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2.9.1Modulus Functions

Modulus Functions & Graphs

Whatis the modulus function?

= The modulus functionis defined by f{x) = |x|
=/

x x20
= Equivalentlyitcanbe defined |X| =

-x x<0

= |tsdomainis the setofallrealvalues

= |tsrangeis the setof allrealnon-negative values

= The modulus function gives the distance between O and x
= Thisisalso called the absolute value of x

What are the keyfeatures of the modulusgraph: y=|x|?

= The graphhas a y~-intercept at (0, 0)
= The graphhasonerootat(0,0)
= The graphhas avertexat(0O,0)
= The graphis symmetrical about the y-axis
= Atthe origin
= The functionis continuous
= The functionis not differentiable
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What are thekeyfeatures of the modulus graph: y= a|x+p| + g?

= Everymodulus graphwhichis formed bylinear transformations can be writtenin this formusing
keyfeatures of the modulus function

- |ax|=|al|x]|

= Forexample: |2X+ 1 | =2

1
X+
2
- lp=x|=|x-pl|
= Forexample: |4 —XI = |X—4|
= The graphhas a y-intercept whenx=0
= Thegraphcanhave O,Tor2roots
= |f gand ghave the same signthenthere willbe Oroots
= |f g=0thentherewillbelrootat(-p, 0)

q
= If aand ghave different signs then there willbe 2roots at (—p * ; ,0

= The graphhas avertexat(-p, q)

= The graphis symmetrical about the line x=-p

= Thevalue of adetermines the shape and the steepness of the graph
= |f ais positive the graphlooks like V

= [f ais negative the graphlooks like A
= Thelargerthe value of |a|the steeperthe lines

= Atthe vertex
= Thefunctionis continuous
= Thefunctionis not differentiable
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2.9.2Modulus Transformations

Modulus Transformations
Howdo Isketchthe graphof the modulus of a function: y=|f(x)|?

= STEP1.Keepthe parts of the graphof y=f(x) that are onor above the x-axis
= STEP 2:Anyparts of the graphbelow the x-axis getreflected in the x-axis anything

Howdo Isketchthe graphof afunctionof amodulus: y= f(| x])?

= STEP1:Keepthe graphof y=f(x)only for x20
= STEP 2:Reflect this inthe y-axis

Whatisthedifferencebetween y=|f(x)| and y= f(| x])?

= The graphof y=|f(x)|never goes below the x-axis
= |tdoesnothave to have anylines of symmetry

= The graphof y=1f(|x|) is always symmetrical about the y-axis
= |tcango below the y~axis

When multiple transformations areinvolved howdo Idetermine theorder?

= Thetransformations outside the functionfollow the same order as the order of operations

- y=|af(x)+ b|
= Dealwiththe athenthe bthenthe modulus
- y=al|flx)|+b

= Dealwiththe modulus thenthe athenthe b
= The transformations inside the functionare inthereverse order to the order of operations

- y=1{|ax+b|)
» Dealwiththe modulus thenthe bthenthe a
- y=1fa|x|+b)

= Dealwiththe bthenthe athenthe modulus

O Exam Tip

= Whensketchingone of these transformations inan exam question make sure that the graphs
do notlooksmoothatthe points where the original graph have beenreflected
= Fory= |f(X)| the graphshould look "sharp" at the points where it has beenreflected
onthe x-axis
= Fory= f(le) the graphshould look "sharp" at the pointwhere it has beenreflected on
the y-axis
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@ Worked example

The diagram below shows the graphof y = f(X) .
[

A(—1. D)

O

B (3, —3)

(a) Sketchthe graphof Yy = |f(X) | :
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H ﬁ\e Smpk is on or above the x-axis then it S’raus the same
I the 3mph is below the x-axis the  is refleded in the x-axis

A 51'(1&5 ‘w\e same (_||5> Al(.‘ 5) 43
B beomes (3,3) §6.3)
g
| _
(b) Sketchthe graphof y = f(|x]) .

keep the Sraph for 220

Reflect this in the y-axis

A disappears Y

B Stoys the. came (3,-3)
|

>
X

3,3) 83,3)
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2.9.3Modulus Equations & Inequalities

Modulus Equations
Howdo lfindthe modulus of a function?

= The modulus of afunction (x)is
(x) f(x) 20
- |Ax)|= or
-flx)  f(x)<0

- [fx)] = [(x)P

Howdo Isolve modulus equations graphically?

= Tosolve |[fixX)|=g(x) graphically
= Draw y=|f(x)|and y= g(x) into your GDC
= Find the x-coordinates of the points of intersection

Howdo Isolve modulus equations analytically?

