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3.11.1Vector Equations of Planes

Equationof aPlane inVector Form
Howdo Ifind the vectorequationofaplane?

= Aplaneis aflatsurface whichis two-dimensional
= |magine aflat piece of paperthatcontinues onforeverinbothdirections
= Aplaneinoftendenoted usingthe capital Greek letter/]
= Thevectorformofthe equationofaplane canbe found usingtwo directionvectors onthe
plane
= Thedirectionvectors mustbe
= parallelto the plane
= not parallelto eachother
= therefore theywillintersect at some point onthe plane
= Theformulaforfindingthe vectorequationof aplaneis
- r=a+Ab+puc
= Where ris the positionvectorof anypoint onthe plane
= ais the positionvectorofaknownpointonthe plane
= pand care two non-paralleldirection(displacement) vectors parallel to the plane
= )andparescalars
= Theformulais giveninthe formulabooklet but youmust make sure youknow what each part
means
= As acould be the positionvectorofany point onthe plane and band ccould be any non-parallel
directionvectors onthe plane there are infinite vectorequations forasingle plane

Howdo ldetermine whetherapointliesonaplane?

a1 bl 01
= Giventhe equationofaplaner = +A +u thenthe point rwith position
a b c
2 2 2
a3 b3 03

X
vector is onthe planeif there exists avalue of Land psuch that

Y
z
X a, bl ¢
= = +A + u
y a, 2 C,
z
a3 b3 03
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= This means that there exists asingle value of Aand pthat satisfy the three parametric
equations:

- X= a1+/'tb1+ e,
= y=a,+tAb,+ uc,
A ez3+)pb3 + uc,

= Solve two of the equations first to find the values of Aand puthat satisfy the first two equationand
thencheck that this value also satisfies the third equation
= |fthe values of hand ndo notsatisfyallthree equations,thenthe point rdoes notlie onthe plane

O Exam Tip

= The formulaforthe vectorequationofaplaneis giveninthe formulabooklet, make sure you
know what each part means

= Be carefulto use differentletters, e.g.ﬂ, and [l as the scalar multiples of the two direction
vectors

@ Worked example

The points A, B and C have positionvectors & = 3i+ 2j -k b=1i—- 2j + 4K and
c=4i —j +3k respectively, relative to the origin O.

(a) Find the vectorequation of the plane.

Start b‘j @ino{ins e (e BT cctBs)) BB *Bnd gR0
i R
LT
% - 5
Ae-e e < (1)-(3) " (3)
3 5 4

Al Yaree ponks lie on ihe plane, so choose the position

= VoL
vector of ore point, eg. OR, to use as ‘& in bhe vecter

e%;\o&'\oa of o pPlane  Lormula.
Check Hrok PTé ond PTE. ore ot porallel .

= o «XAB + wAC

C = (’%) +}‘(-_£)+ ,A'("li) This is one of wmony

-1 S correck ownswery

(b) Determine whetherthe point Dwithcoordinates (-2,-3,5) lies on the plane.
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Let D hove position veckor 4 = (:%), then the point D
5

Lies on the plone P Bece exists a value of L and
. 2\ - /3 -2 1
hich: (&) = + AT M-

po o wien: () () < 2(F) « (3)

Fnd the pocamebric equakions :

2= 3-D>:+tpm > M-2x =-5 (O)solve buwo
eguations
5 @)fr M\ ond e
6 ®

Fnd the value of A and M Leom  bwo eqpaokions -
Z@: 2./.& - l(')\ = -10

-|-©; 3}&-!-'—(-}\ =5
Sm=-5

M=-1 sub inte ®: (- -2A=-5

r=2

Check bo see i€ A and Satisfy Ehe third equokion:
4(-)+5(2) =-4+10 =b /
-

The poink D “Ves on the plane.

3= 2-40-3m o B b

S=-l«SNh+ku = 4&u +5N
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Equationof aPlane in CartesianForm
Howdolfindthe vectorequationof aplaneincartesianform?

