
3.10 Graph Theory



3.10.1 Introduction to Graph Theory

Parts of a Graph

A graph is a mathematical structure that is used to  represent o bjects and the co nnectio ns between

them. They can be used in mo delling many real-life applicatio ns, e.g. electrical circuits, flight paths,

maps etc.

What  are t he different  part s of  a g raph?

A vertex (po int) represents an o bject o r a place

Adjacent vertices  are co nnected by an edge

The degree  o f a vertex can be defined by ho w many edges are co nnected to  it

An edge  (line) fo rms a co nnectio n between two  vertices

Adjacent edges  share a co mmo n vertex

An edge that starts and ends at the same vertex is called a lo o p

There may be multiple edges  co nnecting two  vertices

Types of Graphs

What  are t he t ypes of  g raphs?

A co mplete graph is a graph in which each vertex is co nnected by an edge to  each o f the o ther

vertices

The edges in a weighted graph are assigned numerical values such as distance o r mo ney

The edges in a directed graph can o nly be travelled alo ng in the directio n indicated

the in-degree  o f a vertex is the number o f edges that lead to  that vertex

the o ut-degree  is the number o f edges that leave fro m that vertex

A simple graph is undirected and unweighted and co ntains no  lo o ps  o r multiple edges

Given a graph G, a subgraph will o nly co ntain edges and vertices that appear in G

In a co nnected graph it is po ssible to  mo ve alo ng the edges and vertices to  �nd a ro ute between

any two  vertices

If the graph is stro ngly co nnected, this ro ute can be in either directio n between the two

vertices

A tree  is a graph in which any two  vertices are co nnected by exactly o ne path

A spanning tree  is a subgraph, which is also  a tree, o f a graph G that co ntains all the vertices fro m

G

Exam T ip

There are a lo t o f speci�c terms invo lved in graph theo ry and yo u are o ften asked to  describe

them in an exam - make sure yo u learn the de�nitio ns

Make sure that any graphs yo u draw are big and clear so  they are easy fo r the examiner to  read
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a)

b)

Worked example

The graph G sho wn belo w is a stro ngly co nnected, unweighted, directed graph with 5 vertices.

State the in-degree o f vertex A.

Explain why the graph is co nsidered to  be stro ngly co nnected.
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3.10.2 Walks & Adjacency Matrices

Walks & Adjacency Matrices

Adjacency matrices  are ano ther way to  represent graphs and co nnectio ns between the different

vertices.

What  is an adjacency m at rix?

An adjacency matrix is a square  matrix where all o f the vertices in the graph are listed as the

headings fo r bo th the ro ws (i ) and co lumns (j )

An adjacency matrix can be used to  sho w the number o f  direct co nnectio ns  between two

vertices

An entry o f 0 in the matrix means that there is no  direct co nnectio n between that pair o f vertices

In a simple  graph the o nly entries are either 0 o r 1

A lo o p  is indicated in an adjacency matrix with a value in the leading diago nal (the line fro m to p left

to  bo tto m right)

In an undirected matrix the value in the leading diago nal will be 2  because yo u can use the

lo o p to  travel o ut o f and into  the vertex in two  different directio ns

In a directed matrix, if the lo o p has been given a directio n, the value in the leading diago nal

will be 1 as yo u can o nly travel alo ng the lo o p o ut o f and back into  the vertex in o ne directio n

Fo r a graph with no  lo o ps  every entry in the leading diago nal will be 0

An undirected graph will be symmetrical in the leading diago nal

The sum o f the entries in a ro w is the in degree  o f that vertex

The sum o f the entries in a co lumn is the o ut degree  o f that vertex
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Worked example

Let G be the graph belo w.

Write do wn the adjacency matrix fo r G.

Number of Walks

What  is a walk?

A walk is a sequence o f  vertices  that are visited when mo ving thro ugh a graph alo ng its edges

Bo th edges  and vertices  can be revisited in a walk

The length o f  a walk is the to tal number o f  edges  that are traversed in the walk

How do you �nd t he num ber of  walks in a g raph?

