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3.3.1Pythagoras & Right-Angled Trigonometry

Pythagoras
What is the Pythagorean theorem?

= Pythagoras’ theoremis a formula that works for right-angled triangles only
= |tstatesthatforanyright-angled triangle, the square of the hypotenuse is equal to the sum of the
squares of the two shorter sides
= The hypotenuseis the longest side in aright-angled triangle
= [twill always be opposite the right angle
= |f welabelthe hypotenuse c, andlabel the othertwo sides a and b, then Pythagoras’ theorem tells
us that

32+b2=02

= TheformulaforPythagoras’ theoremis assumed prior knowledge andis not in the formula booklet
= Youwillneedtorememberit

How can we use Pythagoras’ theorem?

= |fyouknow two sides of any right-angled triangle you can use Pythagoras’ theorem to find the length
of the third side
= Substitute the values you have into the formula and either solve orrearrange
= To find the length of the hypotenuse you can use:

c= +/ a2 + b2
= Tofind thelength of one of the other sides you can use:

a=+c2—b?ob=+c?—- a2

= Note that when finding the hypotenuse you should add inside the square root and when finding one of
the other sides you should subtractinside the square root

= Always check your answer carefully to make sure that the hypotenuse is the longest side

= Note that Pythagoras’ theorem questions will rarely be standalone questions and will often be ‘hidden’
in other geometry questions

What is the converse of the Pythagorean theorem?

= The converse of the Pythagorean theorem states that if a’? + b2 =2 is true then the triangle must
be aright-angled triangle
= Thisis avery useful way of determining whether a triangle is right-angled

= |fadiagraminaquestiondoesnot clearly show that somethingis right-angled, you may need to use
Pythagoras’ theoremto check
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@ Worked example

ABCDEF is a chocolate barin the shape of a triangular prism. The end of the chocolate baris an
isosceles triangle where AC =3cmand AB=BC =5cm. Mis the midpoint of AC. Thisinformationis
shownin the diagram below.
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Calculate the length BM.
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For more help, please visit www.exampaperspractice.co.uk
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Right-Angled Trigonometry

What is Trigonometry?

= Trigonometryis the mathematics of anglesin triangles
= |tlooks at the relationship between side lengths and angles of triangles

= |tcomesfromthe Greek words trigonon meaning ‘triangle’ and metron meaning ‘measure’

What are Sin, Cos and Tan?

The three trigonometric functions Sine, Cosine and Tangent come fromratios of side lengths in right-
angledtriangles

To see how the ratios work you must first label the sides of aright-angled triangle inrelation to achosen
angle

= The hypotenuse, H, is the longest side in a right-angled triangle
= |twillalways be opposite the right angle

If we label one of the other angles 6, the side opposite 8 will be labelled opposite, O, and the side
next to B will be labelled adjacent, A

= Thefunctions Sine, Cosine and Tangent are the ratios of the lengths of these sides as follows

. opposite (0]
Sinf = ————— = —
hypotenuse H
Cos 0 % adjacent A
SV hypotenuse = H
__ opposite o

Tan 6 = adjacent =~ A

= These are notin the formula book, you must remember them
= The mnemonic SOHCAHTOA is often used as a way of remembering which ratio is which
= Sinis Opposite over Hypotenuse
= CosisAdjacent over Hypotenuse
= Tanis Opposite over Adjacent
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0 it
sin c= —PPOSTTe  _ AB
hypotenuse  AC
_ adjacent _ BC
i v hypotenuse  AC
adjacent hypotenuse . opposite _ AB
side adjacent BC
cot c= 2diacent _ BC
opposite AB
hypotenuse
sec c= Vp_ = AC
—I adjacent BC
F hypotenuse AC
B opposite A ¢sce= SERbE — %
side

How can we use SOHCAHTOA to find missing lengths?

= |f youknow the length of one of the sides of any right-angled triangle and one of the angles you can
use SOHCAHTOA to find the length of the other sides
= Always start by labelling the sides of the triangle withH, O and A

Choose the correctratio by looking only at the values that you have and that you want
u

Forexample if you know the angle and the side opposite it (O) and you want to find the
hypotenuse (H) you should use the sine ratio

Substitute the valuesinto the ratio

Use your calculator to find the solution

How can we use SOHCAHTOA to find missing angles?

