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3.4.1The Unit Circle

Defining Sin, Cos and Tan

Whatis the unit circle?

The unit circleis acircle withradius Tand centre (0, 0)
Angles are always measured from the positive x-axis and turn:
= anticlockwise forpositive angles
= clockwise fornegative angles
It canbe used to calculate trigvalues as acoordinate point (x,y) on the circle
= Trigvalues canbe found by making aright triangle with the radius as the hypotenuse
= Where 0is the angle measured anticlockwise from the positive x-axis
= The x-axis will always be adjacent to the angle, 6
SOHCAHTOA canbe used to find the values of sinf, cos6 and tan6 easily
As theradius is Tunit
= the xcoordinate gives the value of cos®
= the ycoordinate gives the value of sin@
As the originis one of the end points - dividing the ycoordinate by the xcoordinate gives the
gradient
= the gradient of the line gives the value of tan@

Tt
It allows us to calculate sin,cos and tanforangles greaterthan 90° (E rad)
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@ Worked example

The coordinates of apointonaunit circle,to 3 significant figures, are (0.629,0.777).Find 6° to the
nearestdegree.

Y
We. know (x,a) = (cosB, sind)
(629037 0
, Cosb = 0629
y s SinB = 0331

USW\\S either vatio :

B = cos™(0.629)

51.023 ...

O = 51° (neorest degree)
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Using The Unit Circle

What are the properties of the unit circle?

Tt
= Theunitcircle canbe splitinto fourquadrants atevery90° (3 rad)

= The first quadrantis forangles between O and 90°
= Allthree of Sind, Cos6 and Tan6 are positive in this quadrant

T
= Thesecond quadrantis forangles between90°and 180° (E rad and Tt rad)
= Sinfis positive inthis quadrant
Ri
= The third quadrantis forangles between180°and 270° (Tt rad and 7)

= TanOis positive inthis quadrant

TT
= The fourthquadrantis forangles between270°and 360°( rad and 2T)

= Coso0is positive inthis quadrant

= Startingfromthe fourthquadrant (onthe bottomright) and working anti-clockwise the
positive trig functions spell out CAST
= Thisis whyitis oftenthoughtof as the CAST diagram
= Youmayhave yourown wayofremembering this
= Apopularone startingfromthe first quadrantis All Students Take Calculus

= To helppicture this bettertrysketchingall three trig graphs onone set of axes and look at
which graphs are positive ineach90°section

Howis the unit circleused to find secondarysolutions?

= Trigonometric functions have more thanone input to each output
= Forexamplesin30°=sin150°=0.5
= This means that trigonometric equations have more thanone solution
= Forexample both30°and 150° satisfythe equationsinx=0.5
= Theunitcircle canbe used to find all solutions to trigonometric equations ina giveninterval
= Yourcalculatorwillonly give you the first solutionto aproblemsuch as x=sin"1(0.5)
= Thissolutionis called the primary value
= However,due to the periodic nature of the trig functions there could be aninfinite numberof
solutions
= Furthersolutions are called the secondary values
= Thisis whyyouwillbe givenadomaininwhichyoursolutions should be found
= This could eitherbeindegrees orinradians
= |fyouseerorsome multiple of tthenyoumustworkinradians
= Thefollowingsteps mayhelpyouuse the unitcircle to find secondary values
STEP 1: Draw the angle into the first quadrant using the xor ycoordinate to helpyou
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= |fyouare workingwithsinx=k,draw the line from the originto the circumference of the circle at
the pointwhere they coordinate is k

= |fyouare workingwithcos x=k,draw the line from the originto the circumference of the circle at

the pointwhere the xcoordinate is k
= [fyouare workingwithtan x=k,draw the line fromthe originto the circumference of the circle
suchthatthe gradient of the lineis k
= This will give you the angle which should be measured from the positive x-axis...
= _.anticlockwise forapositive angle
= _.clockwise foranegative angle
STEP 2: Draw the radius inthe otherquadrant which has the same...

= . x-coordinateifsolvingcos x=k
= This willbe the quadrant whichis vertical to the original quadrant
= . y-coordinateif solvingsin x=k
= This willbe the quadrant whichis horizontal to the original quadrant
= _.gradientifsolvingtanx=k
= This willbe the quadrant diagonal to the original quadrant
STEP 3:Work out the size of the second angle, measuring from the positive x-axis

= _.anticlockwise forapositive angle
= _.clockwise foranegative angle
= Youshouldlook at the givenrange of values to decide whetheryouneed the negative or
positive angle
STEP 4:Add orsubtract either360° or2rradians to bothvalues untilyou have all solutions inthe
required range
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Q Exam Tip

= Beingable to sketchoutthe unitcircle and remembering CAST canhelpyouto find all
solutions to aprobleminanexamquestion
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@ Worked example

Giventhatone solutionofcosf=0.8is0=0.6435radians correctto 4 decimalplaces, find all
othersolutionsintherange -2x<6 < 2. Give youranswers correct to 3 significant figures.