Let M deno te the adjacency matrix o f a graph. The (i, j) entry in the matrix M  will give the number o f

walks o f length k fro m vertex i to  vertex j

If there is an entry o f 2  in the leading diago nal o f the matrix, this sho uld be changed to  a 1 bef o re

the matrix is raised to  a po wer

The number o f walks, between vertex i and vertex j, o f length n o r less can be given by the matrix S ,

where S = M + M +…+…M

If all o f the entries in a single ro w o f S  are no n-z ero  values then the graph is co nnected

Exam T ip

Read the questio n carefully to  determine if yo u need to  cho o se a speci�c po wer fo r the

adjacency matrix o r if yo u need to  play aro und with di�erent po wers!

k

n

n 1 2 n

n
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a)

b)

Worked example

The adjacency matrix M o f a graph G is given by

M=

A
B
C
D
E

A B C D E

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

0 1 1 0 1
1 0 0 1 0
1 0 0 1 0
0 1 1 0 1
1 0 0 1 0

Draw the graph described by the adjacency matrix M.

Find the number o f walks o f length 4 fro m vertex B to  Vertex E.
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c) Find the number o f walks o f 3 o r less fro m vertex A to  vertex C.
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Weighted Adjacency Tables

A weighted adjacency table gives mo re detailed info rmatio n abo ut the co nnectio n between

different vertices in a weighted graph.

What  is a weig ht ed adjacency t able?

A weighted adjacency table is different to  an adjacency matrix as the value  in each cell is the

weight  o f the edge co nnecting that pair o f vertices

Weight co uld be co st, distance, time etc.

An empty cell can be used to  indicate that there is no  co nnectio n between a pair o f vertices

A directed graph is no t  symmetrical alo ng the leading diago nal (the line fro m to p left to  bo tto m

right)

When drawing a graph fro m its adjacency table be careful when labelling the edges

Fo r an un-directed graph the two  cells between a specific pair o f vertices will be the same

so  co nnect the vertices with o ne edge  labelled with the relevant weight

Fo r a directed graph if the two  cells between a specific pair o f vertices have different values

draw two  lines  between the vertices and label each with the co rrect weight and directio n

A weighted adjacency table can be used to  wo rk o ut the weight o f different walks  in the graph

a)

b)

Worked example

The table belo w sho ws the time taken in minutes to  travel by car between 4 di�erent to wns.

A B C D

A 16 35

B 16 20 18

C 35 20 34

D 23 34

Draw the graph described by the adjacency table.

State the time taken to  drive fro m To wn B to  To wn D.
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3.10.3 Minimum Spanning Trees

Kruskal's Algorithm

In a situatio n that can be mo delled by a graph, Kruskal’s algo rithm is a mathematical to o l that can be

used to  reduce  co sts, materials o r time.

Why do we use Kruskal’s Alg orit hm ?

Kruskal’s algo rithm is a series o f steps that when fo llo wed will pro duce the minimum spanning

tree  fo r a co nnected graph

Finding the minimum spanning tree is useful in a lo t o f practical applicatio ns to  co nnect all o f the

vertices in the mo st efficient way po ssible

The number o f  edges  in a minimum spanning tree will always be o ne less  than the number o f

vertices  in the graph

A cycle  is a walk that starts at a given vertex and ends at the same  vertex.

A minimum spanning tree canno t  co ntain any cycles.

What  is Kruskal’s Alg orit hm ?

STEP 1

So rt the edges in terms o f increasing weight

STEP 2

Select the edge o f least weight (if there is mo re than o ne edge o f the same weight, either may be

used)

STEP 3

Select the next edge o f least weight that has no t already been cho sen and add it to  yo ur tree

pro vided that it do es no t make a cycle with any o f the previo usly selected edges

STEP 4

Repeat STEP 3 until all o f the vertices in the graph are co nnected

Exam T ip

When using any o f the algo rithms fo r finding the minimum spanning tree, make sure that yo u

state the o rder in which the edges are selected to  get full marks fo r wo rking!
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a)

Worked example

Co nsider the weighted graph G belo w.

Use Kruskal’s algo rithm to  find the minimum spanning tree. Sho w each step o f the

algo rithm clearly.     
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b) State the to tal weight o f the minimum spanning tree.
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Prim's Algorithm

Prim’s algo rithm is a seco nd metho d o f finding the minimum spanning tree o f a graph.

What  is Prim ’s Alg orit hm ?