If you know two sides of any right-angled triangle you can use SOHCAHTOA to find the size of one of
the angles

Missing angles are found using the inverse functions:

A 0)
= in— 1 — = -1 — = -1 —
0 = Sin TR 0 = Cos a , 0 = Tan A

= Afterchoosing the correctratio and substituting the values use the inverse trigonometric functions on
your calculator to find the correct answer


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

@ Worked example

Find the values of X and Yy in the following diagram. Give your answers to 3 significant figures.

8.4 cm

60°

123 ¢

NOT TO SCALE
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For more help, please visit www.exampaperspractice.co.uk
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3D Problems

How does Pythagoras workin 3D?

= 3D shapescanoftenbe broken downinto several 2D shapes

= With Pythagoras’ Theorem you will be specifically looking forright-angled triangles
= Theright-angled triangles you need will have two known sides and one unknown side
= ook forperpendicularlines to help you spotright-angled triangles

= Thereisa 3D version of the Pythagorean theorem formula:

= Howeveritis usually easier to see a problem by breaking it down into two or more 2D problems
How does SOHCAHTOA workin 3D?

= Againlook foracombination of right-angled triangles that would lead to the missing angle or side
= The angle you are working with can be awkwardin 3D
= Theangle betweenaline and a plane is not always obvious
= |funsure put apointontheline and draw a new line to the plane
= This should create aright-angled triangle
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@ Worked example

Apencilis being putinto a cuboid shaped box. The base of the box has a width of 4 cm and a length of
6 cm. The height of the boxis 3 cm. Find:

a) the length of the longest pencil that could fitinside the box,

Draw o diagra.m; -
lhe Lonses& pencil

I could £ik on avb
8 e of Ihre diagonaLs.

(—3_5. AfF.

------------------------------ Q
3cm 1 8

To find AF we muet firss Qad BF:

E bem = BF"‘= L2 4 b2
BRF* = 16 +36
éCm E)F.z = 52 < Con lecve
os BF* for
B -
B e A= +BF*
=9 + 52
BCMV AF-:.: 61
A AF =J%T = #%I102..

F.3lcen (3s€)

b) the angle that the pencil would make with the top of the box.
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For more help, please visit www.exampaperspractice.co.uk
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3.3.2 Non Right-Angled Trigonometry

Sine Rule
Whatis the sine rule?

= Thesinerule allows us to find missing side lengths or angles in non-right-angled triangles
= |tstatesthatforanytriangle withangles A, Band C
a b c

sin A sin B sin C

= Where
= aisthe side opposite angle A
= bisthe side opposite angle B
= cisthe side opposite angle C
= Thisformulaisin the formula booklet, you do not need to remember it
= Sin90° =Tsoif one of the anglesis 90° this becomes SOH from SOHCAHTOA

How can we use the sine rule to find missing side lengths or angles?

= Thesinerule canbe used whenyou have any opposite pairs of sides and angles
= Always start by labelling your triangle with the angles and sides
= Rememberthe sides with the lower-case letters are opposite the angles with the equivalent
upper-case letters
= Usethe formulainthe formula booklet to find the length of a side
= Tofind a missing angle you canrearrange the formula and use the form

sin A sin B sin C

a b c
= Thisis notinthe formula booklet but can easily be found by rearranging the one given
= Substitute the values you have into the formula and solve
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@ Worked example

The following diagram shows triangle ABC. AB = 8.1 cm AC = 12.3 cm, B6A=27°.

12.3 cm C

NOT TO SCALE
A

Use the sinerule to calculate the value of:

i) X,
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For more help, please visit www.exampaperspractice.co.uk


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

=
A

XAM APER®

Sketch the diogram and Label the

Sides: a -
12.3em

b lower case b goes
opposce W\sle_ 2

Find A@C'- 180 - (2% + 43.582...)
ABC = 109 4%

USRAS the sine vule:
L,.—-we. ore Loo\:.‘wa
6 =_% o for o side So
SWwWA SinB SinC s vecrsion (s
eosier.
Y ].1

Sin(109.4(%.) SR

R.1Sin(109. 47.)
Snl3

W =

Yy = 16.8em (3sf.)

For more help, please visit www.exampaperspractice.co.uk


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

Ambiguous Sine Rule

What is the ambiguous case of the sine rule?

