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3.10.1Introductionto Graph Theory

Parts of a Graph

Agraphis amathematical structure thatis used to represent objects and the connections between
them.Theycanbe used inmodellingmanyreal-life applications, e.g. electrical circuits, flight paths,
maps etc.

What are the different partsof agraph?

= Avertex(point)represents anobjectoraplace

= Adjacent vertices are connected byanedge

= Thedegree of avertexcanbe defined byhow manyedges are connected to it
= Anedge (line) forms aconnectionbetweentwo vertices

= Adjacent edges share acommonvertex

= Anedgethatstarts and ends at the same vertexis called aloop

= There maybe multiple edges connectingtwo vertices

Types of Graphs
What arethetypesof graphs?

= Acomplete graphis agraphinwhicheachvertexis connected byanedge to eachofthe other
vertices
= The edgesinaweighted graphare assigned numerical values such as distance ormoney
= Theedgesinadirected graphcanonlybe travelled alonginthe directionindicated
= thein-degree of avertexis the numberofedges thatlead to thatvertex
= the out-degreeis the numberofedges thatleave fromthatvertex
= Asimple graphis undirected and unweighted and contains no loops ormultiple edges
= Givenagraph G,asubgraphwillonlycontainedges and vertices that appearin G
= |[naconnected graphitis possible to move alongthe edges and vertices to find aroute between
anytwo vertices
= |fthe graphis strongly connected, thisroute canbeineitherdirectionbetweenthe two
vertices
= Atreeis agraphinwhichanytwo vertices are connected byexactlyone path
= Aspanningtreeis asubgraph,whichis also atree,of agraph Gthat contains all the vertices from
G

O Exam Tip

= Therearealotofspecific termsinvolved ingraphtheoryand youare oftenasked to describe
theminan exam - make sure youlearnthe definitions
= Make sure thatany graphs youdraw are bigand clearso theyare easyforthe examinerto read
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@ Worked example

The graph Gshownbelowis astronglyconnected,unweighted, directed graphwith 5 vertices.

a) State thein-degree of vertexA.
Ov\\5 the e,o\Je. connecing A and C s going nte A

In- degree of vertex A = |

b) Explain why the graphis considered to be stronglyconnected.

The Smpl\ s s{:rons\j connected because b is
possible to construck o walk in either direction

bebween any two vevtices
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3.10.2 Walks & Adjacency Matrices

Walks & Adjacency Matrices

Adjacency matrices are anotherwayto represent graphs and connections between the different
vertices.

Whatisanadjacencymatrix?

= Anadjacencymatrixis asquare matrixwhere all of the vertices inthe graph are listed as the
headingsforboththerows(1')and columns(j)
= Anadjacencymatrixcanbe used to showthe numberof direct connections betweentwo
vertices
= AnentryofOinthe matrixmeans that thereis no direct connectionbetweenthat pairofvertices
= |nasimple graphthe onlyentries are eitherOorl
= Aloopisindicatedinanadjacencymatrixwithavalue in the leading diagonal (the line fromtop left
to bottomright)
= |nanundirected matrix the value inthe leading diagonal willbe 2 because youcanuse the
loopto travelout of and into the vertexintwo differentdirections
= |Inadirected matrix,if the loop has been givenadirection, the value in the leading diagonal
willbe Tasyoucanonlytravelalongthe loop out of and backinto the vertexinone direction
= Foragraphwithnoloops everyentryinthe leading diagonal willbe O
= Anundirected graphwillbe symmetricalinthe leading diagonal
= Thesumoftheentriesinarowistheindegree of thatvertex
= Thesumoftheentriesinacolumnis the out degree of that vertex
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@ Worked example

Let Gbe the graphbelow.

Write down the adjacency matrixfor G.

ARCDE
A oIl | o |
(Y | O OO0 O
C I O | 1 |
D o 0 o0 |
e\n2 | | | 2
Number of Walks

Whatis awalk?

= Awalkis asequence of vertices that are visited when moving through a graph alongits edges
= Bothedges and vertices canbe revisited inawalk

= Thelengthof awalkis the totalnumberof edges that are traversed in the walk

Howdo you find thenumber of walksinagraph?

