
3.3 Trigonometry
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3.3.1 Pythagoras & Right-Angled Trigonometry

Pythagoras

What  is t he Pyt hag orean t heorem ?

Pythago ras’ theo rem is a fo rmula that wo rks fo r right-angled triangles  o nly

It states that fo r any right-angled triangle, the square o f  the hypo tenuse is equal to  the sum o f

the squares o f  the two  sho rter sides

The hypo tenuse is the lo ngest side  in a right-angled triangle

It will always be o ppo site  the right angle

If we label the hypo tenuse c, and label the o ther two  sides a and b, then Pythago ras’ theo rem

tells us that

a2 + b2 = c2
The fo rmula fo r Pythago ras’ theo rem is assumed prio r kno wledge and is no t in the f o rmula

bo o klet

Yo u will need to  remember it

How can we use Pyt hag oras’ t heorem ?

If yo u kno w two  sides o f any right-angled triangle yo u can use Pythago ras’ theo rem to  find the

length o f the third side

Substitute the values yo u have into  the fo rmula and either so lve o r rearrange

To  find the length o f the hypo tenuse  yo u can use:

c= a2+b2
To  find the length o f o ne o f  the o ther sides  yo u can use:

a = c2 − b2    o r  b = c2 − a2

No te that when finding the hypo tenuse  yo u sho uld add  inside the square ro o t and when finding

o ne o f  the o ther sides  yo u sho uld subtract  inside the square ro o t

Always check yo ur answer carefully to  make sure that the hypo tenuse is the lo ngest side

No te that Pythago ras’ theo rem questio ns will rarely be standalo ne questio ns and will o ften be

‘hidden’ in o ther geo metry questio ns

What  is t he converse of  t he Pyt hag orean t heorem ?

The co nverse o f the Pythago rean theo rem states that if a2 + b2 = c2   is true then the triangle

must be a right-angled triangle

This is a very useful way o f determining whether a triangle is right-angled

If a diagram in a questio n do es no t clearly sho w that so mething is right-angled, yo u may need to

use Pythago ras’ theo rem to  check

Exam T ip

Pythago ras' theo rem po ps up in lo ts o f exam questio ns so  bear it in mind whenever yo u see a

right-angled triangle in an exam questio n!
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Worked example

ABCDEF is a cho co late bar in the shape o f a triangular prism.  The end o f the cho co late bar is an

iso sceles triangle where AC = 3 cm and AB = BC = 5 cm.  M is the midpo int o f AC. This info rmatio n

is sho wn in the diagram belo w.

Calculate the length BM.
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Right-Angled Trigonometry

What  is Trig onom et ry?

Trigo no metry is the mathematics o f angles in triangles

It lo o ks at the relatio nship between side lengths and angles o f triangles

It co mes fro m the Greek wo rds trigonon meaning ‘triangle’ and metron meaning ‘measure’

What  are Sin, Cos and Tan?

The three trigo no metric functio ns Sine, Co sine and Tangent co me fro m ratio s o f side lengths in

right-angled triangles

To  see ho w the ratio s wo rk yo u must first label the sides o f a right-angled triangle in relatio n to  a

cho sen angle

The hypo tenuse, H, is the lo ngest side  in a right-angled triangle

It will always be o ppo site  the right angle

If we label o ne o f the o ther angles θ, the side o ppo site θ will be labelled o ppo site, O, and the

side next to  θ will be labelled adjacent , A

The functio ns Sine, Co sine and Tangent are the ratio s o f the lengths o f these sides as fo llo ws

Sin θ =
opposite

hypotenuse =
O
H

Cos θ =
adjacent

hypotenuse =
A
H

Tan θ =
opposite
adjacent =

O
A

These are no t in the f o rmula bo o k, yo u must remember them

The mnemo nic SOHCAHT OA is o ften used as a way o f remembering which ratio  is which

Sin is Oppo site o ver Hypo tenuse

Co s is Adjacent o ver Hypo tenuse

T an is Oppo site o ver Adjacent
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How can we use SOHCAHT OA t o find m issing  leng t hs?

If yo u kno w the length o f o ne o f the sides o f any right-angled triangle and o ne o f the angles yo u

can use SOHCAHTOA to  find the length o f the o ther sides

Always start by labelling the sides  o f the triangle with H, O and A

Cho o se the co rrect ratio  by lo o king o nly at the values that yo u have and that yo u want

Fo r example if yo u kno w the angle and the side o ppo site it (O) and yo u want to  find the

hypo tenuse (H) yo u sho uld use the sine ratio

Substitute the values into  the ratio

Use yo ur calculato r to  find the so lutio n

How can we use SOHCAHT OA t o find m issing  ang les?

