
3.4 Further Trigonometry



3.4.1 The Unit Circle

De�ning Sin, Cos and Tan

What  is t he unit  circle?

The unit circle is a circle with radius 1 and centre (0, 0)

Angles are always measured fro m the po sitive x-axis and turn:

anticlo ckwise fo r po sitive  angles

clo ckwise  fo r negative  angles

It can be used to  calculate trig values as a co o rdinate po int (x, y) o n the circle

Trig values can be fo und by making a right triangle with the radius as the hypo tenuse

θ is the angle measured anticlo ckwise fro m the po sitive x-axis

The x-axis will always be adjacent to  the angle, θ
SOHCAHTOA can be used to  �nd the values o f sinθ, co sθ and tanθ easily

As the radius is 1 unit

the x co o rdinate  gives the value o f co sθ
the y co o rdinate  gives the value o f sinθ

As the o rigin is o ne o f the end po ints - dividing the y co o rdinate by the x co o rdinate gives the

gradient

the gradient  o f the line gives the value o f tanθ

It allo ws us to  calculate sin, co s and tan fo r angles greater than 90° (
π

2
rad)

How is t he unit  circle used t o const ruct  t he g raphs of  sine and cosine?
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On the unit circle the y-co o rdinates give the value o f sine

Plo t the y-co o rdinate fro m the unit circle as the y-co o rdinate o n a trig graph fo r x-

co o rdinates o f θ = 0, π/2, π, 3π/2 and 2π
Jo in these po ints up using a smo o th curve

To  get a clearer idea o f the shape o f the curve the po ints fo r x-co o rdinates o f θ = π/4,

3π/4, 5π/4 and 7π/4 co uld also  be plo tted

On the unit circle the x-co o rdinates give the value o f co sine

Plo t the x-co o rdinate fro m the unit circle as the y-co o rdinate o n a trig graph fo r x-

co o rdinates o f θ = 0, π/4, π/2, 3π/4 and 2π
Jo in these po ints up using a smo o th curve

To  get a clearer idea o f the shape o f the curve the po ints fo r x-co o rdinates o f θ = π/4,

3π/4, 5π/4 and 7π/4 co uld also  be plo tted

Lo o king at the unit circle alo ngside o f the sine o r co sine graph will help to  visualise this clearer
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Worked example

The co o rdinates o f a po int o n a unit circle, to  3 signi�cant �gures, are (0.629, 0.777). Find θ° to  the

nearest degree.
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Using The Unit Circle

What  are t he propert ies of  t he unit  circle?

The unit circle can be split into  fo ur quadrants  at every 90° (
π

2
 rad)

The �rst quadrant is fo r angles between 0 and 90° 

All three o f Sinθ, Co sθ and Tanθ are po sitive in this quadrant

The seco nd quadrant is fo r angles between 90° and 180° (
π

2
 rad and π  rad)

Sinθ is po sitive in this quadrant

The third quadrant is fo r angles between 180° and 270° (π  rad and 
3π
2

)

T anθ is po sitive in this quadrant

The fo urth quadrant is fo r angles between 270° and 360° (
3π
2

 rad and 2π )

Co sθ is po sitive in this quadrant

Starting fro m the f o urth quadrant (o n the bo tto m right) and wo rking anti-clo ckwise the

po sitive trig functio ns spell o ut CAST

This is why it is o ften tho ught o f as the CAST  diagram

Yo u may have yo ur o wn way o f remembering this

A po pular o ne starting fro m the �rst quadrant is All Students Take Calculus

To  help picture this better try sketching all three trig graphs o n o ne set o f axes and lo o k at

which graphs are po sitive in each 90° sectio n

How is t he unit  circle used t o �nd secondary solut ions?