= Let Mdenote the adjacencymatrix of a graph.The (/,)) entryin the matrix Mwill give the number of
walks of length kfromvertexito vertex;j

If thereis anentryof 2 intheleading diagonal of the matrix, this should be changed to albefore
the matrixis raised to apower

= The numberofwalks,betweenvertexiand vertexj, oflength norless canbe givenbythe matrix 8",
where S7=M'+ M?+ 4+ .M’

If allof the entries inasingle row of S7are non-zero values then the graphis connected

O ExamTip

Read the questioncarefullyto determine if youneed to choose aspecific powerforthe
adjacencymatrixorif youneed to playaround with different powers!
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@ Worked example

The adjacencymatrix Mof agraph Gis given by

ABCDE

(01101
10010
10010
01101

(10010 |

m o QW >

a) Draw the graph described bythe adjacency matrix M.

b) Find the numberof walks of length 4 from vertexB to VertexE.
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Enber bhe natnx b Your (DL and raise it to the

power Y4
4
o1 | 0 |
I 0 0 | O
M= 1 o001 O
o | | 0 |
I 0 0 I O
B O 0 I8 O Value in row R and
mM*=10 12 12 0 12

8 0 O 18 O
O 12 12 0 12

The number of walks o-F \ensua & fron vertex 8
to vertex € s 12

-l 4 N

c) Find the numberofwalks of 3orless fromvertexAto vertexC.
Enter the natnx b Your GDC and add successive
PowaS 0(‘ ]t

3 _ 2 3
SEM+MT+ M Value in row A and

@/‘—I columan €

| 3 7
7 2 2 7 2
=17 2 5 7 2
8 T 7''3 3
3 2 2-F 2

The number of walks of lengt 3 or less from
vertex A to vertex C is 7
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Weighted Adjacency Tables

Aweighted adjacency table gives more detailed information about the connectionbetween
differentvertices inaweighted graph.

Whatis aweighted adjacencytable?

Aweighted adjacencytableis different to anadjacencymatrix as the value ineach cellis the
weight of the edge connecting that pairof vertices
= Weightcould be cost,distance,time etc.
Anempty cellcanbe used to indicate that there is no connectionbetween a pairof vertices
Adirected graphis not symmetrical along the leading diagonal (the line fromtopleftto bottom
right)
When drawing a graph fromits adjacencytable be carefulwhenlabelling the edges
= Foranun-directed graphthe two cells betweenaspecific pairof vertices will be the same
so connectthe vertices withone edge labelled with the relevant weight
= Foradirected graphif the two cells betweenaspecific pairof vertices have different values
draw two lines betweenthe vertices and label each with the correct weight and direction
Aweighted adjacencytable canbe used to work out the weight of different walks in the graph

@ Worked example

The table below shows the time takenin minutes to travel by carbetween 4 different towns.

a)

b)

A B C D
A 16 35
B 16 20 18
C 35 20 34
D 23 34

Draw the graph described bythe adjacencytable.

State the time takento drive fromTown B to TownD.

13 minubes
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3.10.3 Minimum Spanning Trees

Kruskal's Algorithm

Inasituationthat canbe modelled bya graph, Kruskal’s algorithmis a mathematicaltool that canbe
used toreduce costs, materials ortime.

Whydo we use Kruskal’s Algorithm?

= Kruskal’s algorithmis aseries of steps that whenfollowed will produce the minimum spanning
treeforaconnected graph

= Finding the minimum spanning tree is usefulinalot of practical applications to connectallof the
vertices inthe mostefficient waypossible

= The numberof edgesinaminimum spanning tree will always be one less than the number of
verticesinthe graph

= Acycleis awalkthatstarts at agivenvertexand ends at the same vertex.

= Aminimum spanningtree cannot containanycycles.

Whatis Kruskal’s Algorithm?