= To solve |(x)|= g(x) analytically
= Formtwo equations
= X)) =9g(X
= fX)=-gx
= Solve bothequations
= Checksolutions workinthe originalequation
] Forexample:X—2 =2x — 3 hassolutionx =1

« But|(1)=2|=1and2(1)-3= =1
= Sox=lisnotasolutionto |X—2| =2x-3
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@ Worked example

Solve forX:
a) 2x+3
2—-x |
Af\a\%‘h(q"\lﬁ
SPH info two aluafions
21+3 _ *5
2-x

So\ve individua"a

2.1*3 _ 21+S e
2‘1-5 2-x S
21+3=|0-51 2x+3=5x-10
;1 = 1 \3 ‘-3.1

X = | e %
G)C(.kl (‘3)

) + 2\3)+ 3 /
zz‘-(?)l=5/ 2 -(3) .

Xz or - %

b |3x—1|=5x—-11.

Exam Papers Practice

(rophically
Oketch the fwo %mp}ls
Ya Werd

H‘:\‘-\ 1

4=5 / \

»
-L5 X

Find the points of inttersechion
(1,5) (L.33,5)
(hoose the  x~coordinates

X=) or x:433 (339

Ana\lﬁlca"& Grop\\\ca\g
SPH into “'wo e,,luaﬁons Skﬁ*(}\ 'H\e +NO Qmp’\s
Jx-1 =+ (S5x-1) 4
So\ve individua"t\
Sx-1=52-ll Sx-l =11-5x 038/22 =
0 <2 Bx:-1
ol =18 Find the points of intersection
Check: (5, 1)
13(5) -\ = It 3015)-1=3.5 ‘
Syl v 5(15)-1 - 35 (hovse the - coordingtes
VN xS
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Modulus Inequalities
Howdo Isolve modulusinequalities analytically?

= To solve any modulus inequality
= Firstsolve the corresponding modulus equation
= Rememberingto check whether solutions are valid
= Thenuse agraphical method orasigntable to find the intervals that satisfy the inequality
= Anothermethodis to solve two pairs of inequalities
s For|fx)]|<g(x) solve:
= f{x) <gx)whenf(x)>0
= f{X)>-g(x)whenf(x)<O
= For|Ax)|> g(x) solve:
= f{X)> g(x) when f(x)>0
= f{x) <-g(x)whenf(x)<O

O ExamTip
= |faquestiononthis appears onacalculatorpaperthenuse the sameideas as solvingother
inequalities

= Sketchthe graphs and find the intersections
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@ Worked example

Solve the followinginequalities for X.

a)  [2x-1]|<4
Solve for 2x-120
Pr x25: Qx-l<kt 5> x< 2 Lls:usi
Solve for 2x-1¢0
For 1&%: -l >-4 = X"gz -—i <X

wl-

Combine inequali’fies 3

A

5
X &y
b |[x+1|<[2x+3]

Solve, the (orrespondins equation

lx+1]=]2x43] 2 xel =1 (2x43)

Solve x+l=2x+3 xr] -3

x=-2 1=-%
(heck [(AxL] ] T

w| = w| -

v
A2)+3] | 43| -

Use “a sign foble
Check x:-3 | Check x=15 | (heck x=0

sk < [aga)a] 9k < [263]  [0+1] < [2(0)43)]
I <3

2 <3 . 05«0 :
True False True
oo X -V
I |‘.
-1 -3

Weite solution x<-2 or x>- %
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2.9.4 Reciprocal & Square Transformations

Reciprocal Transformations
What effects doreciprocaltransformationshaveonthegraphs?

= The x-coordinates stay the same
= The y-coordinates change
= Theirvalues become theirreciprocals

1
= Thecoordinates (x,)) become (X,; where y#0

= |f y=Othenaverticalasymptote goes through the originalcoordinate
= Pointsthatlieontheline y=1ortheline y=-1stay the same

Howdo Isketchthegraphofthereciprocalof afunction: y=1/f(x)?