Trigo no metric functio ns have mo re than o ne input to  each o utput

Fo r example sin 30° = sin 150° = 0.5

This means that trigo no metric equatio ns have mo re than o ne so lutio n

Fo r example bo th 30° and 150° satisfy the equatio n sin x = 0.5

The unit circle can be used to  �nd all so lutio ns to  trigo no metric equatio ns in a given interval

Yo ur calculato r will o nly give yo u the �rst so lutio n to  a pro blem such as x = sin (0.5)

This so lutio n is called the primary value

Ho wever, due to  the perio dic nature o f the trig functio ns there co uld be an in�nite number o f

so lutio ns

Further so lutio ns are called the seco ndary values

This is why yo u will be given a do main in which yo ur so lutio ns sho uld be fo und

This co uld either be in degrees o r in radians

If yo u see π o r so me multiple o f π then yo u must wo rk in radians

The fo llo wing steps may help yo u use the unit circle to  �nd seco ndary values

STEP 1: Draw the angle into  the �rst quadrant using the x o r y co o rdinate to  help yo u

-1
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If yo u are wo rking with sin x = k, draw the line fro m the o rigin to  the circumference o f the circle at

the po int where the y co o rdinate  is k

If yo u are wo rking with co s x = k, draw the line fro m the o rigin to  the circumference o f the circle at

the po int where the x co o rdinate  is k

If yo u are wo rking with tan x = k, draw the line fro m the o rigin to  the circumference o f the circle

such that the gradient o f the line is k

No te that whilst this metho d wo rks fo r tan, it is co mplicated and generally unnecessary, tan x

repeats every 180° (π radians) so  the quickest metho d is just to  add o r subtract multiples o f

180° to  the primary value

This will give yo u the angle which sho uld be measured fro m the po sitive x-axis…

… anticlo ckwise fo r a po sitive angle

… clo ckwise fo r a negative angle

STEP 2: Draw the radius in the o ther quadrant which has the same...

... x-co o rdinate if so lving co s x = k

This will be the quadrant which is vertical to  the o riginal quadrant

... y-co o rdinate if so lving sin x = k

This will be the quadrant which is ho riz o ntal to  the o riginal quadrant

... gradient if so lving tan x = k

This will be the quadrant diago nally acro ss fro m the o riginal quadrant

STEP 3: Wo rk o ut the siz e o f the seco nd angle, measuring fro m the po sitive x-axis

… anticlo ckwise fo r a po sitive angle

… clo ckwise fo r a negative angle

Yo u sho uld lo o k at the given range o f values to  decide whether yo u need the negative o r

po sitive angle

STEP 4: Add o r subtract either 360° o r 2π radians to  bo th values until yo u have all so lutio ns in the

required range
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Exam T ip

Being able to  sketch o ut the unit circle and remembering CAST can help yo u to  �nd all

so lutio ns to  a pro blem in an exam questio n
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Worked example

Given that o ne so lutio n o f co sθ = 0.8 is θ = 0.6435 radians co rrect to  4 decimal places, �nd all

o ther so lutio ns in the range -2π ≤ θ ≤ 2π.  Give yo ur answers co rrect to  3 signi�cant �gures.
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3.4.2 Simple Identities

Simple Identities

What  is a t rig onom et ric ident it y?

Trigo no metric identities are statements that are true fo r all values o f x  o r θ
They are used to  help simplify trigo no metric equatio ns befo re so lving them

So metimes yo u may see identities written with the symbo l ≡
This means 'identical to '

What  t rig onom et ric ident it ies do I need t o know?

The two  trigo no metric identities yo u must kno w are

tan θ =
sin θ
cos θ

This is the identity fo r tan θ

sin2θ + cos2θ = 1
This is the Pythago rean identity

No te that the no tatio n sin 2θ  is the same as (sin θ)
2

Bo th identities can be fo und in the f o rmula bo o klet

Rearranging the seco nd identity o ften makes it easier to  wo rk with

sin2θ= 1− cos2 θ
cos2θ= 1− sin2θ

Where do t he t rig onom et ric ident it ies com e f rom ?