= STEP1
Sortthe edgesinterms of increasingweight

= STEP2
Selectthe edge of least weight (if there is more than one edge of the same weight, eithermaybe
used)

= STEP3
Selectthe nextedge of least weight thathas not alreadybeenchosenand add itto yourtree
provided thatitdoes not make acycle withanyof the previouslyselected edges

= STEP4
Repeat STEP 3 untilall of the vertices inthe graph are connected

O ExamTip

= Whenusinganyofthe algorithms forfinding the minimum spanning tree, make sure that you
state the orderinwhichthe edges are selected to get fullmarks forworking!
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0 Worked example

Considerthe weighted graph G below.

11 7

9 1 6
2 15
D 8 C
a) Use Kruskal’s algorithm to find the minimum spanning tree. Show each step of the

algorithmclearly.
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Lst bre QASE.S wn order OF wus\xk

ER (V)
DH ()
Ag (&)
eF (5)
Fe (5)
8C ()
&F (1)
cd (3)
GH (3)
AD (1)
AE  (n)
(1)

AM Hre e&a& op leost we.(sl& , then the next onwsed e.&ﬁe_ oF leosk
weiﬂkf (w;umwt making o c:)cle.) oakil all verbices are connecked

A [ &
7
E F
S
| 5 6
H G
2

1 D "c n

{ Eo\au added i~ Hhis order :
EW, DH, A8, EF, FC, BC, BF
—_—

I,

Note: EF ond FG could be
odded n either order

b) State the total weight of the minimum spanning tree.

Add vp b weialv&s of-Hne QAse.s in he minimuma
spann]nﬂ tree

l+2 + 4+ S + 5 + 6 + 1 =30
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Prim's Algorithm
Prim’s algorithmis asecond method of finding the minimum spanning tree of a graph.
Whatis Prim’s Algorithm?

= Prim’s algorithminvolves addingedges fromvertices that are already connected to the tree.
= Cycles are avoided byonlyaddingedges thatare not alreadyconnected atone end.
= STEP1
Startatanyvertexand choose the edge of least weight thatis connected to it
= STEP2
Choosetheedge ofleastweight thatisincident(connected)to anyofthe vertices already
connected and doesnotconnectto anothervertexthatis alreadyinthe tree
= STEP3
Repeat STEP 2until allof the vertices are added to the tree

@ Worked example

Considerthe weighted graph below.

A 15 B

25 13

il 30

a) Using Prim’s algorithm, find the minimum spanning tree.
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Select o sl:arhw_r.} vertex (A) and choow the edﬂz of least
m@«{ bhat s comnected to it

A 5 e Ag (l 3)

Conkinued to seleck the eo\je_ of least weislf& Hat

is connecked to any of the other vertices that
are a\remolj connected in the tree

A s & ag (15)
\u3 8C (13)

Re,peak bais process ot | oll werbces are connected /
remembering to  record the erder an which the edges

were added
A s ()

AE Ag (i)

. 12 BC (13)

© 7 ¢ ce ()

eD (1)
L 1

D (

b) State the totalweight of the minimum spanning tree.

Add  up bhe Riglas of te edages
spomninﬂ tree

1TaY ﬁxe M;niMva\

S+ 13 + 12 +1\v1 = | 97
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Prim's Algorithm Using a Matrix

Information maybe givento youeitherinthe formof agraph oras aweighted adjacency table.Prim’s
algorithmcanbe adapted to be used from the adjacency matrix.

Howdo youapplyPrim’s algorithm to a matrix?

Aminimum spanning tree is built up fromthe least weight edges that are incident to vertices
alreadyinthe tree bylooking at the relevant rows in the adjacency table

STEP1

Selectanyvertexto start from,cross out the values inthe columnassociated with that vertexand
labelthe row associated withthe vertex1

STEP 2

Circle the lowestvalue inanycellalong thatrow and add the edge to yourtree,cross out the
remaining values inthe column of the cellthat youhave circled

STEP3

Labeltherow associated with the same vertex as the columnin the previous STEP with the next
number

STEP4

Circle the lowestvalue inanycellalongany of the rows that have beenlabelled and add the edge
to yourtree,cross outthe remainingvalues inthe column of the cell that you have circled

STEP 5

Repeat STEPS 3 and 4 until allrows have beenlabelled and all vertices have beenadded to the
tree

Whichshouldluse Prim’s or Kruskal’s Algorithm?