If the sine rule is used in a triangle given two sides and an angle which is not the angle between them
there may be more than one possible triangle which could be drawn
The side opposite the given angle could be in two possible positions
This will create two possible values for each of the missing angles and two possible lengths for the
missing side
The two angles found opposite the given side (not the ambiguous side) willadd up to 180°

= |nIBthe question will usually tell you whether the angle you are looking foris acute or obtuse

= The sinerule will always give you the acute option but you can subtract from180° to find the

obtuse angle
= Sometimes the obtuse angle will not be valid
= |tcould cause the sum of the three interior angles of the triangle to exceed 180°
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@ Worked example

Given triangleABC,AB = 8cm, BC = 5 cm, BAC=35°. Findthe two possible options
for ACB, giving both answers to 1decimal place.

Theve are two waus triangle ABC coan ‘e drawn:

~ ~
AR ond BAC ABC s unknown
ore known So S0 we should use
this side R O Pair of Compasses
(S naot \ € to find the position
amb\suws. ch of Bc
S5cm

S—{:.aurt,fw vbth \ /

Tweo possible
the ‘cose osibtions
(unknown side) oc C

Find AE_@,: Sin35 - SinC
i

8
C = gin %s;nss)
S
= 6bSA...

ACR = £6.6" or 1134° (14p)

For more help, please visit www.exampaperspractice.co.uk
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Cosine Rule
Whatis the cosine rule?

= The cosinerule allows us to find missing side lengths or angles in non-right-angled triangles
= |tstatesthatforany triangle

2 =22 +p2 - 2abcosC ; cos C =
2ab

= Where
= cisthe side opposite angle C
= aandb arethe othertwo sides
= Both of these formulae are in the formula booklet, you do not need toremember them
= Thefirst versionis used to find a missing side
= The secondversionis arearrangement of this and can be used to find a missing angle
= Cos90°=0s0if C=90° thisbecomesPythagoras’ Theorem

How can we use the cosine rule to find missing side lengths or angles?

= The cosinerule canbe used whenyou have two sides and the angle between them or all three sides
= Always start by labelling your triangle with the angles and sides

= Rememberthe sides with the lower-case letters are opposite the angles with the equivalent

upper-case letters
» Astheformulauses C forthe known angle, orthe angle being found, you can choose to relabel the
diagram to match this

= Rememberto alsorelabel the sides, so that side C is opposite angle C andsoon

» Usetheformula c? = a2 + b2 — 2abcosC'to find anunknown side
2+ b2 - 2

= Usetheformulacos C = to find anunknown angle

2ab

= Cistheangle betweensidesaandb
= Substitute the values you have into the formula and solve
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@ Worked example
The following diagram shows triangle ABC. AB = 4.2 km,BC = 3.8 km,AC = 7.1 km.

NOT TO SCALE

Calculate the value of ABC.
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For more help, please visit www.exampaperspractice.co.uk
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Area of a Triangle
How do I find the area of a non-right triangle?

= The area of any triangle can be found using the formula

1
A = B absinC

= Where Cisthe angle betweensidesaandb

= Thisformulaisin the formula booklet, you do not need to rememberit
= Becarefultolabelyourtriangle correctly so that Cis always the angle between the two sides
= Sin90°=Ts0if C=90°thisbecomes Area =2 x base x height
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@ Worked example
ThefollowingdiagramshowstriangleABC.AB = 32cm AC = 1.1 m,BZC = 74°.

&

1.1lm

fre° ;

A 32 cm
NOT TO SCALE

Calculate the area of triangle .
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For more help, please visit www.exampaperspractice.co.uk
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3.3.3 Applications of Trigonometry & Pythagoras

Bearings
What are bearings?

= Bearings are a way of describing and using directions as angles
= They are specifically defined for use in navigation because they give a precise location and/or
direction

How are bearings defined?

= There are three rules which must be followed every time a bearing is defined
= They are measured from the North direction
= Anarrow showing the Northline should be included on the diagram
= They are measured clockwise
= Theangleisalways writtenin 3 figures
= [ftheangleislessthan100° the first digit willbe azero

What are bearings used for?