Prim’s algo rithm invo lves adding edges fro m vertices that are already co nnected  to  the tree.

Cycles are avo ided  by o nly adding edges that are no t already co nnected at o ne end.

STEP 1

Start at any vertex and cho o se the edge o f least weight that is co nnected to  it

STEP 2

Cho o se the edge o f least weight that is incident (co nnected) to  any o f the vertices already

co nnected and do es no t co nnect to  ano ther vertex that is already in the tree

STEP 3

Repeat STEP 2 until all o f the vertices are added to  the tree

a)

Worked example

Co nsider the weighted graph belo w.

Using Prim’s algo rithm, �nd the minimum spanning tree.
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b) State the to tal weight o f the minimum spanning tree.
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Prim's Algorithm Using a Matrix

Info rmatio n may be given to  yo u either in the fo rm o f a graph o r as a weighted adjacency table. Prim’s

algo rithm can be adapted to  be used fro m the adjacency matrix.

How do you apply Prim ’s alg orit hm  t o a m at rix?

A minimum spanning tree is built up fro m the least weight edges that are incident to  vertices

already in the tree by lo o king at the relevant ro ws  in the adjacency table

STEP 1

Select any vertex to  start fro m, cro ss o ut the values in the co lumn asso ciated with that vertex and

label the ro w asso ciated with the vertex 1

STEP 2

Circle the lo west value in any cell alo ng that ro w and add the edge to  yo ur tree, cro ss o ut the

remaining values in the co lumn o f the cell that yo u have circled

STEP 3

Label the ro w asso ciated with the same vertex as the co lumn in the previo us STEP with the next

number

STEP 4

Circle the lo west value in any cell alo ng any o f the ro ws that have been labelled and add the edge

to  yo ur tree, cro ss o ut the remaining values in the co lumn o f the cell that yo u have circled

STEP 5

Repeat STEPS 3 and 4 until all ro ws have been labelled and all vertices have been added to  the

tree

Which should I use Prim ’s or Kruskal’s Alg orit hm ?

Kruskal’s algo rithm can be used when the info rmatio n is in graph fo rm whereas Prim’s algo rithm

can be used in either graph o r matrix fo rm.

Prim’s algo rithm is so metimes co nsidered to  be mo re efficient  that Kruskal’s algo rithm as

the edges do  no t need to  be o rdered  at the start and

it do es no t rely o n checking f o r cycles  at each step

An exam questio n will usually specify which metho d sho uld be used, o therwise yo u have the

cho ice

If yo u are asked to  find the minimum spanning tree  and the info rmatio n given in the questio n is in

the fo rm o f a table, yo u sho uld use Prim’s algo rithm

Exam T ip

Lo o k o ut fo r questio ns that ask yo u to  minimise the co st o r length etc. fro m a weighted

graph – they are implying that they want yo u to  find the minimum spanning tree!
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a)

Worked example

Celeste is building a mo del city inco rpo rating 6 main buildings that need to  be co nnected to  an

electrical supply.

Each vertex listed in the table belo w represents a building and the weighting o f each edge is the

co st in USD o f creating a link to  the electrical supply between the given vertices.

A B C D E F

A - 4 9 8 11 3

B 4 - 13 2 5 12

C 9 13 - 7 1 4

D 8 2 7 - 10 3

E 11 5 1 10 - 15

F 3 12 4 3 15 -

Celeste wants to  find the lo west co st so lutio n that links all 6 buildings up to  the electrical supply.

Starting fro m vertex A, use Prim’s algo rithm o n the table to  find and draw the minimum

spanning tree. Sho w each step o f the pro cess clearly.
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b) State the lo west co st o f co nnecting all o f the buildings to  the electricity supply.

3.10.4 Chinese Postman Problem

Eulerian Trails & Circuits

What  are Eulerian t rails and circuit s?

