Boost your performance and confidence
E with these topic-based exam questions
Practice questions created by actual

EXAM PAPERS PRACTICE examiners and assessment experts

Detailed mark scheme
Suitable for all boards

Designed to test your ability and
thoroughly prepare you

3.4 Further Trigonometry

L/

2T <
L4

IB Maths - Revision Notes

2&
AP

o




E=l

Exam Papers Practice

3.4.1The Unit Circle

Defining Sin, Cos and Tan

Whatis the unit circle?

The unitcircleis acircle withradius 1and centre (O, O)
Angles are always measured from the positive x-axis and turn:
= anticlockwise forpositive angles
= clockwise fornegative angles
It canbe used to calculate trigvalues as acoordinate point (x,y) on the circle
= Trigvalues canbe found by making aright triangle with the radius as the hypotenuse
= Qis the angle measured anticlockwise fromthe positive x-axis
= The x-axis will always be adjacent to the angle, 0
SOHCAHTOA canbe used to find the values of sinf, cosf and tané easily
As theradiusis Tunit
= the xcoordinate gives the value of cos®
= the ycoordinate gives the value of sin@
As the originis one of the end points - dividing the ycoordinate bythe xcoordinate gives the
gradient
= the gradient of the line gives the value of tan@

TU
Itallows us to calculate sin,cos and tanforangles greaterthan 90° (3 rad)

Howis the unit circleusedto construct thegraphsof sineandcosine?
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= Ontheunitcircle the y-coordinates give the value of sine
= Plotthe y-coordinate fromthe unitcircle as the y~-coordinate onatriggraphfor x-
coordinates of 0 =0,n/2,n, 3n/2and 2r
= Jointhese points upusingasmoothcurve
= To getaclearerideaofthe shape of the curve the points forx-coordinates of 8 ==n/4,
3n/4,5n/4 and 7n/4 could also be plotted

= Ontheunitcircle the x-coordinates give the value of cosine
= Plotthe x-coordinate fromthe unitcircle as the y~-coordinate onatriggraphfor x-
coordinates of 8 =0,n/4,n/2,3n/4 and 2xn
= Jointhese points upusingasmoothcurve
= To getaclearerideaofthe shape of the curve the points for x-coordinates of 8 =n/4,
3n/4,5n/4 and 7n/4 could also be plotted

= |Lookingatthe unitcircle alongside of the sine orcosine graph will help to visualise this clearer
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@ Worked example

The coordinates of apointonaunitcircle,to 3 significant figures, are (0.629,0.777).Find 6° to the

nearestdegree.

9
1 We. know (x,g) = (cosH, sind)
(@e29037) 0
, CosB = 0629
y . _ Sin O = 07%1
i Usms either Yatio :
O = cos™(0.629)
= 51023 ...

O = 51° (nearest degree)
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Using The Unit Circle

What are the properties of the unit circle?

Tt
= Theunitcircle canbe splitinto fourquadrants atevery90° (E rad)

= The first quadrantis forangles between O and 90°
= Allthree of Sind, Cos6 and Tan6 are positive in this quadrant

Tt
= Thesecond quadrantis forangles between90°and 180° (E rad and Tt rad)
= Sinfis positive inthis quadrant
31
= The third quadrantis forangles between180°and 270° (Tt rad and 7)

= Tan0is positive inthis quadrant

Tt
= The fourthquadrantis forangles between270°and 360° ( rad and 2T)

= Coso0is positive inthis quadrant

= Startingfromthe fourthquadrant (onthe bottomright) and working anti-clockwise the
positive trig functions spellout CAST
= Thisis whyitis oftenthought of as the CAST diagram
= Youmayhave yourownway ofremembering this
= Apopularone startingfromthe first quadrantis All Students Take Calculus

= To helppicture this bettertrysketchingall three triggraphs onone setof axes and look at
which graphs are positive ineach90° section

Howis the unit circleused to find secondarysolutions?

