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Exam Papers Practice

3.3.1Pythagoras & Right-Angled Trigonometry

Pythagoras
Whatisthe Pythagoreantheorem?

= Pythagoras’theoremis aformulathat works forright-angled triangles only
= |tstatesthatforanyright-angled triangle,the square of the hypotenuseis equalto the sumof
the squares of the two shortersides
= The hypotenuseisthe longest side inaright-angled triangle
= [twillalways be opposite therightangle
= |f welabelthe hypotenuse ¢ ,and labelthe othertwo sides aand b,thenPythagoras’theorem
tells us that

a2+b2=02

= The formulaforPythagoras’theoremis assumed priorknowledge and is not inthe formula
booklet
= Youwillneed to rememberit

HowcanweusePythagoras’theorem?

= |fyouknow two sides of anyright-angled triangle you canuse Pythagoras’theoremto find the
length of the third side
= Substitute the values you have into the formula and eithersolve orrearrange
= To find thelengthofthe hypotenuse youcanuse:

c= 4/ a2+ b?
= To find thelengthofone of the othersides youcanuse:

a=+c2—-b%2orb=+c% - a

= Note thatwhenfinding the hypotenuse youshould add inside the square root and when finding
one of the othersides youshould subtractinside the squareroot

= Always checkyouranswercarefullyto make sure that the hypotenuseis thelongestside

= Note that Pythagoras’theorem questions willrarelybe standalone questions and willoftenbe
‘hidden’inothergeometryquestions

Whatisthe converse of the Pythagoreantheorem?

= The converse of the Pythagoreantheoremstates thatif a2+ b2 =

must be aright-angled triangle
= Thisis averyusefulwayof determiningwhetheratriangleis right-angled

is true then the triangle

= |fadiagraminaquestiondoes notclearlyshowthat somethingis right-angled,youmayneed to
use Pythagoras’theoremto check

O Exam Tip

= Pythagoras'theorempopsupinlots of examquestions so bearitinmind wheneveryousee a
right-angled triangle inan exam question!
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@ Worked example

ABCDEFis achocolate barinthe shape of atriangularprism. The end of the chocolate baris an

isosceles triangle where AC=3cmand AB=BC =5cm. Mis the midpointof AC.This information
is showninthe diagram below.

Calculate the length BM.

Skekan the -Er'\o\nSLe_ ABM:

<)
3
(N
.
~
LS
S
A
SC.M >
N
N
A
(N
(N
(N
(N
.
A [P St _ Ac
.S em M

e—3cn —8—

B& Yre ?&%60(&.0&1\ Theoremn:

BM* = | AR® - AM

r

shoctes h\o?o tenuwse
Side

Shockter side
= | 8% - 1.8%

= ,i22.7-5

BM = 437 cm (3s¥)
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Right-Angled Trigonometry
Whatis Trigonometry?

= Trigonometryis the mathematics of anglesintriangles
= |tlooks attherelationship betweenside lengths and angles of triangles
= |tcomes fromthe Greekwords trigononmeaning ‘triangle’ and metronmeaning ‘measure’

What are Sin, CosandTan?

The three trigonometric functions Sine, Cosine and Tangent come fromratios of side lengths in
right-angled triangles

= Toseehowtheratios workyoumustfirstlabel the sides of aright-angled triangle inrelationto a
chosenangle
= Thehypotenuse, H,is the longest side inaright-angled triangle
= |twillalways be opposite theright angle

= |fwelabelone of the otherangles 6, the side opposite O willbe labelled opposite, O,and the
side next to O will be labelled adjacent, A

= The functions Sine, Cosine and Tangent are the ratios of the lengths of these sides as follows

opposite O

Sin 0 3 hypotenuse =~ H
codlV- adjacent A
Cy— hypotenuse =~ H
_ opposite O
1K) adjacent = A

= Thesearenotinthe formulabook,youmustrememberthem
= The mnemonic SOHCAHTOA is oftenused as awayofremembering whichratio is which
= Sinis Opposite overHypotenuse
= Cosis AdjacentoverHypotenuse
= Tanis Opposite overAdjacent
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Howcanwe use SOHCAHTOAto find missinglengths?

= |fyouknow the lengthofone of the sides of anyright-angled triangle and one of the angles you
canuse SOHCAHTOAto find the length of the othersides
= Always start bylabelling the sides of the triangle withH, O and A
= Choosethecorrectratio bylookingonlyatthe values that you have and that youwant
= Forexample if youknow the angle and the side opposite it (O) and youwant to find the
hypotenuse (H) youshould use the sine ratio
= Substitute the values into the ratio
= Useyourcalculatorto find the solution

Howcanweuse SOHCAHTOAto find missing angles?