2
Pr’\mo«'\lﬁ {
value Cosine is positive in
the Hirst and fourth

cosine qu odvrants so draw

ositive
WP the ongle from the
ha{zorv\\‘?aL Axis in
se = 2&  both guadrants.
K Cosine

Posil-.ive.

Primo«& value = 0.6435

Usms ol\'asro\m, Secondaryy value = -0.6435

_/I\ue,xcore, ol values are: 04435 £ 271N
ond=0:6435 * 27N

Within aivey\ domain : -2T< B <2

O = -564°, —0.644°, 0.644°, 564
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3.4.2Exact Values

Trigonometry Exact Values
What are exact valuesintrigonometry?

= Forcertainangles the values of sinf,cos 6 and tanf canbe written exactly
= This means usingfractions and surds
= Youshould be familiarwith these values and be able to derive the values usinggeometry
= Youare expected to know the exactvalues of sin,cos and tanforangles of 0°,30°,45°,60°,90°,
180° and theirmultiples
= Inradi th"Ollll
nradians thisis 0, 6’ 4’3’ >

= The exactvalues youare expected to know are here:

, T and theirmultiples

Howdo I find the exact values of otherangles?

= Theexactvalues forsinand cos canbe seenonthe unit circle as the yand xcoordinates
respectively
= [fusingthe coordinates onthe unitcircle to memorise the exactvalues,rememberthatcos
comes beforesin
= Theunit circle canalso be used to find exactvalues of otherangles using symmetry
= |fyouknow the exactvalue foranangleinthe first quadrant you can draw the same angle fromthe
x-axis inanyotherquadrant to find otherangles
= Rememberthat the angles are measured anticlockwise from the positive x-axis
= Forexample if youknow that the exactvalue foris 0.5
= drawthe angle 30° fromthe horizontal in the three otherquadrants
= measuring fromthe positive x-axis you have the angles of150°,210° and 330°
= sinis positiveinthe second quadrantso sin150°=0.5
= sinis negative inthe third quadrantso sin210°=-0.5
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= sinis negative inthe fourthquadrantso sin330°=-0.5
= |tis also possible to find the negative angles by measuring clockwise from the positive x-axis
= draw the angle 30° fromthe horizontal in the three otherquadrants
= measuring clockwise fromthe positive x-axis you have the angles of -30°,-150°,-210° and
-330°
= sinis negative inthe fourthquadrantso sin(-30°)=-0.5
= sinis negative inthe third quadrantso sin(-150°) =- 0.5
= sinis positiveinthe second quadrantso sin(-210°)=0.5
= sinis positive inthe fourthquadrant so sin(-330°)=0.5

Howare exact valuesintrigonometryderived?

= There are two specialright-triangles that canbe used to derive all of the exact values youneed
to know
= Consideraright-triangle with ahypotenuse of 2units and ashorterside length of Tunit

= UsingPythagoras’theorem the third side willbe+/ 3
Tt Tt Tt
= The angles willbe 7 radians (90°), ? radians (60°) and z radians (30°)

= Using SOHCAHTOA gives..

/ 1
= Sinlz—3 Sinlz—
3 2 6 2
cos B L N3
T3 67 2
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i T 1 V3
= Tan— =4/ 3 Tan— =—— =——
3 6 /3 3
= Consideranisosceles triangle with two equal side lengths (the opposite and adjacent) of Tunit
= UsingPythagoras’theoremit will have ahypotenuse of+/ 2

TU
= Thetwo equalangles willbe Z radians (45°)

= Using SOHCAHTOA gives..

i 1_«/3

Ny TS T2
i 1 «/3
m Cos— = —— = ——
4 2 2
Tan —
= an4=1
QExamTip

= Youwillbe expected to be comfortable usingexact trigvalues forcertainangles butitcanbe
easyto muddle themupifyoujusttryto rememberthemfromalist,sketch the triangles and

triggraphs onyourpaperso thatyoucanuse themas manytimes as youneed to duringthe
exam!

Tt Tt Tt
= sketchthe triangles forthe keyangles 45°/Z , 30°/€ , 60°/?

T 3
= sketchthe trig graphs forthe keyangles 0°, 90°/5, 180°/T[,270°/7,360°/2T[
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@ Worked example
Usinganequilateral triangle of side length 2 units, derive the exact values forthe sine,cosine and

Tt
tangentof —— and .

6 3

Use P :jtho\ ras  Theorem
ko find o

2
sn(®) =4/ sal®=EZ
I
cos(E) = % cos(3) = 7
b3 J2 !
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