= Trigonometric functions have more thanone input to each output
= Forexamplesin30°=sin150°=0.5
= This means that trigonometric equations have more thanone solution
= Forexample both30°and 150° satisfythe equationsinx=0.5
= Theunitcircle canbe used to find all solutions to trigonometric equations inagiveninterval
= Yourcalculatorwillonly give youthe first solutionto aproblemsuch as x=sin"(0.5)
= This solutionis called the primary value
= However,due to the periodic nature of the trig functions there could be aninfinite numberof
solutions
= Furthersolutions are called the secondary values
= Thisis whyyouwill be givenadomaininwhichyoursolutions should be found
= This could eitherbeindegrees orinradians
= |fyouseenorsome multiple of rtthenyoumustworkinradians
= Thefollowingsteps mayhelpyouuse the unitcircle to find secondary values
STEP 1: Draw the angle into the first quadrant using the xor ycoordinate to helpyou
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If youare workingwith sin x= k, draw the line fromthe originto the circumference of the circle at
the pointwhere they coordinate is k
If youare workingwithcos x=k, draw the line from the originto the circumference of the circle at
the pointwhere the xcoordinate is k
If you are working withtan x= k, draw the line fromthe originto the circumference of the circle
suchthat the gradient of the line is k
= Note that whilst this method works fortan,itis complicated and generallyunnecessary, tan x
repeats every180° (rradians) so the quickest method is just to add orsubtract multiples of
180° to the primaryvalue
This will give you the angle which should be measured from the positive x-axis ...
= _.anticlockwise forapositive angle
= _.clockwise foranegative angle

STEP 2: Draw the radius inthe otherquadrant which has the same...

..x-coordinateifsolvingcos x=k

= This willbe the quadrant whichis vertical to the original quadrant
..y-coordinateif solving sin x= k

= This willbe the quadrant whichis horizontal to the original quadrant
..gradientif solvingtan x=k

= This willbe the quadrant diagonallyacross fromthe original quadrant

STEP 3:Work out the size of the second angle, measuring from the positive x-axis

..anticlockwise forapositive angle
..clockwise foranegative angle
= Youshouldlookatthe givenrange of values to decide whetheryouneed the negative or
positive angle

STEP 4:Add orsubtract either360° or 2rradians to both values untilyou have all solutions in the
required range
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O Exam Tip

= Beingable to sketchout the unit circle and remembering CAST canhelpyouto find all
solutions to aprobleminanexamquestion
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@ Worked example

Giventhatone solutionofcosf=0.8is8=0.6435radians correctto 4 decimalplaces, find all
othersolutionsintherange -2x<6 < 2. Give youranswers correctto 3 significant figures.

2
pr'\ma«-\tj
value Cosine is positive in
the first and fourth
cosine guodrants so draw

ositive
W pos the omg!e_ Leom the

hocizonkal axis in

3 2T poth quadrants.

o1

K Cosine
Pos%l-.ive.

Primox& volue = 0.6435

Usinj ol"aaro\m, Secondaryy value = -0.6435

—mue,\core, ol values are: 06435 £ 27N
ond=0:6435 * 27N

Within aivey\ domain: -2T< B<2w

O = —5.64°, —0.644°, 0.644 , 5.6%
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3.4.2 Simple Identities

Simple Identities

Whatisatrigonometricidentity?

= Trigonometric identities are statements that are true forallvalues of X or 0

= Theyare used to help simplifytrigonometric equations before solvingthem
= Sometimes youmaysee identities written with the symbol=

= This means 'identicalto’
What trigonometricidentitiesdolneed to know?

= Thetwo trigonometric identities youmust know are
sin 6

« tan @ =
cos 0

= Thisis theidentityfortan@
= sinZ0 + cos?f = 1
= Thisis the Pythagoreanidentity
= Note that the notation sin 28 is the same as (sin (9)2
= Bothidentities canbe found inthe formulabooklet
= Rearrangingthe second identityoften makes it easierto work with

= sin20= 1— cos? 0
= cos20= 1- sin?0
Wheredo the trigonometricidentities come from?