Kruskal’s algorithm canbe used when the informationis in graph form whereas Prim’s algorithm
canbe usedineithergraph ormatrixform.
Prim’s algorithmis sometimes considered to be more efficient that Kruskal’s algorithm as

= theedgesdonotneedtobeorderedatthestartand

= itdoesnotrelyoncheckingforcycles ateachstep

= Anexamquestionwillusuallyspecifywhichmethod should be used, otherwise you have the

choice

= |fyouare asked to find the minimum spanning tree and the information givenin the questionisin

the formof atable,youshould use Prim’s algorithm

Q Exam Tip

= lookoutforquestionsthataskyouto minimise the costorlengthetc.fromaweighted
graph - theyare implying that theywant you to find the minimum spanning tree!
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@ Worked example

Celesteis buildingamodelcityincorporating 6 main buildings thatneed to be connected to an
electrical supply.

Eachvertexlisted inthe table below represents a building and the weightingof eachedgeis the
costinUSD of creatingalink to the electrical supply between the givenvertices.

A B C D E F
A - 4 9 8 1l 3
B 4 - 13 2 5 12
C 9 13 - 7 1 4
D 8 2 7 - 10 3
E 1l 5 1 10 - 15
F 3 12 4 3 15 }

Celeste wants to find the lowest cost solutionthat links all 6 buildings up to the electrical supply.

a) Startingfromvertex A, use Prim’s algorithm on the table to find and draw the minimum
spanningtree.Show eachstep of the process clearly.

Stort ok any verbex and label b4 , cross out
the valnes in colum A and seleck the eAﬁe of
least ueia\nt n row A

A B|]CcC[D[E]F
Ol 4 |98 1@ AF (2)
B |4 - 13251
c (913 -17 114
D |8 2 7] -]10]3
E ([ 5 [ 2 10]-[15
F |3 124 315]-

Label row F 2, delete the remaning values
in.column F  and seleck the eAﬁg of Teoust weisl«’t
F(OV\-\ rows A O~V\A F

A B| C|D | E F
O A 4 (91811 B AF (3)
B | 4 | - |13] 2 |5 |1 pF (?)

C 9 /13| - 17 |1 4

D | 8 | 2 | 7| - 10| 3

E 11 51 ]10 ] - |15

@| F |3 |12 4|3 15| -

Conbinne n this way unbil all vertices are selecked,
re,w«emher;r\g te record the order 1A whicdh tre
edges are added

Al B|Cc| D |E|F
M A 4 9 | 8 11| ® AF (3)
w| B | 4 B] 23 12 dF (3)
© c 9|1 7O A 8D @)
@ b |8 | @1 1 | 3 CF ()
©| E |11 5 1 10| 1 15 ce ()
@ Fl3[@® 31|
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g

EAau Adc\QA i this order:
AF, DF, @D, CF, CE

b) State thelowestcostof connectingall of the buildings to the electricity supply.

AOd up b weights of the u\sas n the minimun
SPM\‘\I\S bfe&

34 3 + 2 + 4L + L= 30113

3.10.4 Chinese Postman Problem

Eulerian Trails & Circuits

What are Eulerian trails and circuits?

Atrailis awalkinwhichno edgeis repeated
AnEuleriantrailis a trail that visits each edge ina graph exactly once
Acircuit is atrailthat begins and ends at the same vertex
An Euleriancircuit is a trail that visits each edge ina graph exactly once and begins and ends at
the same vertex
A graphwhich contains an Euleriancircuit is called an Euleriangraph
= |nanEuleriangraphthe degree of eachvertexis even
Asemi-Euleriangraphcontains an Eulerian trail but not an Eulerian circuit
= |nasemi-Euleriangraphexactlyone pairofvertices have anodd degree
= These are the start and finish points of any Eulerian trail
Anadjacency matrix canbe used to determine if agraphis Eulerian orsemi-Eulerian as the
degree of eachvertexcanbe found byinspecting the sumof the entries in the rows (out-
degree)orcolumns (in-degree)

O Exam Tip

= |f youcandraw agraphwithout takingyourpen off the paperand without goingoveranyedge

more thanonce thenyouhave an Eulerian orsemi-Eulerian graph!
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@ Worked example

Let Gbe the graphshownbelow.

a) Show that Gis a semi-Eulerian graph.