= |fyouknow two sides of anyright-angled triangle youcanuse SOHCAHTOA to find the size of
one of the angles
= Missingangles are found using the inverse functions:

= Din H = oS H = lan A

= Afterchoosingthe correctratio and substituting the values use the inverse trigonometric
functions onyourcalculatorto find the correctanswer
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Q Exam Tip

= Youneedtorememberthe sidesinvolved inthe different trigratios as theyare not givento
youinthe exam

@ Worked example

Find the values of X and Y inthe following diagram. Give youranswers to 3 significant figures.

8.4 cm

|

60°
12.3 §

NOT TO SCALE
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Stort bn Lm\oe\u«g the sides of the -l:riw.sle_:

SOHCAHTOA
H o A We know H ond we
123¢m . em wonk to fiad A so
we need to use
[ Cos6= A
-
Cos 60° = X
12.3
o = 12.3Cos b0O°
x = b.15cm
A
B.bem
OHCAHTOA
oc = 6.15cm S \_'-V—/o
e} TQHU =Q.
Town ‘= 6.15
J 75

y=136.2" (3s.5)
3D Problems

Howdoes Pythagoras workin3D?

= 3Dshapescanoftenbe brokendowninto several 2D shapes

= WithPythagoras’ Theoremyouwill be specificallylooking forright-angled triangles
= Theright-angled triangles youneed will have two known sides and one unknown side
= ook forperpendicularlines to helpyouspotright-angled triangles

= Thereisa3Dversionofthe Pythagoreantheoremformula:

= Howeveritis usuallyeasierto see aproblembybreakingitdowninto two ormore 2D
problems

Howdoes SOHCAHTOAworkin3D?

= Againlookforacombinationofright-angled triangles that would lead to the missingangle or
side
= The angle youare workingwith canbe awkward in 3D
= The angle betweenaline and aplaneis notalways obvious
= [funsure putapointontheline and draw anew line to the plane
= Thisshould create aright-angled triangle
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O ExamTip

= Annotate diagrams that are givento you withvalues that youhave calculated

= |tcanbeusefulto make additional sketches of parts of anydiagrams that are givento you,
especiallyif there are multiple lengths/angles that you are asked to find

= |fyouarenotgivenadiagram,sketchanice, big,clearone!
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@ Worked example

Apencilis beingputinto acuboid shaped boxwhich has dimensions 3cmby4 cmbyé cm.Find:

a) the lengthof the longest pencil that could fitinside the box,

Drow o o\'\agram: o
lhe Lonsesb pencil

e e S oy
8

of Jhre diaao nals,
= / 6.3. AF.

Bem| T i

F3)

To find AF we muet ficsc Lad BF:

£ _4em g BE = 42 + b7
Rf* = 16 +36
éC,(Y\ 6F1= YA r_ Con lesve
os BF* for
B ow.
B e AFT=3T 4 BF°
=9 + 52
bl AE* =6

AF =J61 = %102...

F.3lcon (2s€)

b) the angle that the pencilwould make with the top of the box.
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Find Af% 1

Ady
B JSZom £ Al thwee sides
OQP Gre known go Con
3cm T e Use  ony of

the ’or(S) rokios.

AT

SO cu T %a
A

Choose kono = %
ton = 2
J5Z
32
oK = jcour\ ﬁ
=22 .5%%

N

AFB = 226" (3 s.{-’.)l
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3.3.2NonRight-Angled Trigonometry

Sine Rule
Whatisthesinerule?

= Thesinerule allows us to find missing side lengths orangles in non-right-angled triangles
= |tstatesthatforanytriangle withangles A, Band C

a b C

sin A sin B sin C

= Where
= aistheside oppositeangle A
= pistheside opposite angle B
= cistheside oppositeangle C
= Thisformulaisinthe formulabooklet,youdo notneed to rememberit
= Sin90°=1soif one ofthe anglesis 90° thisbecomes SOHfrom SOHCAHTOA

Howcanweuse thesineruleto find missing sidelengthsorangles?