Yo u do  no t need to  kno w the pro o f fo r these identities but it is a go o d idea to  kno w where they

co me fro m

Fro m SOHCAHTOA we kno w that

sin θ =
opposite

hypotenuse
=

O
H

cos θ =
adjacent

hypotenuse
=

A
H

tan θ =
opposite
adjacent

=
O
A

The identity fo r tan θ  can be seen by diving sin θ by cos θ ?
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sin θ
cos θ =

O
H
A
H

=
O
A = tan θ

This can also  be seen fro m the unit circle by co nsidering a right-triangle with a hypo tenuse o f 1

tan θ =
O
A =

sin θ
cos θ

The Pythago rean identity can be seen by co nsidering a right-triangle o n the unit circle with a

hypo tenuse o f 1

Then (o ppo site) + (adjacent)  = 1

Therefo re sin2 θ+cos2 θ = 1
Co nsidering the equatio n o f the unit circle also  sho ws the Pythago rean identity

The equatio n o f the unit circle is  x2 + y2 = 1
The co o rdinates o n the unit circle are  (cos θ , sin θ )

Therefo re the equatio n o f the unit circle co uld be written cos2 θ+sin2 θ=1

A third very useful identity is sin θ=cos (90°− θ ) o r sin θ=cos (

π

2
− θ )

This is no t included in the fo rmula bo o klet but is useful to  remember

How are t he t rig onom et ric ident it ies used?

Mo st co mmo nly trigo no metric identities are used to  change an equatio n into  a fo rm that allo ws it

to  be so lved

They can also  be used to  pro ve further identities such as the do uble angle f o rmulae

Exam T ip

If yo u are asked to  sho w that o ne thing is identical (≡) to  ano ther, lo o k at what parts are

missing –  fo r example, if tan x has go ne it must have been substituted

2 2
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Worked example

Sho w that the equatio n 2sin2 x−cos x=0  can be written in the fo rm 

acos2 x+bcos x+c=0 , where a , b  and c  are integers to  be fo und.
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3.4.3 Solving Trigonometric Equations

Graphs of Trigonometric Functions

What  are t he g raphs of  t rig onom et ric f unct ions?

The trigo no metric functio ns sin, co s and tan all have special perio dic graphs

Yo u’ll need to  kno w their pro perties and ho w to  sketch them fo r a given do main in either degrees

o r radians

Sketching the trigo no metric graphs can help to

So lve trigo no metric equatio ns and �nd all so lutio ns

Understand transfo rmatio ns o f trigo no metric functio ns

What  are t he propert ies of  t he g raphs of  sin x and cos x?

The graphs o f sin x and co s x are bo th perio dic

They repeat every 360° (2π radians)

The angle will always be o n the x-axis

Either in degrees o r radians

The graphs o f sin x and co s x are always in the range -1 ≤ y ≤ 1

Do main: { }x | x ∈ ℝ
Range: { }y | −1 ≤ y ≤ 1
The graphs o f sin x and co s x are identical ho wever o ne is a translatio n o f the o ther

sin x passes thro ugh the o rigin

co s x passes thro ugh (0, 1)

The amplitude  o f the graphs o f sin x and co s x is 1

What  are t he propert ies of  t he g raph of  t an x?

The graph o f tan x is perio dic

It repeats every 180° (π radians)

The angle will always be o n the x-axis

Either in degrees o r radians

The graph o f tan x is unde�ned  at the po ints ± 90°, ± 270° etc

There are asympto tes  at these po ints o n the graph

In radians this is at the po ints ± 
π

2
, ± 

3π
2

 etc

The range o f the graph o f tan x is

Do main: 

⎧
⎪
⎪
⎨
⎪
⎪
⎩

⎫
⎮
⎮
⎬
⎮
⎮
⎭

x | x ≠ π2 +kπ, k ∈ ℤ

Range: { }y | y ∈ ℝ
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How do I sket ch t rig onom et ric g raphs?