If yo u kno w two  sides o f any right-angled triangle yo u can use SOHCAHTOA to  find the siz e o f

o ne o f the angles

Missing angles are fo und using the inverse f unctio ns:

θ = Sin−1
O
H    ,    θ = Cos−1

A
H    ,   θ = Tan−1

O
A

After cho o sing the co rrect ratio  and substituting the values use the inverse trigo no metric

functio ns o n yo ur calculato r to  find the co rrect answer
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Exam T ip

Yo u need to  remember the sides invo lved in the different trig ratio s as they are no t given to

yo u in the exam

Worked example

Find the values o f x  and y  in the fo llo wing diagram. Give yo ur answers to  3 signi�cant �gures.
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3D Problems

How does Pyt hag oras work in 3D?

3D shapes can o ften be bro ken do wn into  several 2D shapes

With Pythago ras’ Theo rem yo u will be speci�cally lo o king fo r right-angled triangles

The right-angled triangles yo u need will have two  kno wn sides and o ne unkno wn side

Lo o k fo r perpendicular lines to  help yo u spo t right-angled triangles

There is a 3D versio n o f the Pythago rean theo rem fo rmula:

d2 = x2 + y2 + z2
Ho wever it is usually easier to  see a pro blem by breaking it do wn into  two  o r mo re 2D

pro blems

How does SOHCAHT OA work in 3D?

Again lo o k fo r a co mbinatio n o f right-angled triangles that wo uld lead to  the missing angle o r

side

The angle yo u are wo rking with can be awkward in 3D

The angle between a line and a plane is no t always o bvio us

If unsure put a po int o n the line and draw a new line to  the plane

This sho uld create a right-angled triangle
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Exam T ip

Anno tate diagrams that are given to  yo u with values that yo u have calculated

It can be useful to  make additio nal sketches o f parts o f any diagrams that are given to  yo u,

especially if there are multiple lengths/angles that yo u are asked to  find

If yo u are no t given a diagram, sketch a nice, big, clear o ne!
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a)

b)

Worked example

A pencil is being put into  a cubo id shaped bo x which has dimensio ns 3 cm by 4 cm by 6 cm. Find:

the length o f the lo ngest pencil that co uld fit inside the bo x,

the angle that the pencil wo uld make with the to p o f the bo x.
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3.3.2 Non Right-Angled Trigonometry

Sine Rule

What  is t he sine rule?

The sine rule allo ws us to  find missing side lengths o r angles in no n-right-angled triangles

It states that fo r any triangle with angles A, B and C

a
sin A

=
b

sin B
=

c
sin C

Where

a is the side o ppo site  angle A

b is the side o ppo site  angle B

c is the side o ppo site  angle C

This fo rmula is in the f o rmula bo o klet , yo u do  no t need to  remember it

Sin 90° = 1 so  if o ne o f the angles is 90° this beco mes SOH fro m SOHCAHT OA

How can we use t he sine rule t o find m issing  side leng t hs or ang les?

The sine rule can be used when yo u have any o ppo site pairs o f sides and angles

Always start by labelling yo ur triangle  with the angles and sides

Remember the sides with the lo wer-case letters are o ppo site  the angles with the equivalent

upper-case letters

Use the fo rmula in the fo rmula bo o klet to  find the length o f  a side

To  find a missing angle yo u can rearrange the fo rmula and use the fo rm

sin A
a =

sin B
b =

sin C
c

This is no t in the f o rmula bo o klet but can easily be fo und by rearranging the o ne given

Substitute the values yo u have into  the fo rmula and so lve
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Exam T ip

If yo u're using a calculato r make sure that it is in the co rrect mo de (degrees/radians)

Remember to  give yo ur answers as exact values if yo u are asked to o

i)

Worked example

The fo llo wing diagram sho ws triangle ABC.  AB = 8 .1 cm, AC = 12.3 cm, BCA=27°.

Use the sine rule to  calculate the value o f:

x ,
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ii) y .
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Ambiguous Sine Rule

What  is t he am big uous case of  t he sine rule?