A trail is a walk in which no  edge is repeated

An Eulerian trail is a trail that visits each edge in a graph exactly o nce

A circuit  is a trail that begins and ends at the same vertex

An Eulerian circuit  is a trail that visits each edge in a graph exactly o nce  and begins and ends at

the same vertex

A graph which co ntains an Eulerian circuit  is called an Eulerian graph

In an Eulerian graph the degree o f each vertex is even

A semi-Eulerian graph co ntains an Eulerian trail but no t  an Eulerian circuit

In a semi-Eulerian graph exactly o ne pair o f vertices have an o dd  degree

These are the start  and �nish po ints o f any Eulerian trail

An adjacency matrix can be used to  determine if a graph is Eulerian o r semi-Eulerian as the

degree  o f each vertex can be fo und by inspecting the sum o f  the entries  in the ro ws (o ut-

degree) o r co lumns (in-degree)

Exam T ip

If yo u can draw a graph witho ut taking yo ur pen o � the paper and witho ut go ing o ver any edge

mo re than o nce then yo u have an Eulerian o r semi-Eulerian graph!
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a)

b)

Worked example

Let G be the graph sho wn belo w.

Sho w that G is a semi-Eulerian graph.

Write do wn an Eulerian trail fo r G.
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Chinese Postman Problem

The Chinese po stman pro blem requires yo u to  find the ro ute o f  least weight  that starts  and finishes

at the same vertex and traverses every edge  in the graph. So me edges may need to  be traversed

twice and the challenge is to  minimise  the to tal weight o f these repeated edges.

How do I solve t he Chinese post m an problem ?

If all o f the vertices in a graph are even then the sho rtest ro ute will be the sum o f the weights o f the

edges in an Eulerian circuit

If there is o ne pair o f o dd vertices  in the graph then the sho rtest  ro ute between them will need

to  be fo und and repeated befo re finding an Eulerian circuit

There will always be an even number o f  o dd vertices  as the to tal sum o f  the degrees  o f the

vertices is do uble  the number o f  edges

If there are mo re than two o dd vertices, then each po ssible pairing o f the o dd vertices must be

co nsidered in o rder to  find the minimum weight  o f the edges that need to  be repeated

The maximum number o f o dd vertices that co uld appear in an exam questio n is 4

What  are t he st eps of  t he Chinese post m an alg orit hm ?

STEP 1

Inspect the degree o f all o f the vertices and identify any o dd vertices

STEP 2

Find the po ssible pairings between the o dd vertices

STEP 3

Fo r each po ssible co mbinatio n o f vertices, find the sho rtest walk between the vertices and add

the edges to  be repeated to  the graph

STEP 4

Write do wn an Eulerian circuit o f the adjusted graph to  find a po ssible ro ute and find the sum o f

the edges traversed to  find the to tal weight

What  variat ions m ay t here be on t he Chinese post m an alg orit hm ?

The weighting o f the edge between a pair o f vertices may be different depending o n if it is the

first time  it is being traversed o r a repeat .

Fo r example, if an inspecto r was checking a pipeline fo r defects then the first time go ing

alo ng a sectio n o f pipeline co uld take lo nger during inspectio n than if it is being repeated in

o rder to  get fro m o ne vertex to  ano ther

If there are 4  o dd vertices  yo u may be asked to  start and finish at different vertices. Find the

length o f the ro utes fo r all po ssible pairings o f the o dd vertices and cho o se the sho rtest ro ute

between any 2 o f them to  be repeated. The o ther two  o dd vertices will be yo ur start and finish

po ints.

Exam T ip

Lo o k carefully fo r the sho rtest ro ute between two  vertices exam questio ns o ften have

graphs where a co mbinatio n o f edges will turn o ut to  be a sho rter distance than a mo re direct

ro ute
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a)

b)

Worked example

The graph G sho wn belo w displays the distances, in kilo metres, o f the main ro ads between

to wns A, B, C, D and E. Each ro ad is to  be inspected fo r po tho les.

Explain why G do es no t co ntain an Eulerian circuit.

Find the sho rtest ro ute that starts and finishes at to wn A and allo ws fo r each ro ad to  be

inspected.
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c) State the to tal length o f the sho rtest ro ute.
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3.10.5 Travelling Salesman Problem

Hamiltonian Paths & Cycles

What  are Ham ilt onian pat hs and cycles?

