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3.11 Vector Planes

Contents

3 3.11.1Vector Equations of Planes

3 3.11.2Intersections of Lines & Planes
3 3.11.3Angles Between Lines & Planes
3 3.11.4 Shortest Distances with Planes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

3.11.1Vector Equations of Planes

Equation of a Plane in Vector Form

How do | find the vector equation of a plane?

= Aplaneisaflat surface whichis two-dimensional
= |magine aflat piece of paper that continues on foreverinboth directions
= Aplaneinoftendenoted using the capital Greek letter /7
The vector form of the equation of a plane can be found using two direction vectors on the plane
= Thedirectionvectors must be
= parallelto the plane

= not parallel to each other
= |[f both directionvectorslie on the plane then they willintersect at a point

The formula for finding the vector equation of a planeis
- r=a+Ab+ uc
= Whereris the position vector of any point on the plane

= aisthe positionvector of aknown point onthe plane
= b and c are two non-parallel direction (displacement) vectors parallel to the plane

= Aandparescalars
= The formulais givenin the formula booklet but you must make sure you know what each part

means
= Asacouldbe the position vector of any point on the plane and b and ¢ could be any non-parallel

direction vectors onthe plane there are infinite vector equations for a single plane

How do | determine whether a point lies on a plane?

31 bl cl
= Giventheequationofaplaner = +A + u then the point rwith position
a b c
2 2 2
33 b3 c3

X
vector ison the plane if there exists a value of Aand p such that

y
4
X a, b, ¢
" = +1 + y7)
y a, b, )
Z
a, b, 5

= This means that there exists a single value of A and p that satisfy the three parametric equations:
= x=a tAb t+ uc

L] == + +
y= a, lbz e,
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= z= a,tAb, + uc,

Solve two of the equations first to find the values of A and p that satisfy the first two equation and then
check that this value also satisfies the third equation
If the values of Aand p do not satisfy all three equations, then the point rdoes notlie on the plane
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@ Worked example

The points A, B and C have positionvectors 8= 31+ 2j—k b=1—2j+ 4k and
c=4i—- _] +3k respectively, relative to the origin O.

(a) Find the vector equation of the plane.

Start bxj F{ndu‘na the direction vectors P_\% ond P_\E
R RORE

4, % [
e - ()-() (1)

3 =) 4

Al Haree pownks lie on ihe plove, so choose the position

I
o

s £ .
vector of one point, eg. OR, to use os & in tie vector
%on‘c'\aﬂ of o plane formula.

= =»
Check Bk AB and AC ore not poraliel .

r=&.+?(-f3+/\{,‘\_a

= (3.)*'\(—‘%!-)"' )‘L('é_) This is one of moany

- s correckt onswen

(b) Determine whether the point D with coordinates (-2, -3, 5) lies on the plane.
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XAM PAPERS PRACTICE

Let D hove position veekor 4 = (:75), then the point D
5

Lies on the plane P Hece exists a wvolue of L and
. L 3 -2 1
hich: (%)= + AT M-

po e wione (5= (2) < 2(3) 1)

Find the paramebric  equations :
2= 3-EM B M-2x=-5 @}s«:lw. bwo

equakions

-3=2-4x-3u = 3u+4r=5 @)fc X ond u

==l «Sh+hbu = 4 +SN=6 @

Fnd the value of Aond)& T equokions
z@: 2}&—‘??\3—10

M==1 suo inte ®: (-1)-2A=-5
A=2

Check bo see if X ond M sakisfy Ehe bthrd equakion:
4(-N+S5(2) =-4+10 =b /

The point D les on the plane.

For more help, please visit www.exampaperspractice.co.uk
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Equation of a Plane in Cartesian Form
How do | find the vector equation of a plane in cartesian form?