Look ab bne degree ef eadn vertex

mME O >
FLbLp P

G s a semi - Eulerian 3rAp\a because 1t has

exactly one pair of 0dd vertices C and D

b) Write down an Eulerian trail for G.

An

Eulerian brail wuskt start ond  finiskh. at c/o

There ore seweral possible Euwlerion troils one solution is:

D E AR E C D 8 ¢

Page 16 of 31
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Chinese PostmanProblem

The Chinese postmanproblemrequires youto find theroute of least weight that starts and finishes
atthe same vertexand traverses every edge in the graph. Some edges mayneed to be traversed
twice and the challenge is to minimise the total weight of theserepeated edges.

Howdo Isolve the Chinese postmanproblem?

= |falloftheverticesinagraphare eventhenthe shortestroute willbe the sumofthe weights of the
edgesinanEuleriancircuit

= |fthereis one pairofodd verticesinthe graphthenthe shortest route betweenthemwillneed
to be found and repeated before finding an Eulerian circuit

= There willalways be anevennumber of odd vertices as the totalsumof the degrees of the
vertices is double the numberof edges

= |fthere are more thantwo odd vertices,theneachpossible pairing of the odd vertices must be
considered inorderto find the minimum weight of the edges that need to berepeated

= The maximumnumberofodd vertices that could appearinanexamquestionis 4

What arethe steps of the Chinese postmanalgorithm?

= STEP1
Inspectthe degree of all of the vertices and identifyanyodd vertices

= STEP2
Find the possible pairings between the odd vertices

= STEP3
Foreachpossible combination of vertices, find the shortest walk between the vertices and add
the edges to be repeated to the graph

= STEP4
Write down an Eulerian circuit of the adjusted graphto find apossible route and find the sum of
the edges traversed to find the total weight

What variations maytherebeonthe Chinese postmanalgorithm?

= The weighting of the edge between a pairof vertices maybe differentdependingonifitis the
first time itis beingtraversed orarepeat.
= Forexample,if aninspectorwas checking apipeline fordefects thenthe first time going
alongasectionof pipeline could take longerduringinspectionthanifitis beingrepeatedin
orderto getfromone vertexto another
= |fthere are 4 odd vertices youmaybe asked to start and finish at different vertices.Find the
lengthof theroutes forallpossible pairings of the odd vertices and choose the shortest route
betweenany2ofthemto berepeated.The othertwo odd vertices will be yourstart and finish
points.

O Exam Tip

= |ookcarefullyforthe shortestroute betweentwo vertices exam questions oftenhave
graphs where acombinationof edges will turnout to be ashorterdistance thanamore direct
route

Page 17 of 31
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@ Worked example

The graph Gshownbelow displays the distances,inkilometres, of the mainroads between
towns A,B,C,Dand E.Eachroadis to beinspected forpotholes.

17
15 B

10

a) Explainwhy Gdoes not contain an Eulerian circuit.

Inspect the Aeﬂrez oF each vertex

A: 3 (odd)
B: 3 (oAA)
¢ 3 (odd)
D: 3 (odd)
€2 (even)

The 3rapk G does nok contain an Eulerian
circwit as some of the vertices are odd

b) Find the shortestroute that starts and finishes attown Aand allows foreachroad to be
inspected.

Page 18 of 31
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There are 4 odd vertices so all of bhe possible pairings
must be considered o find the shortest distance bthrak

needs bo be repenl:eo\

Possible pair{c\as .

ADR <D
AR + ¢CD = |2 + 10 =22
ADC (%)
AC + @D = 8 & & = 22
AD QC
AD + RC = 8 + 9 =17 % shortest

ALd the edges to be repated onbr the graph and
GI\A an  Eulerian drcu]t Sbﬁftll\ﬂ ‘From A

One possible Eulerian circuit is:

ADARD C8 C E A

State the totallength of the shortestroute.

