
 2.9 Further Functions & Graphs

AA HL



2.9.1 Modulus Functions

Modulus Functions & Graphs

What  is t he m odulus f unct ion?

The mo dulus f unctio n is defined by f (x)= 







x








x = x2

Equivalently it can be defined 








x =
⎧
⎪
⎪
⎨
⎪
⎪
⎩

x x≥0
−x x<0

Its do main is the set o f all real values

Its range  is the set o f all real no n-negative values

The mo dulus functio n gives the distance  between 0 and x

This is also  called the abso lute value  o f x

What  are t he key f eat ures of  t he m odulus g raph: y = |x|?

The graph has a y-intercept  at (0, 0)

The graph has o ne ro o t  at (0, 0)

The graph has a vertex at (0, 0)

The graph is symmetrical abo ut the y-axis

At the o rigin

The functio n is co ntinuo us

The functio n is no t differentiable
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What  are t he key f eat ures of  t he m odulus g raph: y = a|x + p| + q?

Every mo dulus graph which is fo rmed by linear transf o rmatio ns  can be written in this fo rm using

key features o f the mo dulus functio n








ax = 







a 







x

Fo r example: 








2x+1 =2
















x+
1
2









p−x = 







x−p
Fo r example: 









4−x = 







x−4
The graph has a y-intercept  when x = 0

The graph can have 0, 1 o r 2 ro o ts

If a and q have the same sign then there will be 0 ro o ts

If q = 0 then there will be 1 ro o t  at (-p, 0)

If a and q have different signs  then there will be 2 ro o ts  at 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
−p±

q
a ,0

The graph has a vertex at (-p, q)

The graph is symmetrical abo ut the line x = -p

The value o f a determines the shape  and the steepness  o f the graph

If a is po sitive  the graph lo o ks like ∨
If a is negative  the graph lo o ks like ∧
The larger the value o f |a| the steeper the lines

At the vertex

The functio n is co ntinuo us

The functio n is no t di�erentiable
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2.9.2 Modulus Transformations

Modulus Transformations

How do I sket ch t he g raph of  t he m odulus of  a f unct ion: y = |f(x)|?

ST EP 1: Keep the parts o f the graph o f y = f(x) that are o n o r abo ve the x-axis

ST EP 2: Any parts o f the graph belo w the x-axis  get reflected  in the x-axis anything

How do I sket ch t he g raph of  a f unct ion of  a m odulus: y = f(|x|)?

ST EP 1: Keep the graph o f y = f(x) o nly f o r x ≥ 0

ST EP 2: Reflect  this in the y-axis

What  is t he difference bet ween y = |f(x)| and y = f(|x|)?

The graph o f y = |f(x)| never go es belo w the x-axis

It do es no t have to  have any lines o f symmetry

The graph o f y = f(|x|) is always symmetrical abo ut the y-axis

It can go  belo w the y-axis

When m ult iple t ransf orm at ions are involved how do I det erm ine t he order?

The transfo rmatio ns o utside the f unctio n fo llo w the same o rder as the o rder o f  o peratio ns

y= 







af (x)+b
Deal with the a then the b then the mo dulus

y=a 







f (x) +b
Deal with the mo dulus then the a then the b

The transfo rmatio ns inside the f unctio n are in the reverse o rder to  the o rder o f  o peratio ns

y= f (








ax+b )

Deal with the mo dulus then the b then the a

y= f (a 







x +b)

Deal with the b then the a then the mo dulus

Exam T ip

When sketching o ne o f these transfo rmatio ns in an exam questio n make sure that the graphs

do  no t lo o k smo o th at the po ints where the o riginal graph have been re�ected

Fo r   the graph sho uld lo o k "sharp" at the po ints where it has been re�ected

o n the x-axis

Fo r   the graph sho uld lo o k "sharp" at the po int where it has been re�ected o n

the y-axis
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Worked example

The diagram belo w sho ws the graph o f y= f (x) .

(a) Sketch the graph o f y= 







f ( )x .
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(b) Sketch the graph o f  y= f (








x ) .
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2.9.3 Modulus Equations & Inequalities

Modulus Equations

How do I find t he m odulus of  a f unct ion?

The mo dulus o f  a f unctio n f(x) is









f (x) =
⎧
⎪
⎪
⎨
⎪
⎪
⎩

f (x)

−f (x)

f (x) ≥0
f (x) <0

o r









f (x) = [f (x)]2

How do I solve m odulus equat ions g raphically?

To  so lve |f(x)| = g(x) graphically

Draw y = |f(x)| and y = g(x) into  yo ur GDC

Find the x-co o rdinates o f the po ints o f  intersectio n

How do I solve m odulus equat ions analyt ically?

To  so lve |f(x)| = g(x) analytically

Fo rm two  equatio ns

f(x) = g(x)

f(x) = - g(x)

So lve bo th equatio ns

Check so lutio ns  wo rk in the o riginal equatio n

Fo r example: x−2=2x−3  has so lutio n x=1
But |(1)−2| =1  and 2(1)−3=−1
So  x=1  is no t a so lutio n to  |x−2| =2x−3
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a)

b)

Worked example

So lve fo r x :









2x+3
2−x









=5









3x−1 =5x−11.
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Modulus Inequalities

How do I solve m odulus inequalit ies analyt ically?

