
3.2 Geometry of 3D Shapes

AA HL



3.2.1 3D Coordinate Geometry

3D Coordinate Geometry

How does t he 3D coordinat e syst em  work?

In three-dimensio nal space we can label where any o bject is using the x-y-z co o rdinate system

In the 3D cartesian system, the x- and y- axes usually represent lateral space (length and width)

and the z-axis represents vertical height

What  can we do wit h 3D coordinat es?

If we have two  po ints with co o rdinates (x  , y  , z ) and (x  , y  , z ) then we sho uld be able to  �nd:

The midpo int  o f the two  po ints

The distance  between the two  po ints

If the co o rdinates are labelled A and B then the line segment between them is written with the

no tatio n [AB]

How do I �nd t he m idpoint  of  t wo point s in 3D?

The midpo int is the average (middle) po int

It can be fo und by �nding the middle o f the x-co o rdinates and the middle o f the y-

co o rdinates

The co o rdinates o f the midpo int will be

⎛
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⎜
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⎝

x1+x2
2

,
y1+y2
2

,
z1+z2
2

⎞
⎟
⎟
⎟

⎠

This is given in the fo rmula bo o klet, yo u do  no t need to  remember it

How do I �nd t he dist ance bet ween t wo point s in 3D?

The distance between two  po ints with co o rdinates ((x  , y  , z ) and (x  , y  , z ) can be fo und using

the fo rmula

d=
( )
x1− x2 2 +

( )
y1− y2 2 +

( )
z1− z2 2

This is given in the fo rmula bo o klet, yo u do  no t need to  remember it

1 1 1 2 2 2

1 1 1 2 2 2
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i)

ii)

Worked example

The po ints A and B  have co o rdinates (-2, 1, 5) and (4, -3, 2) respectively.

Calculate the distance o f the line segment AB.

Find the midpo int o f [AB ].
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3.2.2 Volume & Surface Area

Volume of 3D Shapes

What  is volum e?

The vo lume o f a 3D shape is a measure o f ho w much 3D space it takes up

A 3D shape is also  called a so lid

Yo u need to  be able to  calculate the vo lume o f a number o f co mmo n shapes

How do I �nd t he volum e of  cuboids, prism s and cylinders?

A prism is a 3−D shape that has two  identical base  shapes co nnected by parallel edges

A prism has the same base shape all the way thro ugh

A prism takes its name fro m its base

To  �nd the vo lume o f any prism use the fo rmula:

Volume of a prism = Ah

Where A is the area o f the cro ss sectio n and h is the base height

h co uld also  be the length o f the prism, depending o n ho w it is o riented

This is in the fo rmula bo o klet in the prio r learning sectio n at the beginning

The base co uld be any shape so  as lo ng as yo u kno w its area and length yo u can calculate the

vo lume o f any prism

No te two  special cases:

To  �nd the vo lume o f a cubo id use the fo rmula:

Volume of a cuboid = length × width × height
V = lwh
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The vo lume o f a cylinder can be fo und in the same way as a prism using the fo rmula:

Volume of a cylinder = π r2 h
where r is the radius, h  is the height (o r length, depending o n the o rientatio n

No te that a cylinder is technically no t a prism as its base is no t a po lygo n, ho wever the

metho d fo r �nding its vo lume is the same

Bo th o f these are in the f o rmula bo o klet  in the prio r learning sectio n

How do I �nd t he volum e of  pyram ids and cones?

In a right-pyramid the apex (the jo ining po int o f the triangular faces) is vertically abo ve the centre

o f the base

The base can be any shape but is usually a square, rectangle o r triangle

To  calculate the vo lume o f a right-pyramid use the fo rmula

V=
1
3
Ah

Where A is the area o f the base, h is the height

No te that the height must be vertical to  the base

A right co ne is a circular-based pyramid with the vertical height jo ining the apex to  the centre o f

the circular base

To  calculate the vo lume o f a right-co ne use the fo rmula

V=
1
3
π r2 h

Where r is the radius, h  is the height

These fo rmulae are bo th given in the fo rmula bo o klet

How do I �nd t he volum e of  a sphere?