= The cartesianequationofaplaneis giveninthe form
= ax+by+cz=d
= Thisis giveninthe formulabooklet
= Anpormalvectorto the plane canbe used alongwithaknownpoint onthe plane to find the
cartesianequationof the plane
= Thenormalvectorwillbe avectorthatis perpendicularto the plane
= Thescalarproduct of the normalvectorand anydirectionvector onthe plane will the zero
= The two vectors will be perpendicularto eachother
= Thedirectionvectorfromafixed-point Ato anypointonthe plane, Rcanbe writtenas r-a
= Thenn-(r-a)=0anditfollowsthat(n-n-(n-a)=0
= This gives the equationof aplane using the normal vector:
= nr=a-n
= Where ris the positionvectorof anypoint onthe plane
= aisthe positionvectorofaknownpointonthe plane
= pnisavectorthatis normalto the plane
= Thisis giveninthe formulabooklet

X al
= |fthevectorris givenintheform| ¥ [and aand nare bothknownvectors giveninthe form a2

z
33

m

and H2 thenthe Cartesianequationof the plane canbe found using:

\"3)

] r= + +
n-r=nx+ny+nz

] ' == + +
a-n 21111 a2n2 33113

. + + = + +
ThereforeHIX sz 113Z alnl a2n2 a3n3

This simplifies to the form ax + by + cz=d

Howdo lfindthe equationof aplanein Cartesianform giventhe vectorform?

= The Cartesianequationofaplane canbe found if youknow
= thenormalvectorand
= apointonthe plane
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= Thevectorequationof aplane canbe used to find the normalvectorbyfinding the vector
product of the two directionvectors
= Avectorproductis always perpendicularto the two vectors fromwhichit was calculated
= Thevectoragiveninthevectorequationofaplaneis aknownpoint onthe plane
= Onceyouhave found the normalvectorthenthe pointacanbeusedintheformulan-r=a-n
to find the equationin Cartesianform

= Tofindax +by+cz=dgvenr=a+1b+ uc:
a
= letn=| b [=bXcthend=n"-a
c

O Exam Tip

= |nanexam,usingwhicheverformofthe equation of the plane to write downanormalvector
to the planeis always agood starting point
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@ Worked example
3

Aplane I1 contains the point A(Z, 6, — 3) and has anormalvector| —1
4

a) Find the equation of the plane inits Cartesianform.
The components of the normal vector are the =-,
- 1 ond  2- coefficients of te Coctesion focon:
3 -y Lz =d
The point (2,6,-3) is on the ploane so
d=3(2)-(6) +4(-3) =6-b-12 =-12

Therefore et
Jx —Uﬂ-‘l-z. =-|2 §

b) Determine whetherpoint Bwithcoordinates ( -1,0, - 2) lies onthe same plane.

TeS\: b utting the coordinokes into the okion

360- () # 4 (52Q)es 238 =cligi2
| B @ B W A W e LB

The point with coordinokes (-1,0,2)
Sdoes® not Lie on the plone
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3.11.2Intersections of Lines & Planes

Intersectionof Line & Plane
Howdo ltellif alineis parallelto aplane?

= Alineis parallelto aplaneifits directionvectoris perpendicular to the plane’s normalvector
= Ifyouknow the Cartesianequationofthe planeinthe form 4x + by+ ¢z = dthenthe values of
a, b,and care the individualcomponents of anormal vectorto the plane
= Thescalarproduct canbe usedto checkinthe directionvectorand the normalvectorare
perpendicular
= [ftwo vectors are perpendiculartheirscalarproductwillbe zero

Howdo ltellif thelineliesinside the plane?

= |fthelineis parallelto the plane thenit will eitherneverintersect orit willlie inside the plane
= Checkto seeiftheyhave acommonpoint
= |falineis parallelto aplane and theyshare any point, then the line lies inside the plane

Howdo lfindthe pointofintersectionofalineandaplane?