PS4 the lengln of each edge in the grapgh then add the
weighk . of the repeated edges
Re,pu\l'd @&3‘-5

|S+l1+8+4+‘l+l0+6>l‘l= 86 km
—

Edges n the oris;m\ sra@'\

Page 19 of 31
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

3.10.5Travelling Salesman Problem

Hamiltonian Paths & Cycles
What are Hamiltonian paths and cycles?

= Apathis awalkinwhichno vertices are repeated
= AHamiltonianpathis apathinwhicheachvertexinagraphis visited exactly once
= Acycleis awalkthatstarts and ends at the same vertex and repeats no other vertices
= AHamiltoniancycleis acycle whichvisits eachvertexinagraphexactly once
= |fagraphcontains aHamiltoniancycle thenitis knownas a Hamiltoniangraph
= Agraphis semi-Hamiltonianif it contains a Hamiltonianpathbut not a Hamiltoniancycle
= The onlywayto show that a graphis Hamiltonian orsemi-Hamiltonianis to find aHamiltonian
cycle orHamiltoniantrail

O Exam Tip

= |fyouare givenanadjacencymatrixand are asked to find aHamiltonian cycle, make sure that
yousketchoutthe graph first

@ Worked example

Let Gbe the graphshownbelow.

Show that Gis a Hamiltonian graph.

To show that the groph s Homillonian, idenbtify a

Hamiltonian C.gc\e.

One possible Hamiltonian cycle 1s:

A &6 C F D E A

Page 20 of 31
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Travelling Salesman Problem

The travelling salesmanproblemrequires youto find the route of least weight that starts and
finishes at the same vertex and visits everyothervertexinthe graph exactly once.

Howdolsolve thetravelling salesman problem?

= Inthe classicaltravellingsalesmanproblemthe following conditions are observed:
= the graphis complete
= thedirectroute betweentwo verticesis the shortestroute (it satisfies the triangle
inequality)
= listallofthe possible Hamiltoniancycles and find the cycle of least weight
= Acomplete graphwith 3 vertices willhave 2 possible Hamiltonian cycles, 4 vertices will have 6
possible cycles and a graph with 5 vertices willhave 24 possible cycles
= Thereis no knownalgorithmthat guarantees finding the shortest Hamiltoniancycle inagraphso
this method is only suitable forsmallgraphs

Q Exam Tip

= Torememberthe difference between the travelling salesman problem and the Chinese
postman problem,rememberthat the salesmanisinterested insellingateachdestination

(vertex) whereas the postmanwants to walk alongeveryroad (edge) inorderto deliverthe
letters

@ Worked example

The graphbelow shows fourtowns and the distances betweentheminkm.

14
;) 417 16
74
D C

AsalesmanlivesincityAand wishes to travelto each of the otherthree cities before returning
home.

Find the shortestroute that the salesman could take and state the totallength of the route.

Page 21 of 31
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List all six possible  Hani ltonian cﬁcles and  their ue,iskt

ARCDA=10+16+T7T49= (3
The rouke is the same
but in reverse of the

ADC&A:"I's < one above ond therefore

has the same weight

H+IS+7+IAD

47 <

ABD C A

ACDGRA

ADRCA= 9 +15 + 16 + 14 =S¢

ACBDA=Sy

W

43 km

Rouke oF leask weiskt

AGCDA
oR

AdPc e A

3.10.6 Bounds for Travelling Salesman Problem

Thisrevisionnote discusses more complexsituations forthe travelling salesmanproblemand you
maywish to referto the revisionnote 3.10.5Travelling SalesmanProblem.
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Table of Least Distances

Insome real-life contexts agraphmaynotbe complete norsatisfythe triangle inequality, for
example,whenlookingat arailnetwork,noteverystop willbe connected to everyotherstopand it
may be quickerto travelfromstop Ato stop Bviastop Cratherthanto travel fromAto B directly. Thus,
the problemis considered to be a practical travelling salesmanproblem.

Findingthe table of least distances (orweights) canconvert apracticaltravelling salesman
probleminto aclassical travelling salesmanproblemthat canthenbe analysed.

Whatisatableofleastdistances?