If the sine rule is used in a triangle given two  sides and an angle which is no t the angle between

them there may  be mo re than o ne po ssible triangle which co uld be drawn

The side o ppo site  the given angle co uld be in two  po ssible po sitio ns

This will create two  po ssible values fo r each o f the missing angles and two  po ssible lengths fo r

the missing side

The two  angles fo und o ppo site the given side (no t the ambiguo us side) will add up to  180°

In IB the questio n will usually tell yo u whether the angle yo u are lo o king fo r is acute  o r o btuse

The sine rule will always give yo u the acute o ptio n but yo u can subtract f ro m 180° to  �nd the

o btuse angle

So metimes the o btuse angle will no t be valid

It co uld cause the sum o f the three interio r angles o f the triangle to  exceed 180°
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Exam T ip

Make sure that yo u are clear which o f the two  answers is the o ne that is required and make

sure that yo u co mmunicate this clearly to  the examiner by writing it o n the answer line! 
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Worked example

Given triangle ABC , AB = 8 cm, BC = 5 cm, BAC=35°.  Find the two  po ssible o ptio ns

fo r ACB, giving bo th answers to  1 decimal place.
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Cosine Rule

What  is t he cosine rule?

The co sine rule allo ws us to  find missing side lengths o r angles in no n-right-angled triangles

It states that fo r any triangle

c2 = a2 + b2 − 2abcosC    ;     cos C =
a2 + b2− c2

2ab
Where

c is the side o ppo site  angle C

a and b are the o ther two  sides

Bo th o f these fo rmulae are in the f o rmula bo o klet , yo u do  no t need to  remember them

The first versio n is used to  find a missing side

The seco nd versio n is a rearrangement o f this and can be used to  find a missing angle

Co s 90° = 0 so  if C = 90° this beco mes Pythago ras’ T heo rem

How can we use t he cosine rule t o find m issing  side leng t hs or ang les?

The co sine rule can be used when yo u have two  sides and the angle between them o r all three

sides

Always start by labelling yo ur triangle  with the angles and sides

Remember the sides with the lo wer-case letters are o ppo site  the angles with the equivalent

upper-case letters

As the fo rmula uses C  fo r the kno wn angle, o r the angle being fo und, yo u can cho o se to  relabel

the diagram to  match this

Remember to  also  relabel the sides, so  that side c  is o ppo site angle C , and so  o n

Use the fo rmula c2 = a2 + b2 − 2abcosC to  find an unkno wn side

Use the fo rmula cos C =
a2 + b2 − c2

2ab   to  find an unkno wn angle

C is the angle between sides a and b

Substitute the values yo u have into  the fo rmula and so lve

Exam T ip

If yo u're using a calculato r make sure that it is in the co rrect mo de (degrees/radians)

Remember to  give yo ur answers as exact values if yo u are asked to o
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Worked example

The fo llo wing diagram sho ws triangle ABC. AB = 4 .2 km , BC = 3 .8 km , 

AC = 7 .1 km.

Calculate the value o f ABC.
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Area of a Triangle

How do I find t he area of  a non-rig ht  t riang le?

The area o f any triangle  can be fo und using the fo rmula

A =
1
2 absinC

Where C is the angle between sides a and b

This fo rmula is in the f o rmula bo o klet , yo u do  no t need to  remember it

Be careful to  label yo ur triangle co rrectly so  that C is always the angle between the two  sides

Sin 90° = 1 so  if C = 90° this beco mes Area = ½ × base × height
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Exam T ip

If yo u're using a calculato r make sure that it is in the co rrect mo de (degrees/radians)

Remember to  give yo ur answers as exact values if yo u are asked to o

Worked example

The fo llo wing diagram sho ws triangle ABC. AB = 32 cm, AC = 1 .1 m, BAC = 74°. 

Calculate the area o f triangle .
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3.3.3 Applications of Trigonometry & Pythagoras

Bearings

What  are bearing s?

Bearings are a way o f describing and using directio ns as  angles

They are specifically defined fo r use in navigatio n because they give a precise lo catio n and/o r

directio n

How are bearing s defined?

There are three rules  which must be fo llo wed every time a bearing is defined

They are measured fro m the No rth directio n

An arro w sho wing the No rth line sho uld be included o n the diagram

They are measured clo ckwise

The angle is always written in 3 figures

If the angle is less than 100° the first digit will be a z ero

What  are bearing s used f or?