= |falineis not parallelto aplaneitwillintersectitatasingle point
= |fboththe vectorequationof theline and the Cartesianequationof the planeis knownthen
this canbe found by:
= STEP1:Setthe positionvectorofthe pointyouare looking forto have the individual components
X, y,and zand substitute into the vectorequationof the line
X

(X2 0 4 1
y Yo m
z 7 n

= STEP 2:Find the parametric equations interms of x, y,and z
" x=Xx,t M
= y=y,t Am

" z= ZO+ An

= STEP 3:Substitute these parametric equationsinto the Cartesianequation of the plane and solve
to find A

= a(x,+ Al)+b(y,+ 2m) + c(z,+ An)=d
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STEP 4:Substitute this value of Aback into the vectorequationof the line and use it to find the
positionvectorofthe point ofintersection

STEP 5:Check this value in the Cartesian equation of the plane to make sure you have the correct
answer

@ Worked example

1 2

Find the pointofintersectionoftheliner = | =3 |+A] —1 [withthe plane

2 -1
3x—4y+z=8.

Find the parametric form of the eguokion of the Lane:
P eas
let r = g = _é + A _7'| then . % :_; :' i%
z 2 ey J
z2 =2
Sulastitute inko  the equotion of the plade:

30 +20)-4(-3- M)+ (2 - N)=8
Solve to Gind A:

3+bL + 1L +4A+2=A =¢%
A==l
Subsbitute A = -1 jako the vectoe ecxua\:ion of the Laes
1 2 = -1
BB )
2 -1 2.9 3
(-l; -2, 3)
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Intersectionof Planes
Howdo we find theline of intersection of two planes?

= Two planes will eitherbe parallelortheywillintersect alongaline
= Considerthe pointwhere awallmeetsafloororaceiling
= Youwillneed to find the equationof theline of intersection
= |f youhave the Cartesianforms of the two planes thenthe equationof the line of intersectioncan
be found by solvingthe two equations simultaneously
= Asthesolutionis avectorequationofalineratherthanaunique pointyouwillsee below how
the equationof the line canbe found by part solving the equations
= Forexample:
» 2x—y+3z=7 )
= x—3y+4z=11 (2)
= STEPT1:Choose one variable and substitute this variable foriinboth equations
= Forexample,letting x=Agives:
= 2A—y+3z=7 Q)
- A=3y+4z=11 0
= STEP 2:Rearrange the two equations to bringito one side
= Equations (1) and (2) become
» y=3z=24 -7 ()
= 3y—4z=1- 11 )
= STEP 3:Solve the equations simultaneouslyto find the two variables interms of A
= 3(1)-(2) Gives

s z=2 -1
= Substituting this into (1) gives
= y= —1-1
= STEP 4:Write the three parametric equations forx, y,and zinterms of Aand convertinto the vector
X 0 1
equationofalineinthe form = +A
Y Yo m
z z, n
= The parametric equations
= x=1
= y=-1-1
= z=2 -1
= Become
Page 9 of 21
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(X2 0 4 1
y -1 -1
z 2 -1

If youhave fractions inyourdirectionvectoryoucanchange its magnitude by multiplyingeach
one bytheircommondenominator
= The magnitude of the directionvectorcanbe changed without changingthe equationofa
line
Analternative methodis to find two points onboth planes bysetting eitherx, y,orzto zero and
solving the system of equations usingyour GDC orrow reduction
= Repeatthistwice to gettwo points onbothplanes
= Thesetwo points canthenbe used to find the vectorequationof the line betweenthem
= This willbe the line of intersectionof the planes
= This methodrelies onthe line of intersection having points where the chosenvariables are
equalto zero

Howdo we find therelationship between three planes?

