Xﬁ‘m;) 8 ('?»4,")

Sub Coordinokes x, Y X2 :j:.
d - JE G = @18
= 2.8504&.. units

distonce. = 2.850%... X S0km = 14252 . xm

distonce. = 143 km - (3 S-F-)}

For more help, please visit www.exampaperspractice.co.uk
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