A path is a walk in which no  vertices are repeated

A Hamilto nian path is a path in which each vertex in a graph is visited exactly o nce

A cycle  is a walk that starts and ends at the same vertex and repeats no  o ther vertices

A Hamilto nian cycle  is a cycle which visits each vertex in a graph exactly o nce

If a graph co ntains a Hamilto nian cycle  then it is kno wn as a Hamilto nian graph

A graph is  semi-Hamilto nian if it co ntains a Hamilto nian path but no t a Hamilto nian cycle

The o nly way to  sho w that a graph is  Hamilto nian o r semi-Hamilto nian is to  find a Hamilto nian

cycle o r Hamilto nian trail

Exam T ip

If yo u are given an adjacency matrix and are asked to  find a Hamilto nian cycle, make sure that

yo u sketch o ut the graph first

Worked example

Let G be the graph sho wn belo w.

Sho w that G is a Hamilto nian graph.
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Travelling Salesman Problem

The travelling salesman pro blem requires yo u to  find the ro ute o f  least weight  that starts  and

finishes  at the same vertex and visits every o ther vertex in the graph exactly o nce.

How do I solve t he t ravelling  salesm an problem ?

In the classical travelling salesman pro blem the fo llo wing co nditio ns are o bserved:

the graph is co mplete

the direct ro ute  between two  vertices is the sho rtest ro ute  (it satisfies the triangle

inequality)

List all o f the po ssible Hamilto nian cycles  and find the cycle o f least weight

A co mplete graph with 3 vertices will have 2 po ssible Hamilto nian cycles, 4 vertices will have 6

po ssible cycles and a graph with 5 vertices will have 24 po ssible cycles

There is no  kno wn algo rithm that guarantees finding the sho rtest Hamilto nian cycle in a graph so

this metho d is o nly suitable fo r small graphs

Exam T ip

To  remember the difference between the travelling salesman pro blem and the Chinese

po stman pro blem, remember that the salesman is interested in selling at each destinatio n

(vertex) whereas the po stman wants to  walk alo ng every ro ad (edge) in o rder to  deliver the

letters

Worked example

The graph belo w sho ws fo ur to wns and the distances between them in km.

A salesman lives in city A and wishes to  travel to  each o f the o ther three cities befo re returning

ho me.

Find the sho rtest ro ute that the salesman co uld take and state the to tal length o f the ro ute.
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3.10.6 Bounds for Travelling Salesman Problem

This revisio n no te discusses mo re co mplex situatio ns fo r the travelling salesman pro blem and yo u

may wish to  refer to  the revisio n no te 3.10.5 Travelling Salesman Pro blem.
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Table of Least Distances

In so me real-life co ntexts a graph may no t be co mplete  no r satisfy the triangle inequality, fo r

example, when lo o king at a rail netwo rk, no t every sto p will be co nnected to  every o ther sto p and it

may be quicker to  travel fro m sto p A to  sto p B via sto p C rather than to  travel fro m A to  B directly. Thus,

the pro blem is co nsidered to  be a practical travelling salesman pro blem.

Finding the table o f  least distances  (o r weights) can co nvert a practical travelling salesman

pro blem into  a classical travelling salesman pro blem that can then be analysed.

What  is a t able of  least  dist ances?

A table o f  least distances  sho ws the sho rtest  distance between any two  vertices  in a graph

In so me cases, the direct ro ute  between two  vertices may no t  be the sho rtest

By finding the table o f  least distances, a graph can be co nverted into  a co mplete  graph that

satisfies the triangle inequality

STEP 1

Fill in the info rmatio n fo r vertices that are adjacent in the graph (at this stage check if the direct

co nnectio ns are actually the sho rtest ro ute)

STEP 2

Co mplete the rest o f the table by finding the sho rtest ro ute that can be travelled between each

pair o f vertices that are no t adjacent

Exam T ip

Remember that the table o f least values has a line o f symmetry alo ng the leading diago nal fo r

an undirected graph, so  co mplete o ne half carefully first, then map o ver to  the seco nd half
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a)

b)

Worked example

The graph G belo w co ntains six vertices representing villages and the ro ads that co nnect them.

The weighting o f the edges represents the time, in minutes, that it takes to  walk alo ng a particular

ro ad between two  villages.

Explain why G is no t co mplete graph.

Co mplete the table o f least weights belo w.

A B C D E F

A

B

C

D

E

F
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Nearest Neighbour Algorithm

As the number o f vertices in a graph increases, so  do es the number o f po ssible Hamilto nian cycles

and it can beco me impractical to  so lve. The nearest neighbo ur algo rithm can be used to  find the

upper bo und  fo r the minimum weight Hamilto nian cycle.