Three planes could eitherbe parallel,intersect at one point,orintersect alongaline
If the three planes have aunique point of intersectionthis point canbe found byusingyourGDC
(orrowreduction) to solve the three equations intheir Cartesianform
= Make sure youknow how to use your GDC to solve asystemof linear equations
= Enterallthree equationsinforthe three variables x, y,and z
= Your GDC will give you the unique solutionwhich willbe the coordinates of the point of
intersection
If the three planes do notintersectataunique pointyouwillnotbe able to use your GDC to solve
the equations
= |fthere are no solutions to the system of Cartesianequations thenthere is no unique point of
intersection
If the three planes are all parallel theirnormal vectors will be parallelto each other
= Showthatthe normalvectors all have equivalent directionvectors
= Thesedirectionvectors maybe scalarmultiples of eachother
If the three planes have no point of intersectionand are not all parallel they mayhave a
relationship suchas:
= Eachplaneintersects two otherplanes suchthattheyformaprism(none are parallel)
= Two planes are parallel with the third planeintersectingeach of them
= Checkthenormalvectorsto seeif anytwo of the planes are parallelto decide which
relationship theyhave
If the three planesintersectalongaline there willnot be aunique solutionto the three equations
but there willbe avectorequationof aline that will satisfy the three equations
The systemof equations willneed to be solved byeliminationorrowreduction
= Chooseonevariable to substitute fori
= Solve two of the equations simultaneouslyto find the othertwo variables interms of A
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= Write x, y,and zinterms of Ainthe parametric form of the equation of the line and convertinto
the vectorformofthe equationofaline

O ExamTip

= |[nanexamyoumayneed to decide therelationship betweenthree planes byusingrow
reductionto determine the numberof solutions
= Make sure youare confidentusingrow reductionto solve systems of linearequations
= Make sure yourememberthe different forms three planes cantake
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@ Worked example

Two planes Hl and Hzare defined bythe equations:
HI: 3Ix+4y+2z=7
II:x=2y+3z=5

Find the vectorequationof theline ofintersection of the two planes.

STEP | : Let z= A, then 31+4$+2)~=:" @
A

You Con substitube any varioble

1—23 +3,=5 @

here, ook ok the e.CLuAE‘lO\'\S ko
see whiclh (S epsiest.

STep Z'~® B e 4y = F-2X Wr}he the bwo eq{uo\hiov\s as
simulkoneosus e.o‘{uabow\s Lor
@: = —25 = 5-3N the tuwo reraiaing  constonts.

STep 3: find 22 and in tecms of A

D-2@: (Bx+ty=7-2%)
+ (2 -y =10-62)

Sx =% -8AX
o & =E_Q
S S
Sub ko @ %-%’\_7_3 [N & 5)\
L7N =
37 % "o
STER 4 x=?_5 ~ % 8
5
- TA & I = -2+ =z
97 %0 s z ° G '\
I
‘- The Components of the
Aiceckion veckor Con
be multiplied ‘03 o
Scallor wikhrout
FF/S 16 c.\/\omsins the Aive chon .
Co=leg ) A7
0 10
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3.11.3 Angles BetweenLines & Planes

Angle BetweenLine & Plane
Howdolfindtheanglebetweenalineandaplane?

= Whenyou find the angle betweenaline and a plane you will be finding the angle between the line
itself and the line onthe plane that creates the smallest angle with it
= This means theline onthe plane directlyundertheline asitjoins the plane
= |tiseasiestto thinkofthese two lines making aright-triangle with the normal vectorto the plane
= Thelinejoining the plane willbe the hypotenuse
= Theline onthe plane will be adjacent to the angle
= The normalwillthe opposite the angle
= Asyoudo notknow the angle of the line onthe plane youcaninstead find the angle between the
normal and the hypotenuse
= Thisis the angle opposite the angle youwantto find
= This angle canbe found because youwillknow the directionvectorof the line joiningthe
plane and the normalvectorto the plane
= This angleis also equal to the angle made by the line at the pointitjoins the plane and the
normal vectorat this point
= The smallestangle betweenthe line and the plane willbe 90° minus the angle between the normal
vectorand theline

TU
= |nradians this willbe 3 minus the angle betweenthe normalvectorand theline

O Exam Tip

= Rememberthatif the scalarproductis negative youranswerwillresultinan obtuse angle
= Takingthe absolute value of the scalarproduct will ensure that you get the acute angle as
youranswer

Page 13 of 21
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@ Worked example

Find the angle inradians between the line Lwithvectorequation
r= (2 - ﬂ,)l'+ (ﬂ, + 1)j+ (1 - 2Z)kand the plane I with Cartesian equation
x—3y+2z=5.