= Youdonotneedto knowthe prooffortheseidentities butitisagoodideato know where they

come from

= From SOHCAHTOAwe know that
. opposite O
. sin O = —PPRE - 2
hypotenuse  H
adjacent A
" cosf =——=—
hypotenuse  H

opposite O

. tan 0 = PP _ 2

adjacent A

= Theidentityfortan 6 canbe seenbydivingsin 8 bycos 6?
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o
sinf Hw O g
. =—=-—=tan
cosh A A
H
= Thiscanalso be seenfromthe unit circle by considering aright-triangle with ahypotenuse of 1
g 0] sin 6
= tanf = — =
A cos 0

= The Pythagoreanidentitycanbe seenbyconsidering aright-triangle onthe unit circle witha
hypotenuse of1

= Then(opposite)? +(adjacent)? =1
= Therefore sin? f+cos? 0 = 1
= Consideringthe equation of the unit circle also shows the Pythagoreanidentity
= The equationoftheunitcircleis x% + _y2 =1
= The coordinates onthe unit circle are (cos 6, sin )
= Therefore the equation of the unit circle could be writtencos? @+ sin? 6 = 1

. . T
= Athird veryusefulidentityis sin @ =cos (90° — ) orsin 6 = cos (? -0)
= Thisisnotincludedinthe formulabookletbutis usefulto remember
Howare the trigonometricidentitiesused?

= Mostcommonlytrigonometric identities are used to change anequationinto aformthatallows it
to be solved

= Theycanalso beused to prove furtheridentities such as the double angle formulae

O Exam Tip

= |f youare asked to show thatone thingisidentical (=) to another,look at what parts are
missing - forexample,if tanxhas gone it musthave been substituted
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@ Worked example
Show that the equationZSil’l2 X — c0S X =0 canbe writtenin the form
acos? x + bcos x+ ¢=0,where a, b and C are integers to be found
8 2
7sin*x - cosoc = 0

Lquation hoas both sSinac ond cosx so will wneed
c\«o\./\si/\ﬁ befoce {t con be solved.

Use the io\evx\:i’c\(j Sin*oc = | — cos?¥ac
Substitute : 2(\ — cos®oe) —cosac =0

Expmnd\ 12— 2copeenEEEE: BNO

Re_armmae: 2cos*x + Cosx - 9

a=2, b=, c=-2
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3.4.3 Solving Trigonometric Equations

Graphs of Trigonometric Functions
What arethe graphs of trigonometric functions?

= The trigonometric functions sin,cos and tanall have special periodic graphs
= You'llneed to know theirproperties and how to sketchthemforagivendomainineitherdegrees
orradians
= Sketchingthe trigonometric graphs canhelpto
= Solve trigonometric equations and find all solutions
= Understand transformations of trigonometric functions

What arethe propertiesof thegraphs of sinxand cos x?

= The graphs of sinxand cos xare both periodic
= Theyrepeat every 360°(2rradians)
= The angle will always be on the x-axis
= FEitherindegrees orradians
= The graphs of sinxand cos xare always inthe range -1< y<1

= Domain:{Xl X € [R}
] Range:{yl—l <y< 1}

= The graphs of sinxand cos xare identicalhoweverone is atranslationof the other
= sinxpasses throughthe origin
= cosxpasses through(O,T)
= The amplitude of the graphs of sinxand cos xis 1

What arethe propertiesof thegraphof tanx?

= The graphoftanxis periodic
= |trepeatsevery 180°(xradians)
= The angle will always be onthe x-axis
= FEitherindegrees orradians
= The graphoftanxisundefined at the points +90°,£270° etc
= There are asymptotes at these points onthe graph

, o , m 37
= [nradians thisis at the pomtsr;,t— etc

2

= Therange of the graphoftanxis

. Domain:{Xl X ¢g+kﬂ', k€ Z}

= Range:{yl y € [R}
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Howdo Isketchtrigonometricgraphs?