= Sketchthereciprocaltransformationbyconsidering the different features of the original
graph

= Considerkeypoints onthe original graph
s [f(x;,y)isapointon y=1f(x) where 10
1) _ 1
" Xl,y1 Isapointony = f(X)
= If |y5] < 1thenthe point gets further away fromthe x-axis
= If |y5] > 1thenthe point gets closer to the x-axis

= |f y=1f(x) has a y-intercept at (O, ¢) where c#£0

1 { 1
» Thereciprocal graph Y = —7— has a y-interceptat |0, —
P graphy f(X) y P \ "o

)

= |f y=f(x)has aroot at(a,O)

1

= Thereciprocalgraphy = m has averticalasymptoteat X =g

s |f y=1f(x)has averticalasymptoteat X = a4
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1
= Thereciprocalgraph y = m has adiscontinuity at(a, O)

= Thediscontinuity willlooklike aroot
= |f y=1f(x) has alocal maximum at (x;, y) where y1#0

: ()
= Thereciprocalgraph y = m has alocal minimum at \Xl,y—lj

= |f y=1f(x) has alocal minimumat (x;, y) where y1#0

: (v
] Thereaprocalgraphy—mhasalocalmaxnmumat Xl,—}

\
= Considerkeyregions onthe original graph

1
= If y=f(x)is positive then Yy = f(X) is positive

1
= If y=f(x)is negative then y = f(X) is negative

1
= If y=f(x)isincreasingthen y = m is decreasing

1
= If y=f(x)is decreasingthen y = f(X) isincreasing

= |f y=1f(x)has ahorizontalasymptote at y=k

1 1
. = —~ hasahorizontalasymptoteat Y= —~ if k=0
Y (%) ymp Y k
1

= y= @ tendsto x=if k=0

s |f y=fix)tendsto £ ©as xtends to +w or-w

1
. = —7~ hasahorizontalasymptoteat Yy = 0
Y f(X) y Y
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@ Worked example

The diagram below shows the graphof Yy = f(X) which has alocal maximum at the point A.

yll

C (10,0) s
y=-1
1
Sketchthe graphof .y = m

A l)e(omes locol minimum ('5,’%)
Vedtical asamp‘rofe becomes reot 2.0) (2,0)
B becomes (0, T '

2 A7) 07w)
C becomes vertical asymptofe x:10 / 3
Horizontal asgmp’ro’re Y= -| - remaing A0
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Square Transformations
What effects do square transformationshaveonthe graphs?

= The effects are similar to the transformation y=| f(x)|
= The parts below the x-axis arereflected
= Theverticaldistance betweenapointand the x-axis is squared
= This has the effect of smoothingthe curve at the x-axis

y= [f(X)]2 is never below the x-axis
= The x-coordinates stay the same
= The y-coordinates change
= Theirvalues are squared
= Thecoordinates (x,)) become (x, )2
= Points thatlie onthe x-axis orthe line y=1stay the same

Howdo Isketchthegraphofthesquareof afunction:y=[f(x)]2?

= Sketchthe square transformationbyconsideringthe different features of the original graph
= Considerkeypoints onthe original graph
= If(x; )yp)isapointony=1f(x)

] (Xl,ylz)isapoin'con_y=[f(X)]2
= If[)5] <1thenthe point gets closer to the x-axis

= I [y5]>1thenthe point gets further away fromthe x-axis
= |f y=1f(x) has a y-interceptat (0O, ¢

= Thesquare graph y = [f(X) ]2 has ay-intercept at (0, 02)
= |fy=fix)hasarootat(a,O)
= Thesquare graph Yy = [f(X)P has aroot and turning point at (a, O)
= |f y=1f(x)has averticalasymptoteat X = 4
= Thesquare graph Yy = [f(X)]2 has averticalasymptoteat X =g
= |f y=1f(x) has alocalmaximumat (x; y)
= Thesquare graph Yy = [l‘(X)]2 has alocalmaximum at (x; y2)if y;> 0
= Thesquare graph Yy = [f(X) ]2 has alocalminimum at (x; y72) if y;<0
= |f y=1(x) has alocal minimum at (x;, y)
= Thesquare graph Yy = [f(X) ]2 has alocalminimum at (x; y72) if y;20
= Thesquare graph Yy = [f(X)]2 has alocalmaximum at (x; y2)if y;< 0

O Exam Tip

= Inanexamquestionwhensketching y = [IC(X)]2 make it clearthat the points where the new
graphtouches the x-axis are smooth
= This willmake it clearto the examinerthatyouunderstand the difference betweenthe

roots of the graphs y = |f(X)| and y = [IC(X)]2
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@ Worked example

The diagram below shows the graphof Yy = f(X) whichhas alocal maximum at the point A.

yll

C (10,0) "
y =1
Sketchthe graphof y = [f(X)]2
A becomes local minimum (-5, & ) X2
Verti ol asgmp’ro’re x=2 remging
B bewmes (0,16 ) B' (v,16)
C be comes local Minimum A (-5,k)
4=1

Hor 2ontal asﬁmpfo’re becomes 5=| ('l\wg-

Page 14 of 14
For more help visit our website www.exampaperspractice.co.uk