What  is t he nearest  neig hbour alg orit hm ?

Fo r a co mplete graph with at least 3 vertices, perfo rming the nearest neighbo ur algo rithm will

generate a lo w (but no t necessarily least) weight Hamilto nian cycle

This lo w weight cycle can be co nsidered the upper bo und

The best upper bo und  is the upper bo und with the smallest value

The nearest neighbo ur algo rithm can o nly be used o n a graph that is co mplete  and satisfies the

triangle inequality  so  the table o f  least distances sho uld be fo und first

What  are t he st eps of  t he nearest  neig hbour alg orit hm ?

STEP 1

Cho o se a starting vertex

STEP 2

Fo llo w the edge o f least weight fro m the current vertex to  an adjacent unvisited vertex (if there is

mo re than o ne edge o f least weight pick o ne at rando m)

STEP 3

Repeat STEP 2 until all vertices have been visited

STEP 4

Add the final edge to  return to  the starting vertex

Exam T ip

If asked to  write do wn the ro ute fo r the lo wer bo und, do n’t fo rget that so me o f the entries in

the table o f lo west distances may no t be direct ro utes between vertices!
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Worked example

The table belo w co ntains six vertices representing villages and the ro ads that co nnect them. The

weighting o f the edges represents the time in minutes that it takes to  walk alo ng a particular ro ad

between two  villages.

A B C D E F

A - 14 7 11 13 21

B 14 - 13 18 13 9

C 7 13 - 5 6 14

D 11 18 5 - 10 18

E 13 13 6 10 - 8

F 21 9 14 18 8 -

Starting at village A, use the nearest neighbo ur algo rithm to  find the upper bo und o f the time it

wo uld take to  visit each village and return to  village A.
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Deleted Vertex Algorithm

The deleted vertex algo rithm can be used to  find the lo wer bo und  fo r the minimum weight

Hamilto nian cycle.

What  is t he delet ed vert ex alg orit hm ?

The deleted vertex algo rithm can o nly be used o n a graph that is co mplete  and satisfies the

triangle inequality  so  the table o f  least distances sho uld be fo und first

Deleting different  vertices may give different results, the best lo wer bo und is the lo wer bo und

with the highest value

If yo u have fo und a cycle  the same length as the lo wer bo und  then yo u have fo und the sho rtest

ro ute  fo r the travelling salesman pro blem

If the lo wer bo und  and the upper bo und  are the same weight  then yo u have fo und the sho rtest

ro ute  fo r the travelling salesman pro blem

What  are t he st eps of  t he delet ed vert ex alg orit hm ?

STEP 1

Cho o se a vertex and delete it alo ng with all edges that are co nnected to  it

STEP 2

Find the minimum spanning tree fo r the remaining graph (see revisio n no te 3.10.3 Minimum

Spanning Trees)

STEP 3

Add the two  sho rtest edges that were deleted fro m the o riginal graph to  the weight o f the

minimum spanning tree

Exam T ip

Be careful when using a weighted adjacency table  no t to  get co nfused between using

Prim’s algo rithm and the nearest neighbo ur algo rithm.

Remember that Prim’s  is used to  find a minimum spanning tree, so  vertices can be

co nnected to  several o ther vertices and hence can have mo re than o ne value  in a

co lumn circled

When using the table fo r the nearest neighbo ur algo rithm, vertices canno t be revisited

so  o nly o ne value  will be circled in each co lumn
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a)

b)

Worked example

The table belo w co ntains six vertices representing villages and the ro ads that co nnect them. The

weighting o f the edges represents the time in minutes that it takes to  walk alo ng a particular ro ad

between two  villages.

A B C D E F

A - 14 7 11 13 21

B 14 - 13 18 13 9

C 7 13 - 5 6 14

D 11 18 5 - 10 8

E 13 13 6 10 - 8

F 21 9 14 18 8 -

By deleting vertex A and using Prim’s algo rithm, find a lo wer bo und fo r the time taken to

start at village A, visit each o f the o ther villages and return to  village A

Sho w that by deleting vertex B instead, a higher lo wer bo und can be fo und.
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