= The cartesian equation of a planeis givenin the form
» ax+by+cz=d
= Thisis givenin the formula booklet
= Anormal vector to the plane can be used along with a known point on the plane to find the cartesian
equation of the plane
= The normalvectorwill be avector that is perpendicular to the plane
= The scalar product of the normal vector and any direction vector on the plane will the zero
= The two vectors will be perpendicularto each other
= Thedirection vector from a fixed-point A to any point onthe plane, Rcanbe writtenasr-a
= Thenn-(r-a)=0anditfollowsthat(n-r)-(n-a)=0
= This gives the equation of a plane using the normal vector:
" nr=a-n
= Whereris the position vector of any point on the plane
= aisthe position vector of aknown point onthe plane
= pnisavectorthatisnormalto the plane
= Thisis givenin the formula booklet

X al

= |fthevectorrisgivenintheform| Y landaandnare bothknownvectors giveninthe form a2

zZ
a3

a
and| b |thenthe Cartesian equation of the plane can be found using:
c
» n'r=ax+by+cz

n ' == + +
a-n=aa azb a,c

» Therefore ax + by + cz= aat azb ta.c

This simplifies to the form ax + by + cz=d

How do | find the equation of a plane in Cartesian form given the vector form?

= The Cartesian equation of a plane can be found if you know
= the normalvectorand
= apointontheplane
= The vector equation of a plane can be used to find the normal vector by finding the vector product of
the two directionvectors
= Avectorproductis always perpendicular to the two vectors from which it was calculated
= Thevectoragiveninthe vectorequation of a plane is aknown point on the plane
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= Once you have found the normal vector then the pointa canbeusedinthe formulan-r=a-nto
find the equationin Cartesian form

» Tofindax + by + cz=dgvenr=a+ Ab+ uc:
a
= letn=| b |=bXcthend=n"2a
c
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@ Worked example

Aplane I contains the point A(Z, 6,— 3) and has anormalvector| —1

a) Find the equation of the plane inits Cartesian form.

The components of the normal veckor are the =-,
Y- ond 2- coefficients of tre Coctesion focon:

3x -y kz =d
The poink (2,6,-3) is on bre plane so
d=3(2)-(6) +4(-3) =6-6-12 =-121

Therefore

Bx —3:1-4-2. =-12

b)  Determine whether point Bwith coordinates (— 1, 0, — 2) lies on the same plane.

Test by putking the Coordirebes into the emprotion:
3EN-(0) +4(-2) =-3-8 =-ll £-12

The point with coordinates (-1,0,2)
does not Lie on the plane


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

3.11.2 Intersections of Lines & Planes

Intersection of Line & Plane
How do I tellif aline is parallel to a plane?

= Alineis parallel to a planeif its direction vector is perpendicular to the plane’s normal vector

= |f youknow the Cartesian equation of the plane in the form ax + by + ¢z = dthenthevalues of a, b,
and c are the individual components of a normal vector to the plane
= The scalar product can be used to checkinthe direction vectorand the normal vector are
perpendicular
= |ftwo vectors are perpendicular their scalar product will be zero

How do | tell if the line lies inside the plane?

= |fthelineis parallelto the plane thenit will either neverintersect orit will lie inside the plane
= Checkto seeif they have acommon point
= |falineis parallelto a plane and they share any point, then the line lies inside the plane

How do | find the point of intersection of a line and a plane?

= |falineisnot parallel to a planeit willintersectit at a single point
= [f both the vector equation of the line and the Cartesian equation of the plane is known then this can
be found by:
= STEPT: Set the position vector of the point you are looking for to have the individual components x, y,
and zand substitute into the vector equation of the line
X

(X2 0 ‘) 1
y Yo m
z 7, n

= STEP 2: Find the parametric equationsinterms of x, y, and z

" X= X0+ Al

= y=y,t Am

" z= ZO+ An

= STEP 3: Substitute these parametric equationsinto the Cartesian equation of the plane and solve to
findA

- a(x,+ Al)+ b(yo+ Am) + c(zo+ An)=d

= STEP 4: Substitute this value of A back into the vector equation of the line and use it to find the position
vector of the point of intersection
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= STEP 5: Checkthis value in the Cartesian equation of the plane to make sure you have the correct
answer

@ Worked example

1 2
Find the point of intersectionof theliner = | =3 |+ 4| —1 |withtheplane3x —4y+ z=8.
2 -1

Find the paramebric form of the egurokion of the lLane:

L b - - - | 1 '|+\£fl o = | + 27‘-

* (@) () ) S
Z = -

Swlastitute  inko  the eqrmtlm of the plane:

300 + 20 - &(-3-A) + (2 - A\)=18

Solve to Gnd X:
3+bA+ 12 +4A+2-N=¢%
A =-l
Substitute A =-1 jako the veckor ec\ruah{on of the Lne:

(-I; -2, 3)
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Intersection of Planes
How do we find the line of intersection of two planes?