Rewrite line eq,uw\b'\or\ W gtandard veckor focm:

<2 - /\> (2) al
c=(1+x)=(1)+ >\< |>
1-2N | .
R_ direction vector of the lne
Find the normol vector of the plane:

o - 33 +22 =5 = normoll veckor =<_>
————

Components of the 2

Nnormall Vveckor

Find the cmj\e between the directionvector and the

normol vector, & :

Angle between two g = Vit kil 1
cos
vectors |v || w|

£)-G)

00 + )+ 2)0)

Cosot =
A(- DE )+ (=2) X\\ It 4 (-3)+ 22 J? %
6 = 77t—_— cos™ o
0 = E—COS—I -3l Usi the obsolute value
2

ib i\L,, ensures we find the acute 0«\3\(’_.

0=1.06 rodians (3s.f)
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Angle BetweenTwo Planes
Howdo we find the angle betweentwo planes?

= The angle betweentwo planesis equal to the angle betweentheirnormalvectors
= [tcanbefoundusingthe scalarproduct of theirnormalvectors
= [ftwo planesII;and I1, withnormal vectors njand n, meet at anangle thenthe two planes and the
two normalvectors will form a quadrilateral
= The angles betweenthe planes and the normal willbothbe 90°
= The angle betweenthe two planes and the angle opposite it (between the two normal
vectors)willadd upto 180°

Page 15 of 21
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O Exam Tip

= |nyourexamread the questioncarefullyto seeif youneed to find the acute orobtuse angle
= Whenrevising, getinto the practice of double checking at the end of aquestionwhether
yourangleis acute orobtuse and whetherthis fits the question

@ Worked example

Find the acute angle between the two planes which canbe defined byequations

I1: 2x=y+3z= Tand II,: x+2y—z=20.

Find the. normol veckors of  each of the planes:

- 2
I, : 2o | +3z =+ = normol veckor, n, = <l
2

. |
Lyt o+ ?_& -Z =20 = normol veckor, Ny = <2
cl

Find the an\cj\e betweenn the +twe normol veckors:

Angle between two cos@ =Mt VoW, VW
vectors [v]|w]
cosB = Mirr. ()0 +(-1N@) +@D g - 123
i T x(Ta ) JE G
6 '= COS_| _3 Uks‘w:) the olbsolute volue
Zm ensures we £ind the acute oms\e.

0 = 1.24% radians (3s.5.)
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3.11.4 Shortest Distances with Planes

Shortest Distance BetweenalLine and aPlane
Howdo lfindtheshortestdistancebetweenagivenpointonalineandaplane?

= Theshortestdistance fromanypointonaline to aplane will always be the perpendicular
distance fromthe point to the plane
= Givenapoint, P,onthe line /withequationT= a+ Ab and aplane I] withequationt-n = d
= STEPT1:Find the vectorequationof the line perpendicularto the plane that goes through the
point, P,on |
= This willhave the positionvectorofthe point, P,and the directionvectorn
= STEP 2:Find the coordinates of the point of intersection of this new line with 11 by
substitutingthe equation of the line into the equation of the plane
= STEP 3:Find the distance between the given point onthe line and the point ofintersection
= This willbe the shortest distance fromthe plane to the point
= Aquestionmayprovide the acute angle between the line and the plane
= Useright-angled trigonometryto find the perpendiculardistance betweenthe point onthe
line and the plane
= Drawingacleardiagram will help

Howdo lIfindtheshortestdistancebetweenaplaneandaline paralleltothe plane?