= Atable of least distances shows the shortest distance betweenanytwo vertices inagraph
= |Insome cases,thedirectroute betweentwo vertices maynot be the shortest

= Byfindingthe table of least distances, a graph canbe converted into acomplete graph that
satisfies the triangle inequality

= STEP]
Fillin the informationforvertices that are adjacentinthe graph (at this stage checkiif the direct
connections are actuallythe shortestroute)

= STEP2
Complete therest of the table by finding the shortestroute that can be travelled betweeneach
pairofvertices that are not adjacent

O Exam Tip

= Rememberthat the table of leastvalues has aline of symmetryalongthe leadingdiagonal for
anundirected graph,so complete one half carefully first,then map overto the second half
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@ Worked example

The graph Gbelow contains six vertices representingvillages and the roads that connect them.

The weighting of the edges represents the time,in minutes, that it takes to walk along a particular
road betweentwo villages.

a) Explainwhy Gis not complete graph.

G is not a complete 3mp\—~ as eocl. vertex

is not connected o ev other vertex by a

S'-I\Slﬁ QASQ, ey there is no Sif\sle e&g&
com\eotiaﬂ & ad D

b) Complete the table of least weights below.
A B C D E =
A
B
C
D
E
F
Page 24 of 31
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Fill in the toble with bre direck connechons from the
3r¢xp\n but check that l;\r\eﬂ are the shortest roukes
as you 4o alonﬂ

Shortest

rouke

betueen D and F: D=2F = 20
D>E->F= 13
Remember that in an undirecked 3r0\pl« there il

be a line of samw.ekrﬂ alonﬂ the leaoh‘fxﬂ anﬂcmm(
SO starl: Lﬂ <F|“u\5 ;I\ one L\alF

A B C D E F
A .
B | 4 —
C 7 13 =
D 1 S —
E 13 6 10 =
F q 18 3 —

Find the shortest roubtes bebuween

unconneclted vertices

Aand E* A>C2E =13
Aand F : A=>C-E =F = 2\

B and D &=2>2C—=>D = 3
Cand F: C2E—=F =14

A B C D E F

A — 14 7 " 13 21

B I 4 - 13 I8 13 q

C 7 13 — S 6 4

D 1| I8 S o 10 18

E 3 13 6 10 — 3

F 21 q 4 18 3 —
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Nearest Neighbour Algorithm

As the numberofverticesinagraphincreases,so does the numberof possible Hamiltoniancycles
and it canbecome impracticalto solve.The nearest neighbour algorithmcanbe used to find the
upperbound forthe minimumweight Hamiltoniancycle.

Whatis the nearest neighbouralgorithm?

= Foracomplete graphwithatleast 3 vertices, performing the nearest neighbour algorithm will
generate alow (butnotnecessarilyleast) weight Hamiltoniancycle
= Thislowweightcycle canbe considered theupperbound
= Thebestupperboundisthe upperbound withthe smallest value
= The nearestneighbouralgorithmcanonlybe used onagraphthatis complete and satisfies the
triangle inequality so the table of least distances should be found first
What arethe steps of the nearest neighbouralgorithm?

= STEP1
Choose astartingvertex
= STEP2
Follow the edge ofleast weight from the current vertexto anadjacent unvisited vertex(if there is
more thanone edge ofleast weight pick one atrandom)
= STEP3
Repeat STEP 2 until all vertices have been visited
= STEP4
Add the finaledge to returnto the starting vertex

Q Exam Tip

= |f asked to write downthe route forthe lowerbound,don’tforgetthat some of the entriesin
the table of lowest distances maynotbe directroutes betweenvertices!
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@ Worked example

The table below contains six vertices representingvillages and the roads that connect them.The
weighting of the edges represents the time inminutes thatit takes to walk along a particularroad
betweentwo villages.

A B C D E F
A - 14 7 1 13 21
B 14 - 13 18 13 9
C 7 13 - 5 6 14
D 1 18 5 - 10 18
E 13 13 6 10 = 8
F 2] 9 14 18 8 -

Starting atvillage A, use the nearest neighbouralgorithm to find the upperbound of the time it
would take to visit eachvillage and returnto village A.