= Thesinerule canbe used whenyouhave anyopposite pairs of sides and angles
= Always start by labelling your triangle with the angles and sides
= Rememberthe sides withthe lower-case letters are opposite the angles with the equivalent
upper-case letters
= Usethe formulainthe formulabookletto find thelengthof aside
= To find amissingangle youcanrearrange the formulaand use the form

sin A sin B sin C

a b c
= Thisisnotinthe formulabooklet but caneasilybe found byrearranging the one given
= Substitute the values youhave into the formulaand solve
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O Exam Tip

= |fyou're usingacalculatormake sure thatitisinthe correct mode (degrees/radians)
= Rememberto give youranswers as exactvalues if youare asked too

@ Worked example

The following diagram shows triangle ABC. AB = 8.1 cm,AC = 12.3 Cm,B6A=27°.

12.3 cm C

B

8.1 cm

NOT TO SCALE
A

Use the sine rule to calculate the value of:

i) X,
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Sketch the diasmm ol Label the
Sides:

o~
B '2.3cm

Y« lower case b goes
opposice cmsle ®

US'mS the sine vule:

. . We. ore (bokh
sinA - SiaB _SinQ¥ gn S e

o o c So this vecSion (s
easier.
Sinx. = S 2%
2.2 I
Since = 12.35in 2%
<]
=~ = s;ﬂ-'(\z 3Sin 9_—+)
3I.)

oC =43 .-6° (3s.f)
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Sketch the diagram and Label the

o~
6 12.3cm

sides:

Y ¢ lower case b
opposkce amsle B®

Find AéC © 180 - (27 + 43.982...)
ABc = 109 4%,

us\r\3 the s\ne vule:

a - o 2 for o side S0
S\ A SinB S\AC this vecsion (s
eas:er.

Y - _%
Sin(109. 41%.)  Sn2F
8.1Sin(109. &%)
Snl3

Y =

Y = 1b.8cm Rsf)

Ambiguous Sine Rule
Whatistheambiguous caseof thesinerule?

= |fthesineruleisusedinatriangle giventwo sides and anangle whichis not the angle between
themthere may be more than one possible triangle which could be drawn
= Theside opposite the givenangle could be intwo possible positions
= This willcreate two possible values foreach of the missingangles and two possible lengths for
the missingside
= Thetwo angles found opposite the givenside (not the ambiguous side) willadd up to 180°
= |nIBthe questionwillusuallytellyouwhetherthe angle you are lookingforis acute orobtuse
= The sinerule will always give you the acute optionbutyoucansubtract from180° to find the
obtuse angle
= Sometimes the obtuse angle willnot be valid
= |tcould cause the sumofthe threeinteriorangles of the triangle to exceed 180°
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Q Exam Tip

= Make sure thatyouare clearwhich of the two answers is the one thatis required and make
sure that youcommunicate this clearlyto the examinerbywritingit onthe answerline!
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@ Worked example

Giventriangle ABC AB = 8 cm,BC = 5 cm, BAC =35°. Find the two possible options
for ACB, givingboth answers to 1decimal place.

Theve are two ways triangle ABC can ‘e drawn:

AN ~
AB af\d BP\C ABC \s unkn own
ore known So So we should use
this side R & pair of compasses
S not \ € to find the position
a.mbxsu.ous. 8cm of BC
Scm

\ =
Startfwcth '\ /
T ossible
the ‘cose Uggig\'ons
(unknown side) Eo( C
Fird ACR : Sin25° _ sinc
S 8
C = g ‘6Sin35>
S
= bb.5SA...

ACR = 66.6" or 1134° (idp)
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Cosine Rule
Whatisthecosinerule?

= The cosinerule allows us to find missing side lengths orangles innon-right-angled triangles
= |tstatesthatforanytriangle

2 =22+ p2- 2abcosC ; cos C =
2ab

= Where
= cisthesideoppositeangle C
= gand bare the othertwo sides
= Bothoftheseformulae areinthe formulabooklet,youdo notneed to rememberthem
= The firstversionis used to find amissingside
= Thesecond versionis arearrangement of this and canbe used to find amissingangle
= Cos90°=0s0if C=90°this becomes Pythagoras’Theorem

Howcanweusethe cosinerule to find missing sidelengthsorangles?