Yo u may need to  sketch a trigo no metric graph so  yo u will need to  remember the key features o f

each o ne

The fo llo wing steps may help yo u sketch a trigo no metric graph

STEP 1: Check whether yo u sho uld be wo rking in degrees o r radians

Yo u sho uld check the do main given fo r this

If yo u see π in the given do main then yo u sho uld wo rk in radians

STEP 2: Label the x-axis in multiples o f 90°
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This will be multiples o f 
π

2
 if yo u are wo rking in radians

Make sure yo u co ver the who le do main o n the x-axis

STEP 3: Label the y-axis

The range fo r the y-axis will be – 1 ≤ y ≤ 1 fo r sin o r co s

Fo r tan yo u will no t need any speci�c po ints o n the y-axis

STEP 4: Draw the graph

Kno wing exact values will help with this, such as remembering that sin(0) = 0 and 

co s(0) = 1

Mark the impo rtant po ints o n the axis �rst

If yo u are drawing the graph o f tan x put the asympto tes in �rst

If yo u are drawing sin x o r co s x mark in where the maximum and minimum po ints will be

Try to  keep the symmetry and ro tatio nal symmetry as yo u sketch, as this will help when

using the graph to  �nd so lutio ns

Exam T ip

Sketch all three trig graphs o n yo ur exam paper so  yo u can refer to  them as many times as yo u

need to !

Worked example

Sketch the graphs o f y = co sθ and y = tanθ o n the same set o f axes in the interval -π ≤ θ ≤ 2π. Clearly

mark the key features o f bo th graphs.
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Using Trigonometric Graphs

How can I use a t rig onom et ric g raph t o �nd ext ra solut ions?

Yo ur calculato r will o nly give yo u the �rst so lutio n to  a pro blem such as sin (0.5)

This so lutio n is called the primary value

Ho wever, due to  the perio dic nature o f the trig functio ns there co uld be an in�nite number o f

so lutio ns

Further so lutio ns are called the seco ndary values

This is why yo u will be given a do main (interval) in which yo ur so lutio ns sho uld be fo und

This co uld either be in degrees o r in radians

If yo u see π o r so me multiple o f π then yo u must wo rk in radians

The fo llo wing steps will help yo u use the trigo no metric graphs  to  �nd seco ndary values

STEP 1: Sketch the graph fo r the given functio n and interval

Check whether yo u sho uld be wo rking in degrees o r radians and label the axes with the

key values

STEP 2: Draw a ho riz o ntal line go ing thro ugh the y-axis at the po int yo u are trying to  �nd the

values fo r

Fo r example if yo u are lo o king fo r the so lutio ns to  sin (-0.5) then draw the ho riz o ntal line

go ing thro ugh the y-axis at -0.5

The number o f times this line cuts the graph is the number o f so lutio ns within the given

interval

STEP 3: Find the primary value and mark it o n the graph

This will either be an exact value and yo u sho uld kno w it

Or yo u will be able to  use yo ur calculato r to  �nd it

STEP 4: Use the symmetry o f the graph to  �nd all the so lutio ns in the interval by adding o r

subtracting fro m the key values o n the graph

What  pat t erns can be seen f rom  t he g raphs of  t rig onom et ric f unct ions?

The graph o f sin x has ro tatio nal symmetry abo ut the o rigin

So  sin(-x) = - sin(x)

sin(x) = sin(180° - x) o r sin(π – x)

The graph o f co s x has re�ectio nal symmetry abo ut the y-axis

So  co s(-x) = co s(x)

co s(x) = co s(360° – x) o r co s(2π – x)

The graph o f tan x repeats every 180° (π radians)

So  tan(x) = tan(x ± 180°) o r tan(x ±  π )

The graphs o f sin x and co s x repeat every 360° (2π radians)

So  sin(x) = sin(x ±  360°) o r sin(x  ±  2π)

co s(x) = co s(x ±  360°) o r co s(x  ±  2π)

-1

-1
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Exam T ip

Take care to  always check what the interval fo r the angle is that the questio n is fo cused o n

Worked example

One so lutio n to  co s x = 0.5 is 60°. Find all the o ther so lutio ns in the range -360° ≤ x ≤ 360°.
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