Stark at vertex A (COIUMA A) and  Seleck the
edge of least weISL\.E (AQ),  write it down

Move bo colomn €, cross out the walue bhat
ould jon C & A as vertex A has al

been visited [“Seleck  the. edge of Meast . weighk
(CD) oand write down

Move ™ B “tolumn D, cross ouk the valwes for tae
verbices oJreoAﬂ visited CA ond C) and seleck the
2dge  of least weigut froa the remaining values

ond  write & down

Continue wnlbil all verhces hove been wsited baen
choose  the final edge o get back fra the last
vertex b the S.\:mr\:inﬂ pesition
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A B C D E F
Al - (@ ¥ o] w1 o
B | 4 - 13 18 13 @
C @ 13 — -4 £ Pl
D 1 I8 5) — | 15
E I3 13 6 - 3
F 21 q 4 I8 —

S3 mins 15 an vpper bound
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Deleted Vertex Algorithm

The deleted vertexalgorithmcanbe used to find the lowerbound forthe minimumweight
Hamiltoniancycle.

Whatis the deleted vertexalgorithm?

= The deleted vertexalgorithmcanonlybe used onagraphthatis complete and satisfies the
triangle inequality so the table of least distances should be found first

= Deletingdifferent vertices maygive differentresults,the best lowerbound is the lowerbound
with the highest value

= |fyouhave found acycle the same lengthas the lowerbound thenyouhave found the shortest
route forthe travelling salesman problem

= |fthelowerbound and the upperbound are the same weight thenyou have found the shortest
route forthe travelling salesman problem

What arethestepsof thedeleted vertexalgorithm?

= STEP1
Choose avertexand delete italongwith alledges that are connected to it

= STEP2
Find the minimum spanning tree forthe remaining graph (see revisionnote 3.10.3 Minimum
Spanning Trees)

= STEP3
Add the two shortestedges that were deleted from the original graph to the weight of the
minimum spanning tree

Q Exam Tip

= Be carefulwhenusingaweighted adjacency tablenotto get confused betweenusing
Prim’s algorithm and the nearest neighbouralgorithm.
= Rememberthat Prim’sis used to find aminimum spanning tree, so vertices can be
connected to several othervertices and hence canhave more thanone valueina
columncircled
= Whenusingthe table forthe nearest neighbouralgorithm, vertices cannot be revisited
so only one value will be circled ineach column
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@ Worked example

The table below contains sixvertices representingvillages and the roads that connect them.The
weighting of the edges represents the time in minutes that it takes to walk along a particularroad

betweentwo villages.

b)

A B C D E F
A - 14 7 1 13 21
B 14 - 13 18 13 9
C 7 13 - 5 6 14
D 1 18 5 - 10
E 13 13 6 10 = 8
F 21 9 14 18 8 -

BydeletingvertexAand using Prim’s algorithm, find alowerbound forthe time taken to

startatvillage A, visiteach of the othervillages and returnto village A

A B C D E F
@] B 14 — 13 I8 13 @
@| ¢ 1 % - ® £ ug
©| D 1] L& 1 - 1o 18
G| E IR A3 © 10 — 3
@| F 2 4 14 13 -

Add o.c\ﬁes in bhe order:  BF (@)
Fe (8)
ce (6)
cd (5)
Total Ue{s\r\t OF JURPATURYN spavw\imﬁ tree = 28
Add weights of two edges of leost weight comnected to A AC )

A (1)

Lower bound = 28 + 1T + I} = | 46 miaukes

Show that bydeletingvertexB instead, ahigherlowerbound canbe found.
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A B C D E F

! A - 14 O ve w 21
B 4 I3 8 3 9

@ C A 13 — ® ® 14
| D W I8 5 — '} 18
@| E %1 13 & 16 — ®
®| F 22X ‘ 14 18 3 —
Total weight o minimum  spanaing tree - ;; g+ 6+5§

Neiakt of two edﬁu of least ueiﬂkb connecked to B: BF (3)
’¢/p (13)

Lower bound = 48 mins

This is o l\.'sker lower bound than
fourd  when de\eEma verkex A
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