= Thecosinerule canbe used whenyouhave two sides and the angle betweenthemorallthree
sides
= Always start by labellingyour triangle with the angles and sides
= Rememberthe sides withthe lower-case letters are opposite the angles with the equivalent
upper-case letters
» Astheformulauses Cforthe known angle, orthe angle beingfound,youcanchoose torelabel
the diagram to match this
= Rememberto also relabel the sides,so that side Cis opposite angle C,andsoon
= Usetheformulac? = a2 + b2 — 2abcosCto find anunknownside
2+ p2 -2
= Usetheformulacos C = to find anunknownangle

2ab

= (Cistheanglebetweensides aand b
= Substitute the values youhave into the formulaand solve

O ExamTip

= |fyou'reusingacalculatormake sure thatitisinthe correctmode (degrees/radians)
= Rememberto give youranswers as exactvaluesif youare asked too
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@ Worked example

The following diagram shows triangleABC.AB = 4.2km,BC = 3.8 km,
AC = 7.1 km.,

NOT TO SCALE
A
Calculate the value ofAﬁC.

Sketch the diasmm ond relabel the sides:

C ¢ lower cose. ¢ goes
O} Opposite  angle”C

U.sin:j the cosine vule:
. &— We ore Lao'c.'wﬁ

at+b*-c for o omgle™
20b So this vecXion s
easier,

cosC =

cos O = 42°+ 38% - %I
2(4.2)(2.8)

6 = c_osql(‘r.ﬁz-l- 3.%?'— T
2(4.2)(3.8)

= 125.04 694...

0=125" (3s£)
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Areaof aTriangle
Howdo Ifindtheareaof anon-right triangle?

= The areaof any triangle canbe found using the formula

1
A = 5 absinC

= Where Cis the angle betweensides aand b

= Thisformulaisinthe formulabooklet,youdo notneed to rememberit
= Be carefulto labelyourtriangle correctlyso that Cis always the angle betweenthe two sides
= Sin90°=1s0if C=90°thisbecomes Area="2xbase x height
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Q Exam Tip

= |fyou'reusingacalculatormake sure thatitisinthe correctmode (degrees/radians)
= Rememberto give youranswers as exactvaluesif youare asked too

@ Worked example

ThefollowingdiagramshowstriangIeABC.AB = 32cm AC = 1.1 m,BZC = 74°.
C

1.1m

fre” ;

A 32 cm
NOT TO SCALE

Calculate the area of triangle .
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Lobel twe sides of the &r?o\nﬁ\eﬁ

A 32ecm =0.32m

R_choange all units
to be twhe Some

Are.o\ of o 'l:.ﬁomﬁ\e.'- A = T;_',C\bs'mC
A = 7 (1) (032) sinF4

—
A=0.169 m*
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3.3.3 Applications of Trigonometry & Pythagoras

Bearings
What arebearings?

= Bearings are awayof describingand usingdirections as angles
= Theyare specificallydefined foruse innavigationbecause theygive aprecise locationand/or
direction

Howarebearings defined?

= There are three rules whichmust be followed every time abearingis defined
= Theyare measured fromthe Northdirection
= Anarrow showingthe Northline should be included onthe diagram
= Theyare measured clockwise
= The angleis always writtenin 3 figures
= [fthe angleisless than100° the first digit willbe azero

What arebearingsusedfor?

= Bearings questions willnormallyinvolve the use of Pythagoras ortrigonometryto find missing
distances (lengths) and directions (angles) within navigation questions
= Youshould always draw adiagram
= There maybe ascale givenoryoumayneed to considerusingascale
= HowevernormallyinIByouwillbe using triangle calculations to find the distances
= Some questions mayalso involve the use of angle facts to find the missingdirections
= To answeraquestioninvolvingdrawing bearings the following steps mayhelp:
= STEP1:Draw adiagramaddinginanypoints and distances you have been given
= STEP2:DrawaNorthline (arrow pointing verticallyup) at the point youwish to measure the
bearingfrom
= |fyouare giventhe bearingfromA to B draw the Northline atA
= STEP 3:Measure the angle of the bearing given fromthe Northline in the clockwise direction
= STEP 4:Draw aline and add the point B at the givendistance
= Youwilllikelythenneed to use trigonometryto calculate the shortest distance oranothergiven
distance

O Exam Tip

= Always draw abig, cleardiagram and annotate it, be especially careful to label the angles in
the correctplaces!
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@ Worked example

The pointBis7kmfromAonabearingof105°.The distance fromB to Cis 5 kmand the bearing
fromBto Cis 230°. Find the distance fromAto C.

Ah»oﬂs stort with o de rgroe
N

North
Liwne

é We hove kuwio sides and the
ovule beluueen themuise we
con ase. Ewve cosime Yule
fov the Bucd side

c%= o+ b*—- 20bcosC
ACY= 7%+ 5 = 2(2)(s) cos (S5
= 33.849...

AC = 582 km (3sf)
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Elevation & Depression

What arethe angles of elevationand depression?