= Two planes will either be parallel or they will intersect along aline
= Considerthe point where awallmeets afloorora ceiling
= Youwillneedto find the equation of the line of intersection
= |f you have the Cartesian forms of the two planes then the equation of the line of intersection can be
found by solving the two equations simultaneously
= Asthesolutionis avectorequation of aline rather than a unique point you will see below how the
equation of the line can be found by part solving the equations
= Forexample:
» 2x—y+3z=7 )
= x—3y+4z=11 (2)
= STEP1: Choose one variable and substitute this variable for A in both equations
= Forexample, lettingx=A gives:
» 2h—y+3z=7 (1)
« A=3y+4z=11 2)
= STEP 2: Rearrange the two equations to bring A to one side
= Equations(l)and(2) become
» y=3z=21-17 ©)
» 3y—4z=21- 11 )
= STEP 3: Solve the equations simultaneously to find the two variables in terms of A
= 3(1)-(2)Gives

»z=2 -1
= Substituting thisinto (1) gives
s y= —1-1
= STEP 4: Write the three parametric equations for x, y, and zin terms of A and convertinto the vector
equationof alineinthe form = Yo +A !
Y Yo m
4 z, n
= The parametric equations
= X=1
s y=-—1-1
» z=2 -1
= Become
. X\ _ 0 4 1
y -1 -1
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= |fyou have fractionsin your direction vectoryou can change its magnitude by multiplying each one by
theircommon denominator
= The magnitude of the direction vector can be changed without changing the equation of aline
= Analternative method s to find two points on both planes by setting eitherx, y, orzto zero and solving
the system of equations using your GDC orrow reduction
= Repeat this twice to get two points on both planes
= Thesetwo points canthenbe used to find the vector equation of the line between them
= Thiswill be the line of intersection of the planes
= This methodrelies onthe line of intersection having points where the chosenvariables are equal to
zero

How do we find the relationship between three planes?

= Three planes could either be parallel, intersect at one point, orintersect along aline
= |fthe three planes have a unique point of intersection this point can be found by using your GDC (or
row reduction) to solve the three equations in their Cartesian form
= Make sure you know how to use your GDC to solve a system of linear equations
= Enterallthree equationsinforthe three variables x, y, and z
= Your GDC will give you the unique solution which will be the coordinates of the point of intersection
= |fthe three planes donotintersect at aunique point you will not be able to use your GDC to solve the
equations
= |f there are no solutions to the system of Cartesian equations then there is no unique point of
intersection
= |fthe three planes are all parallel their normal vectors will be parallel to each other
= Show that the normal vectors all have equivalent direction vectors
= These direction vectors may be scalar multiples of each other
= |f the three planes have no point of intersection and are not all parallel they may have a relationship
suchas:
= Eachplaneintersects two otherplanes such that they form a prism (none are parallel)
= Two planes are parallel with the third plane intersecting each of them
= Checkthe normalvectors to seeif any two of the planes are parallel to decide which relationship
they have
= |fthe three planesintersectalong aline there will not be a unique solution to the three equations but
there will be a vector equation of a line that will satisfy the three equations
= The system of equations will need to be solved by elimination or row reduction
= Choose one variable to substitute forA
= Solve two of the equations simultaneously to find the other two variablesin terms of A
= Write x, y, andzinterms of Ain the parametric form of the equation of the line and convertinto the
vector form of the equation of aline
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@ Worked example

Two planes Hl and H2 are defined by the equations:
Hl: 3x+4y+2z=7
Il x=2y+3z=5

Find the vector equation of the line of intersection of the two planes.

STEP I : Lbhl' then 3 + by +2x=7% ®
You Can substitute any varioble X~ 2Y +30=5 @

here, ook ok the equokions ko

see whith, (S eosiest.

STEP Z:G): 3x + 4y = F-2x Write the two eguotions as

@ : :c—'Z:j

STeEP 3: find 2 and
0-2@: (3x«ty=7

5-3M the o

simulkoneous eq,ual:iom or
remaining conskewnkts,

+ (2% -y =10

Sx =+

IZE

D

sub inte @ %-%‘

J¥ % 75

'I':F-@ 1
= )+ Al 7
0 10

in tecms of A
-2%)
-60)
-8A
-8
S
—Z:j +3>\=
- 7h %
o 10

The comporents of the
dire cion veckoe Con
be mulkiplied by o
Scallor wikkou
c\f\n.nsiﬁs the dive chon.
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3.11.3 Angles Between Lines & Planes

Angle Between Line & Plane
What is meant by the angle between aline and a plane?