Bearings questio ns will no rmally invo lve the use o f Pythago ras o r trigo no metry to  find missing

distances (lengths) and directio ns (angles) within navigatio n questio ns

Yo u sho uld always  draw a diagram

There may be a scale given o r yo u may need to  co nsider using a scale

Ho wever no rmally in IB yo u will be using triangle calculatio ns to  find the distances

So me questio ns may also  invo lve the use o f angle facts to  find the missing directio ns

To  answer a questio n invo lving drawing bearings  the fo llo wing steps may help:

STEP 1: Draw a diagram adding in any po ints and distances yo u have been given

STEP 2: Draw a No rth line (arro w po inting vertically up) at the po int yo u wish to  measure the

bearing f ro m

If yo u are given the bearing f ro m A to  B draw the No rth line at A

STEP 3: Measure the angle o f the bearing given f ro m the No rth line  in the clo ckwise directio n

STEP 4: Draw a line and add the po int B at the given distance

Yo u will likely then need to  use trigo no metry to  calculate the sho rtest distance o r ano ther given

distance

Exam T ip

Always  draw a big, clear diagram and anno tate it, be especially careful to  label the angles in

the co rrect places!
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Worked example

The po int B is 7 km fro m A o n a bearing o f 105°. The distance fro m B to  C is 5 km and the bearing

fro m B to  C is 230°.  Find the distance fro m A to  C.
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Elevation & Depression

What  are t he ang les of  elevat ion and depression?

If a perso n lo o ks at an o bject  that is no t o n the same ho riz o ntal line as their eye-level they will be

lo o king at either an angle o f elevatio n o r depressio n

If a perso n lo o ks up  at an o bject their line o f sight will be at an angle o f  elevatio n with the

ho riz o ntal

If a perso n lo o ks do wn at an o bject their line o f sight will be at an angle o f  depressio n with

the ho riz o ntal

Angles o f elevatio n and depressio n are measured f ro m the ho riz o ntal

Right-angled trigo no metry can be used to  find an angle o f elevatio n o r depressio n o r a missing

distance

Tan is o ften used in real-life scenario s with angles o f elevatio n and depressio n

Fo r example if we kno w the distance we are standing fro m a tree and the angle o f elevatio n o f

the to p o f the tree we can use Tan to  find its height

Or if we are lo o king at a bo at at to  sea and we kno w o ur height abo ve sea level and the angle

o f depressio n we can find ho w far away the bo at is

Exam T ip

It may be useful to  draw mo re than o ne diagram if the triangles that yo u are interested in

o verlap o ne ano ther
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a)

b)

Worked example

A cliff is perpendicular to  the sea and the to p o f the cliff stands 24 m abo ve the level o f the sea.

The angle o f depressio n fro m the cliff to  a bo at at sea is 35°. At a po int xm up the cliff is a flag

marker and the angle o f elevatio n fro m the bo at to  the flag marker is 18°.

Draw and label a diagram to  sho w the to p o f the cliff, T, the fo o t o f the cliff, F, the flag

marker, M, and the bo at, B, labelling all the angles and distances given abo ve.

Find the distance fro m the bo at to  the fo o t o f the cliff.
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c) Find the value o f x .
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Constructing Diagrams

What  diag ram s will I need t o const ruct ?

In IB yo u will be expected to  co nstruct diagrams based o n info rmatio n given

The info rmatio n will include co mpass directio ns, bearings, angles

Lo o k o ut fo r the plane the diagram sho uld be drawn in

It will either be ho riz o ntal (so mething o ccurring at sea o r o n the gro und)

Or it will be vertical (Including height)

Wo rk thro ugh the statements given in the instructio ns systematically

What  do I need t o know?

Yo ur diagrams will be sketches, they do  no t need to  be accurate o r to  scale

Ho wever the mo re accurate yo ur diagram is the easier it is to  wo rk with

Read the full set o f instructio ns o nce befo re beginning to  draw the diagram so  yo u have a ro ugh

idea o f where each o bject is

Make sure yo u kno w yo ur co mpass directio ns

Due east means o n a bearing o f  090°

Draw the line directly to  the right

Due so uth means o n a bearing o f  180°

Draw the line vertically do wnwards

Due west means o n a bearing o f  27 0°

Draw the line directly to  the left

Due no rth means o n a bearing o f  360° (o r 000°)

Draw the line vertically upwards

Using the abo ve bearings fo r co mpass directio ns will help yo u to  estimate angles fo r o ther

bearings o n yo ur diagram

Exam T ip

Draw yo ur diagrams in pencil so  that yo u can easily erase any erro rs

Page 27 of 28
For more help visit our website www.exampaperspractice.co.uk



Worked example

A city at B is due east o f a city at A and A is due no rth o f a city at E. A city at C is due so uth o f B.

The bearing fro m A to  D is 155° and the bearing fro m D to  C is 30°.

The distance AB = 50 km, the distances BC = CD = 30 km and the distances DE = AE = 40 km.

Draw and label a diagram to  sho w the cities A, B, C, D and E and clearly mark the bearings and

distances given.
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