= Bearings questions will normally involve the use of Pythagoras or trigonometry to find missing
distances (lengths) and directions (angles) within navigation questions
= Youshould always draw a diagram
= There may be a scale given oryou may need to consider using a scale
= Howevernormally in IB you will be using triangle calculations to find the distances
= Some questions may also involve the use of angle facts to find the missing directions
= Toanswer a question involving drawing bearings the following steps may help:
= STEP1: Draw a diagram adding in any points and distances you have been given

= STEP 2: Draw a North line (arrow pointing vertically up) at the point you wish to measure the bearing

from
= |[fyouare giventhe bearing from A to B draw the Northline at A

= STEP 3: Measure the angle of the bearing given from the North line in the clockwise direction

= STEP 4:Draw aline and add the point B at the given distance
= You willlikely then need to use trigonometry to calculate the shortest distance or another given
distance
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@ Worked example

The point Bis 7 km from A on abearing of 105°. The distance from B to Cis 5 km and the bearing from B
to Cis 230°. Find the distance fromAto C.

Alwoys stort with o & agronm:
N

North
Line

C We hove Lo sides and the
onale. between them so we
Con use Eve cosine vule

fov the twicd side
c? =o'+ b*- 2obcosC
AC*= %+ 5% = 2(3)(8) cos (55°)
33.84A...

AC = 582 km (3s.£)

For more help, please visit www.exampaperspractice.co.uk
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Elevation & Depression

What are the angles of elevation and depression?

If apersonlooks at an object thatis not on the same horizontal line as their eye-level they will be
looking at either an angle of elevation or depression
= |f apersonlooksup atanobject theirline of sight will be at an angle of elevation with the horizontal
= |f apersonlooks down at an object theirline of sight will be at an angle of depression with the
horizontal
Angles of elevation and depression are measured from the horizontal
Right-angled trigonometry can be used to find an angle of elevation or depression or a missing
distance
Tanis oftenusedinreal-life scenarios with angles of elevation and depression
= Forexample if we know the distance we are standing from a tree and the angle of elevation of the
top of the tree we can use Tan to find its height
= Orif we arelooking at aboat at to sea and we know our height above sealevel and the angle of
depression we can find how far away the boat is
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@ Worked example

Acliff is perpendicular to the sea and the top of the cliff stands 24 m above the level of the sea. The

angle of depression from the cliff to aboat at seais 35°. At a point Xm up the cliff is a flag marker and
the angle of elevation from the boat to the flag markeris 18°.

a) Draw and label a diagram to show the top of the cliff, T, the foot of the cliff, F, the flag marker, M,
andthe boat, B, labelling all the angles and distances given above.

Angle of depression
(down fom \fw{'\‘mnhn[.)

24m

Angle of elevation
( up Com \"Laf'\'!.onha\..)

b) Find the distance from the boat to the foot of the cliff.
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BF = 34.3m (3sf)

c) Find the value of X.

For more help, please visit www.exampaperspractice.co.uk
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Constructing Diagrams
What diagrams will | need to construct?

= |nIByouwillbe expectedto construct diagrams based oninformation given
= Theinformationwillinclude compass directions, bearings, angles
= ook outforthe plane the diagram should be drawnin
= |twilleither be horizontal (something occurring at sea or on the ground)
= Oritwillbe vertical (Including height)
= Work through the statements givenin the instructions systematically

What do | need to know?

= Yourdiagrams will be sketches, they do not need to be accurate orto scale
= Howeverthe more accurate your diagramis the easieritis to work with
= Readthefull set of instructions once before beginning to draw the diagram so you have arough idea of
where each objectis
= Make sure you know your compass directions
= Due east means on abearing of 090°
= Draw theline directly to theright
= Due south means on abearing of 180°
= Draw the line vertically downwards
= Due west means on a bearing of 270°
= Draw theline directly to the left
= Due north means on a bearing of 360° (or 000°)
= Draw theline vertically upwards
= Using the above bearings for compass directions will help you to estimate angles for otherbearings on
your diagram
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@ Worked example

Acity at Bis due east of a city at Aand Ais due north of a city at E. Acity at Cis due south of B.
The bearing fromAto Dis155° and the bearing fromD to Cis 30°.

The distance AB = 50 km, the distances BC = CD = 30 km and the distances DE = AE = 40 km.

Draw and label a diagram to show the cities A, B, C, D and E and clearly mark the bearings and
distances given.

N K—D«m this Lo help if You need..

w%s
N  Drow tn a north

Lune for ol

155" s0km £ of
Stﬁfﬁﬁi ‘EB C is due
[ H A
e 5 § SOKM L ith of B
40km ; : o
Ais due nocth | ,-9?"0
of E .
S 30km
E S the beart from
DOt cC
N
[-]
155 g0km
AR '8
i t 30km
40K | Daio°
%.
307 30km
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