To  so lve any  mo dulus inequality

First so lve the co rrespo nding mo dulus equatio n

Remembering to  check whether so lutio ns are valid

Then use a graphical metho d o r a sign table to  find the intervals that satisfy the inequality

Ano ther metho d is to  so lve two  pairs o f  inequalities

Fo r |f(x)| < g(x) so lve:

f(x) < g(x) when f(x) ≥ 0

f(x) > -g(x) when f(x) ≤ 0

Fo r |f(x)| > g(x) so lve:

f(x) > g(x) when f(x) ≥ 0

f(x) < -g(x) when f(x) ≤ 0

Exam T ip

If a questio n o n this appears o n a calculato r paper then use the same ideas as so lving o ther

inequalities

Sketch the graphs and find the intersectio ns
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a)

b)

Worked example

So lve the fo llo wing inequalities fo r x .

|2x−1| <4









x+1 < 







2x+3
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2.9.4 Reciprocal & Square Transformations

Reciprocal Transformations

What  effect s do reciprocal t ransf orm at ions have on t he g raphs?

The x-co o rdinates stay the same

The y-co o rdinates change

Their values beco me their recipro cals

The co o rdinates (x, y) beco me 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x,

1
y  where y ≠ 0

If y = 0 then a vertical asympto te go es thro ugh the o riginal co o rdinate

Po ints that lie o n the line y = 1 o r the line y = -1 stay the same

How do I sket ch t he g raph of  t he reciprocal of  a f unct ion: y = 1/f(x)?

Sketch the recipro cal transf o rmatio n by co nsidering the different f eatures  o f the o riginal

graph

Co nsider key po ints o n the o riginal graph

If (x , y ) is a po int o n y = f(x) where y  ≠ 0

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x1,
1
y1

 is a po int o n y=
1

f (x)

If |y | < 1 then the po int gets f urther away f ro m the x-axis

If |y | > 1 then the po int gets clo ser to  the x-axis

If y = f(x) has a y-intercept  at (0, c) where c ≠ 0

The recipro cal graph y=
1

f (x)

 has a y-intercept  at 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
0,

1
c

If y = f(x) has a ro o t  at (a, 0)

The recipro cal graph y=
1

f (x)

 has a vertical asympto te  at x=a

If y = f(x) has a vertical asympto te  at x=a

1 1 1

1

1
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The recipro cal graph y=
1

f (x)

 has a disco ntinuity  at (a, 0) 

The disco ntinuity  will lo o k like a ro o t

If y = f(x) has a lo cal maximum at (x , y ) where y  ≠ 0

The recipro cal graph y=
1

f (x)

 has a lo cal minimum at 
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x1,
1
y1

If y = f(x) has a lo cal minimum at (x , y ) where y  ≠ 0

The recipro cal graph y=
1

f (x)

 has a lo cal maximum at 
⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

x1,
1
y1

Co nsider key regio ns o n the o riginal graph

If y = f(x) is po sitive  then y=
1

f (x)

 is po sitive

If y = f(x) is negative  then y=
1

f (x)

 is negative

If y = f(x) is increasing then y=
1

f (x)

 is decreasing

If y = f(x) is decreasing then y=
1

f (x)

 is increasing

If y = f(x) has a ho riz o ntal asympto te  at y = k 

y=
1

f (x)

 has a ho riz o ntal asympto te  at y=
1
k  if k ≠ 0

y=
1

f (x)

tends to  ± ∞ if k = 0

If y = f(x) tends to  ± ∞ as x tends to  +∞ o r -∞

y=
1

f (x)

 has a ho riz o ntal asympto te aty=0

1 1 1

1 1 1
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Worked example

The diagram belo w sho ws the graph o f y= f (x)  which has a lo cal maximum at the po int A.

Sketch the graph o f .y=
1

f (x)

.
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Square Transformations

What  effect s do square t ransf orm at ions have on t he g raphs?

The effects are similar to  the transfo rmatio n y = |f(x)|

The parts belo w the x-axis are reflected

The vertical distance  between a po int and the x-axis is squared

This has the effect o f smo o thing the curve  at the x-axis

y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  is never belo w the x-axis

The x-co o rdinates stay the same

The y-co o rdinates change

Their values are squared

The co o rdinates (x, y) beco me (x, y²)

Po ints that lie o n the x-axis  o r the line y = 1 stay the same

How do I sket ch t he g raph of  t he square of  a f unct ion: y = [f(x)]² ?

Sketch the square transf o rmatio n by co nsidering the different f eatures  o f the o riginal graph

Co nsider key po ints o n the o riginal graph

If (x , y ) is a po int o n y = f(x)

( )
x1,y1

2  is a po int o n y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2

If |y | < 1 then the po int gets clo ser to  the x-axis

If |y | > 1 then the po int gets f urther away f ro m the x-axis

If y = f(x) has a y-intercept  at (0, c)

The square graph y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a y-intercept  at (0,c2)

If y = f(x) has a ro o t  at (a, 0)

The square graph  y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a ro o t  and turning po int  at (a, 0)

If y = f(x) has a vertical asympto te  at x=a
The square graph y= ⎡

⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a vertical asympto te  at x=a
If y = f(x) has a lo cal maximum at (x , y )

The square graph  y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a lo cal maximum at (x , y ) if y > 0

The square graph y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2   has a lo cal minimum at (x , y ) if y ≤ 0

If y = f(x) has a lo cal minimum at (x , y )

The square graph y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2   has a lo cal minimum at (x , y ) if y ≥ 0

The square graph  y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2  has a lo cal maximum at (x , y ) if y < 0

1 1

1

1

1 1

1 1
2

1 

1 1
2

1 

1 1

1 1
2

1 

1 1
2

1 

Exam T ip

In an exam questio n when sketching   make it clear that the po ints where the new

graph to uches the x-axis are smo o th

This will make it clear to  the examiner that yo u understand the di�erence between the

ro o ts o f the graphs  and 
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Worked example

The diagram belo w sho ws the graph o f y= f (x)  which has a lo cal maximum at the po int A.

Sketch the graph o f y= ⎡
⎢
⎣

⎤
⎥
⎦

f ( )x 2 .
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