= Whenyou find the angle between aline and a plane you will be finding the angle between the line itself
andthe line onthe plane that creates the smallest angle with it
= This means theline on the plane directly under the line as it joins the plane
= |tis easiestto think of these two lines making a right-triangle with the normal vector to the plane
= Thelinejoining the plane will be the hypotenuse
= Theline onthe plane willbe adjacent to the angle
= The normal will the opposite the angle

How do I find the angle between aline and a plane?

= Youneedtoknow:
= Adirection vector fortheline (b)
= This caneasily be identified if the equation of the lineisintheform = a8 + Ab
= Anormal vectorto the plane (n)
= This caneasily beidentified if the equation of the planeisintheform - = a - N
= Findthe acute angle between the direction of the line and the normal to the plane
|b-n
5] |l
= The absolute value of the scalar product ensures that the angle is acute
= Subtract this angle from 90° to find the acute angle between the line and the plane

= Usetheformula COSQ =

Tt
= Subtract the angle from =7~ if workingin radians

2
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@ Worked example

Find the angleinradians between the line L with vector equation
r= (2 - 1)1'+ (l + 1)j+ (1 - 2l)k and the plane 11 with Cartesian equation
x—3y+2z=5

Reioriks YT e,ovuad:ior\ wn  standard veckor form:

(-0 0

R_ direction veckor of the lne
Find the normol vector of the plane:

o - 33 +22 =5 = normol veckor =<,. )
S———
2

Components of the
Novrmoll veckor

Find the an\cjle between the direction vector avd the
normol. veckor, & :

Angle between two cos@ =AM T VW, T VK,
vectors | v || w |

3)-G)

A(- '.)1 +L'.)1'+ (_-z)" XA I 5 (—3)1' + 2% E\m

Cosol=

00 + )3+ )0)

ji4

D
[

I—cos"oc
g = E’—COS_I |'?-"| WUsh the olosolute  volue
- i[:, i“f' ensures we flad the acute ansie,.

0= 1.06 rodians (.?35-‘:-)

For more help, please visit www.exampaperspractice.co.uk
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Angle Between Two Planes
How do | find the angle between two planes?

= Theangle between two planesis equal to the angle between their normal vectors

= |t canbe found using the scalar product of their normal vectors

111 : Il2
» cOSO=7T—"—<
|2 |y
= |ftwo planesTl;and M, with normal vectors nyand n,meet at an angle then the two planes and the two
normal vectors will form a quadrilateral
= The angles between the planes and the normal will both be 90°
= The angle between the two planes and the angle opposite it (between the two normal vectors) will
addupto180°

ANGLE BETWEEN THE
TWO NORMAL VECTORS

/

ANGLE BETWEEN THE
PN,

TWO PLANES



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

O Examiner Tip

= |nyourexamread the question carefully to see if you need to find the acute or obtuse angle
= Whenrevising, getinto the practice of double checking at the end of a question whether your
angleis acute or obtuse and whether this fits the question

@ Worked example

Find the acute angle between the two planes which can be defined by equations

II: 2x—y+3z= Tand Il: x+2y—2z=20.

Find the normol veckors of eoch of the planes:

B 2
IL,: 2x -y +3z = ¥ = normol veckor, n, = <l
3

g |
Iy :r_+'lb -2 =20 = normol veckor, N, = (’2.)
|

Find the anj‘ue bebween the +twe normol veckors:

Angle between two P P Lo Lo ol s
vectors [v ][]
CosB = M o (@) +EN@) +@D & = -3

ldlny J28 0t 3% x| P42t (=) J1e =6

6 = cos" 3 us‘ws the olosolute  volue
Z\Iﬁ ensures we find the acute anj‘(e.

0 = .24 rodians (3s.5.)


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

3.11.4 Shortest Distances with Planes

Shortest Distance Between alLine and aPlane
How do I find the shortest distance between a point and a plane?