= Youmayneed to sketchatrigonometric graphso youwillneed to rememberthe keyfeatures of
eachone
= The followingsteps mayhelpyousketchatrigonometric graph
= STEP1:Checkwhetheryoushould be workingindegrees orradians
= Youshould checkthe domaingivenforthis
= |fyouseemninthe givendomainthenyoushould workinradians
= STEP 2:Labelthe x-axis inmultiples of 90°
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T
= This willbe multiples of E if youare workinginradians

= Make sure youcoverthe whole domain on the x-axis
= STEP 3:Labelthe y-axis
= Therange forthe y-axis willbe -1<y<l1forsinorcos
= Fortanyouwillnotneed anyspecific points onthe y-axis
= STEP 4:Draw the graph
= Knowingexactvalues will help with this, such as remembering that sin(0) =0 and
cos(0) =1
= Markthe important points on the axis first
= |fyouare drawingthe graph of tanx put the asymptotesinfirst
= |fyouaredrawingsinxorcos xmark in where the maximum and minimum points will be
= Tryto keepthe symmetryand rotational symmetryas you sketch, as this willhelpwhen
usingthe graph to find solutions

O ExamTip

= Sketchallthree triggraphs onyourexam paperso youcanreferto themas manytimes as you
need to!

@ Worked example

Sketchthe graphs of y=cosfand y=tanf onthe same setof axes inthe interval -n<6<2n. Clearly
mark the keyfeatures of both graphs.

Mack in the

Minimum and Py
Maximum points Draw the QS&M?‘:O\:QS
for cosO \ & for the ton Smpk

..........................

......................................

Plot the k23
values and
then join them
up u.sir\s a
SMmooth cCurve
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Using Trigonometric Graphs
Howcanluseatrigonometric graphto find extra solutions?

= Yourcalculatorwill only give you the first solutionto aproblemsuchas sin(0.5)
= Thissolutionis called the primary value
= However,due to the periodic nature of the trig functions there could be aninfinite numberof
solutions
= Furthersolutions are called the secondary values
= Thisis whyyouwillbe givenadomain (interval)inwhichyoursolutions should be found
= Thiscould eitherbeindegrees orinradians
= |fyouseernorsome multiple of tthenyoumustworkinradians
= The followingsteps willhelp youuse the trigonometric graphs to find secondary values
= STEP1:Sketchthe graphforthe givenfunctionand interval
= Checkwhetheryoushould be workingindegrees orradians and label the axes with the
keyvalues
= STEP 2:Draw ahorizontal line going through the y-axis at the point you are trying to find the
values for
= Forexampleif youare looking forthe solutions to sin”(-0.5) then draw the horizontal line
goingthroughthe y-axis at-0.5
= The numberoftimes this line cuts the graphis the numberof solutions within the given
interval
= STEP 3:Find the primaryvalue and mark it on the graph
= This willeitherbe anexactvalue and you should know it
= Oryouwillbe able to use yourcalculatorto find it
= STEP 4:Use the symmetryofthe graphto find allthe solutions in the interval byaddingor
subtracting fromthe keyvalues onthe graph

What patternscanbeseenfromthegraphsof trigonometric functions?

= The graph ofsinxhas rotational symmetryabout the origin
= So sin(-x) =-sin(x)
= sin(x) =sin(180° -x) orsin(x - x)

= The graphofcosxhasreflectional symmetryabout the y-axis
= Socos(-x)=cos(x)
= cos(x)=cos(360°-x)orcos(2n-x)

= The graphoftanxrepeats every180° (rradians)
= Sotan(x)=tan(x+180°)ortan(x+ x)

= The graphs ofsinxand cos xrepeat every360° (2rradians)
= Sosin(x)=sin(x+ 360°) orsin(x + 2n)
= cos(x)=cos(xx 360°)orcos(x + 2m)
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O Exam Tip

= Take care to always check what the intervalforthe angle is that the questionis focused on

@ Worked example

One solutionto cosx=0.5is 60°.Find allthe othersolutionsinthe range -360°<x<360°.

The. horizontal Line at
? 3 =05 shows that
thecre oce 4 Solutions

I\ /] /| > o’
“360 =2 -1g0 Ao q 180 360
—_ G <«
+60 - 60| +60 -60

=\

Draw the ﬂmph of cosa :

Solutions are : 40, 360-605 -60°, -360° + 60°

- 60° -300°, 60°, 300°
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