Page 17 of 21
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= The shortestdistance betweenaline and aplane that are parallelto each otherwill be the
perpendicular distance fromthe line to the plane

= Givenaline 11 withequationT = a+ Ab and aplane I parallel to ]1 withequationt'n=d

= Where nis the normalvectorto the plane
= STEPT.Find the equationoftheline 12 perpendicularto ]1 and I going through the pointain

theformr=a+un
= STEP 2:Find the pointofintersectionof theline 12 and I1

= STEP 3:Find the distance between the point of intersectionand the point,

Q Exam Tip

= Vectorplanes questions canbe trickyto visualise,read the question carefullyand sketcha
verysimple diagramto helpyou get started
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@ Worked example

2
The plane Il has equationt-| —1 [=6.
1
2 1
Theline L has equationt=| 3 [+5s] — 2
1 4

The point P (=2, 11, —15)lies ontheline L.

Find the shortestdistance betweenthe point P and the plane I1.

L
. -

Shortest distance

point of \nbersection
X of Line L, with 77

STEP I: Use the given point, Plond the known normol to the plone, n

0 write on equakion for tne line perpendiculor %o TT, L
(S
=15 |
p- B/ N—n
STEP 2: Find the pont of intersection, @, of the new Uae, Ly, with T

(G- -
-15 [ |
2(-2+22)-(N-2)+(A-18) =6
-4 +42 -1+ + A-15 =6
62 -30 =6

o= (1))

STEP 3: Find the distonce between P and Q.

P8 = [(10--2)* + (5-1)* + (-9 =I5} = 6JF umts

SMortest distance = 6J€ uynits
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Shortest Distance BetweenTwo Planes

Howdo lfindthe shortest distancebetweentwo parallelplanes?

= Two parallelplanes willneverintersect
= Theshortestdistance betweentwo parallelplanes will be the perpendicular distance between

them

= Givenaplane Hl withequationt-n = dand aplane H2 withequationr=a+Ab+ ucthenthe

shortest distance betweenthemcanbe found
= STEP1:The equationoftheline perpendicularto both planes and throughthe pointacanbe

writteninthe formr=a+sn

= STEP 2:Substitute the equationof the lineinto -1 = dto find the coordinates of the point

where the line meets Hl

= STEP 3:Find the distance betweenthe two points ofintersection of the line withthe two

planes

Howdo Ifindthe shortest distance from agiven pointonaplanetoanotherplane?

= Theshortestdistance fromanypoint, Ponaplane, Hl ,to anotherplane, HZ will be the

perpendicular distance fromthe point to H2

= STEPT:Usethe givencoordinates of the point Pon Hl and the normal to the plane H2 to find

the vectorequationof the line through Pthatis perpendicularto Hl

= STEP 2:Find the pointofintersectionof this line with the plane H2

= STEP 3:Find the distance betweenthe two points of intersection

O Exam Tip

= Therearealotofsteps whenansweringthese questions so setyourmethods out clearlyin

the exam

@ Worked example

Considerthe parallel planes defined by the equations:

0
H22r= 0
3

= 44,

2 1
+ A 0 |+l
-3 1

Find the shortest distance betweenthe two planes Hl and HZ'
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Find e equobion of the Lline perpendicular to the planes

thoough the point <O,0/3>

3)7°G) o

FreE)e6) -

2

?os‘\k‘\on veckor
o T,

Substibube. the e.q;.Ao‘l‘.(on of L into btine quuc.\bl'on of T:

3s 3
-ss |* (-8 ] = 44

3+2s 2
bh
44

3(3s) - 5(-5s) + 2(3 + 25)
Bs+ b

s =1
Substibube. S = 1 bock into the e(v.Aal:\'or\ of L:

-~ (06) 20

find the distorce bekween (O, 0, 3> ond (3,—5, 5)

j32 +(—5)7' + (5—3)1
J38

o
I

| Shortest distance = J38 units
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