= The shortest distance from any point to a plane will always be the perpendicular distance from the
point to the plane
= Givena point, P with position vector p and a plane 11 with equationT-n = d
= STEP1: Find the vector equation of the line perpendicular to the plane that goes through the
point, P
= This will have the position vector of the point, P, and the direction vectorn
» T=p+in
= STEP 2: Find the value of A at the point of intersection of this line with I by substituting the
equation of the line into the equation of the plane
= STEP 3:Find the distance between the point and the point of intersection
» Substitute A into the equation of the line to find the coordinates of the point on the plane
closest to point P
= Findthe distance between this point and point P

= Asashortcut, this distance will be equal to Mnl

How do | find the shortest distance between a given point on aline and a plane?

= The shortest distance from any point on aline to a plane will always be the perpendicular distance from
the point to the plane
= Youcan follow the same steps above
= Aquestion may provide the acute angle between the line and the plane
= Useright-angled trigonometry to find the perpendicular distance between the point on the line
and the plane
= Drawing a clear diagram will help

How do | find the shortest distance between a plane and a line parallel to the plane?

= Theshortestdistance between aline and a plane that are parallel to each other will be the
perpendicular distance from the line to the plane
= Givenaline ]1 with equation T = a+ Ab and a plane I1 parallel to ]1 with equationt-n = d
= \Where nis the normal vector to the plane
= STEP1: Find the equation of the line ]2 perpendicularto ]1 and I1 going through the pointain the
formr=a+un
= STEP 2: Find the point of intersection of the line 12 and I1

= STEP 3:Find the distance between the point of intersection and the point,
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@ Worked example

2
The plane IT hasequationt- | —1 [=6.
1
2 1
Theline L hasequationt=| 3 |+s| — 2
1 4

The point P (=2, 11, = 15) liesontheline L.

Find the shortest distance between the point P and the plane I1.
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L
T X

/ Shorkest distance
.
.............. d Poink of

inkersection
X Y/ o Line Ly with T

o

STEP I: Use the given point, P ond the known normol to the plane, n
to write an equation for the Line pecpendicular to 'H','I_a

r=/-2 2
) # AlS
=15 |
—" N—n
STEP 2: Find the powt of interseckion, B, of the new Uae, Li, with T

<<_||> " A(-zl))- (-Qi) =6

-15 I I

2(-2422)=-(11-A)+(A-158) = 6
4 +4A-N1+A + A-15 =6

62 -30 =6

ke () )

STeP 3: Find the distonce between P and Q.

1P8] = [(10--2)* + (5-1)* + (-9 —-I5)* = 6JB urbs

SMortest distonce = 6J€ units

For more help, please visit www.exampaperspractice.co.uk
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Shortest Distance Between Two Planes
How do I find the shortest distance between two parallel planes?

= Two parallel planes will never intersect
= Theshortest distance between two parallel planes will be the perpendicular distance between them
= Givenaplane Hl with equationT*n = d and aplane H2 withequationr = a+ Ab+ HCthenthe

shortest distance between them can be found
= STEP1: The equation of the line perpendicular to both planes and through the point a can be
writtenintheformr=a+sn

= STEP 2: Substitute the equation of the line into I 1 = d to find the coordinates of the point where
the line meets Hl

= STEP 3: Find the distance between the two points of intersection of the line with the two planes

How do | find the shortest distance from a given point on a plane to another plane?

= The shortest distance from any point, P on a plane, Hl ,toanotherplane, H2 will be the perpendicular
distance from the point to H2
= STEPT1: Use the given coordinates of the point P on Hl and the normal to the plane H2 to find the
vector equation of the line through P thatis perpendicular to Hl

= STEP 2: Find the point of intersection of this line with the plane H2

= STEP 3: Find the distance between the two points of intersection
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@ Worked example

Considerthe parallel planes defined by the equations:

3
Io:r- | =5|=44
\ 2
0 2 1
H:r=[0+2 0 |+pufl
3 \=3) 1)

Find the shortest distance between the two planes Hl and H2'
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£ind the equobion of the Lline perpendicular to the planes

though the  point (O:Q-%)
L:r= o - 3{\NWNGLW
3)rs@) &7
ibion vedkor
fPost 4T
Substibute. the equation of L into btne equation of T

3s 3
-ss |*(-5| =44
3+ 72s z

3(3s) - 5(-55) + 2(3+25) = 44
3WBs+ b = 44

s =1

Substibute S =1 bock into bhne en'w:):{on of L:

RORORE

find the distorce between (0,0,3) ond (’3,—5,5)

I

d=J3 +(F s -3
- J38
Shortest distance = Y38 units

For more help, please visit www.exampaperspractice.co.uk
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