To  calculate the vo lume o f a sphere use the fo rmula

V=
4
3
π r3

Where r is the radius

the line segment fro m the centre o f the sphere to  the surface

This fo rmula is given in the fo rmula bo o klet

Exam T ip

Remember to  make use o f the fo rmula bo o klet in the exam as all the vo lume fo rmulae yo u

need will be here

Fo rmulae fo r basic 3D o bjects (cubo id, cylinder and prism) are in the prio r learning

sectio n

Fo rmulae fo r o ther 3D o bjects (pyramid, co ne and sphere) are in the To pic 3: Geo metry

sectio n
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Worked example

A dessert can be mo delled as a right-co ne o f radius 3 cm and height 12 cm and a sco o p o f ice-

cream in the shape o f a sphere o f radius 3 cm.  Find the to tal vo lume o f the ice-cream and co ne.
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Surface Area of 3D Shapes

What  is surf ace area?

The surface area o f a 3D shape is the sum o f the areas o f all the f aces  that make up a shape

A f ace is o ne o f the �at o r curved surfaces that make up a 3D shape

It o ften helps to  co nsider a 3D shape in the fo rm o f its 2D net

How do I �nd t he surf ace area of  cuboids, pyram ids and prism s?

Any prisms and pyramids that have po lygo ns as their bases have o nly �at faces

The surface area is simply fo und by adding up the areas o f these �at faces

Drawing a 2D net will help to  see which faces the 3D shape is made up o f

How do I �nd t he surf ace area of  cylinders, cones and spheres?

Co nes, cylinders and spheres all have curved faces so  it is no t always as easy to  see their shape

The net o f a cylinder is made up o f two  identical circles and a rectangle

The rectangle is the curved surface area and is harder to  identify

The length o f the rectangle is the same as the circumference o f the circle

The area o f the curved surf ace area is

A=2πrh
where r is the radius, h is the height

This is given in the fo rmula bo o k in the prio r learning sectio n

The area o f the to tal surf ace area o f  a cylinder is

A=2πrh+2πr2
This is no t  given in the fo rmula bo o k, ho wever it is easy to  put to gether as bo th the area o f a

circle and the area o f the curved surface area are given

The net o f a co ne  co nsists o f the circular base alo ng with the curved surface area

The area o f the curved surf ace area is

A =πrl
Where r is the radius and l is the slant height

This is  given in the f o rmula bo o k

Be careful no t to  co nfuse the slant height, l, with the vertical height, h

No te that r, h and l will create a right-triangle with l as the hypo tenuse

The area o f the to tal surf ace area o f  a co ne is

A=πrl+πr2
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This is no t  given in the fo rmula bo o k, ho wever it is easy to  put to gether as bo th the area o f a

circle and the area o f the curved surface area are given

To  �nd the surface area o f a sphere use the fo rmula

A=4πr2

where r is the radius (line segment fro m the centre to  the surface)

This is given in the fo rmula bo o klet, yo u do  no t have to  remember it

Exam T ip

Remember to  make use o f the fo rmula bo o klet in the exam as all the area fo rmulae yo u need

will be here

Fo rmulae fo r basic 2D shapes (parallelo gram, triangle, trapez o id, circle, curved surface

o f a cylinder) are in the prio r learning sectio n

Fo rmulae fo r o ther 2D shapes (curved surface area o f a co ne and surface area o f a

sphere ) are in the To pic 3: Geo metry  sectio n
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i)

Worked example

In the diagram belo w ABCD  is the square base o f a right pyramid with vertex V .  The centre o f the

base is M. The sides o f the square base are 3.6 cm and the vertical height is 8.2 cm.

Use the Pythago rean Theo rem to  �nd the distance VN.
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ii) Calculate the area o f the triangle ABV.
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iii) Find the surface area o f the right pyramid.
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