If apersonlooks atanobject thatis not onthe same horizontalline as theireye-level theywill be
looking at eitheranangle of elevationordepression
= |fapersonlooksup atanobjecttheirline of sight willbe atanangle of elevationwith the
horizontal
= |fapersonlooks downatanobjecttheirline of sight willbe atanangle of depressionwith
the horizontal
Angles of elevationand depressionare measured fromthe horizontal
Right-angled trigonometry canbe used to find anangle of elevationordepressionoramissing
distance
Tanis oftenused inreal-life scenarios withangles of elevationand depression
= Forexample if we know the distance we are standingfromatree and the angle of elevation of
the top of the tree we canuse Tan to find its height
= Orifwearelookingataboatatto seaand we know ourheightabove sealeveland the angle
of depressionwe canfind how farawaythe boat is

O Exam Tip

= |tmaybe useful to draw more than one diagramif the triangles that you are interested in

overlap one another
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@ Worked example

Acliff is perpendicularto the seaand the top of the cliff stands 24 m above the level of the sea.

The angle of depressionfromthe cliff to aboatatseais 35°. Atapoint Xmup the cliffis aflag
markerand the angle of elevation from the boat to the flagmarkeris 18°.

a) Draw and labeladiagramto show the top of the cliff, T, the foot of the cliff, F, the flag
marker, M, and the boat, B, labelling all the angles and distances givenabove.

Angle of depression
(down From Vioérzonkall)

Angle of elevation
(up” fom \ioérzonkal)

b) Find the distance fromthe boatto the foot of the cliff.
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T
Consider {:.rio\na\e. TOF H o
24wm
SOHCAHTOR ‘ 35" e
we M\'s}’zzo??oskﬁ.g A
ond odjocent So
use Town 24
Tan 35° = BF
24
BF = —=F
Ton 35
y

BF'= 34.3m (3sf)

c) Find the value of X.
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C 1A En \e F o)
onsider ro\nse. M H .
SOHCAHTOA ) =
. 8 _Z%
we have opyosice Tom 35°
ond osds‘)oce\r\&. Se
wuse Town
Tow 18° <
Ton 35°
% =Tan I8° "< 35)
= 11.136..

1x—”|m(38‘€) )

k‘u“-u -
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Constructing Diagrams
What diagrams willlneed to construct?

= InIByouwillbe expected to construct diagrams based oninformation given
= Theinformationwillinclude compass directions, bearings, angles
= lookoutforthe plane the diagram should be drawnin
= |twilleitherbe horizontal (somethingoccurringatseaoronthe ground)
= Oritwillbe vertical (Including height)
= Workthroughthe statements givenintheinstructions systematically

Whatdolneedto know?

= Yourdiagrams will be sketches,theydo notneed to be accurate orto scale
= Howeverthe more accurate yourdiagramis the easieritis to work with
= Readthe fullsetofinstructions once before beginningto draw the diagram so you have arough
ideaofwhere eachobjectis
= Make sure youknow yourcompass directions
= Dueeast meansonabearingof 090°
= Draw theline directlyto the right
= Duesouthmeansonabearingof180°
= Draw theline verticallydownwards
= Duewest meansonabearingof270°
= Draw theline directlyto the left
= Duenorthmeansonabearingof 360°(or000°)
= Draw theline verticallyupwards
= Usingthe above bearings forcompass directions willhelpyouto estimate angles forother
bearings onyourdiagram

O ExamTip

= Drawyourdiagrams inpencilso thatyoucaneasilyerase anyerrors
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@ Worked example

AcityatBisdueeastofacityatAand Ais due northofacityatE.Acityat Cis due southofB.
The bearingfromAto Dis 155° and the bearingfromDto Cis 30°.

The distance AB =50 km, the distances BC =CD =30 kmand the distances DE=AE=40 km.

Draw and labeladiagramto show the cities A,B,C,D and Eand clearly mark the bearings and
distances given.

N o Drow this to help i€ You need..

W%E
N  Ovow ta a north

S tine for ol
o benrin&s

|SE° sodl / %F\sAdue_ east
AX Jmmmmmmme e X xR
stork '} : s d
ak A ; 30km (s:o\ﬁ:h.‘:e(—: )
40km | :
Ais due nocth | ",D?.\o°
of E ‘ 0.
.\ [P%30km
e the bearin '?rom
DOt cC
N (
155 50km
ARY e *
i :: 30km
40km | Do
; ‘e
0,'
30/30km

m
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