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2.7.1Factor & Remainder Theorem

Factor Theorem
What s the factor theorem?

= The factortheoremis used to find the linear factors of polynomial equations
= Thistopicis closely tied to finding the zeros and roots of a polynomial function/equation
= Asarule of thumb azerorefers to the polynomial function and a root refers to a polynomial
equation
= Forany polynomial function P(x)
= (x-Kk)isafactorof P(x)if P(k) =0
» P(k) = 0if (x-k)is afactor of P(x)
How do luse the factor theorem?
= Considerthe polynomial function P(x) = anx" + an. X"+ .. +ax+apand (x-k)is afactor
» Then, due to the factor theorem P(k) = ank” + an.ik" '+ .. + ajk +ap= O

L] P(X) = (X - k) X Q(X),where Q(x) is a polynomial that is a factor of P(x)

P(x)
= Hence, = (X),whereQ(x)isanotherfactorofP(x)

x—k

= |fthelinearfactorhas a coefficient of x then you must first factorise out the coefficient

= [fthelinearfactoris (aX — b) = a( - %) - P(%)= 0
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@ Worked example

Determine whether (X - 2) is a factor of the following polynomials:

a)

(x)=x3-2x2—x+2.

Step [ Determine R

Our lneor Funckion 1¢ 9 -2
—¢0 R=12
SFeth f-\pp[g fockor theorem

For x-7 to be a factor of Foo0),
f(2) has to equal zero

Fl)=(2)-2(2) -(2) + 2
=8 - 8 - 2+ %
-0

f()= 0,
so %x-2 1s a fockor of FC20)

g(x)=2x3+3x2-x+5.

For more help, please visit www.exampaperspractice.co.uk
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Step [ Determine R

Owr lineor Funckion 12 2 -2

— 50 h: g
Sl-epl‘- pt'pp[(:{’ foctor theorem

For -2 to be a Ffactor of g(x),

0(2) hos to equal zero

q(rx) = 2(2)° +3(2)*-(2) + 5
=6 - Ix -2 *5
= 7

3(1)= 7,

so -2 1s not a fockor of g0

itis giventhat (2x — 3) isafactorof A(x)=2x3—bx2+7x—6.

c) Find the value of b.

For more help, please visit www.exampaperspractice.co.uk
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Step [ Determine R

Owr linear Funckion 1« 22 -2

— 350 k= %L
Step2: F\p_phj Poctor theoremn to find b

Smce 2x-2 1 o fackor of h(20),

-
2(3) (%

54

8

b=3S

For more help, please visit www.exampaperspractice.co.uk
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Remainder Theorem
What is the remainder theorem?

= Theremainder theoremis used to find the remainder when we divide a polynomial function by alinear
function

= When any polynomial P(x) is divided by any linear function (x - k) the value of the remainder Ris given by
Pk)=R

= Note, when P(k) = O then (x - k) is a factor of P(x)
How do l use the remainder theorem?

= Consider the polynomial function P(x) = anx” + an. X"+ ..+ ax +ap and the linear function (x - k)
= Then, due to the remainder theorem P(k) = apk" + ap_ k" '+ .. + ajk +ag = R

. P(X) = (X = k) X Q(X) + R, where Q(x)is a polynomial

,where Ris the remainder

= Hence, A—k =Q(X)+ A—k

= [fthelinear function has a coefficient of x then you must first factorise out the coefficient

b b
= |fthelinearfunctionis (3X - b) = a(x 3 ;) - P(;) =R
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@ Worked example

Let flx)=2x%—-2x3—x2—3x+ | findtheremainder R when f(x) isdivided by:

a) x—3.

Step [+ Determine R

Owr lineor Funckion 1¢ 2 -2

— 50 k=13
Slre,p:l: p‘PPl‘j cemonnder teorem

Fczy= R
FE=y = 9= 9 =312 ~50s) & |
()= 1620 - 54 -4 - 9 +

F(z) = 4l
R=A4l

b) x+2.
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Step |: Determine R

Owur lineor Funckion 1¢ 2+

— g0 R=-12
Sl-ep?.‘- APP[S re,MOLwd&f theorem

Fe2y = R

Fe) = 9oy 162y =tay =32 ¢ |
fe2y= 3 + 16 -4 + €& + |
f¢-2) = 5l

R=5I

893
The remainderwhen f(X) is divided by (2X + k) is g

c) Giventhat kK > (), find the value of k..

Skep L: P\pplg remannder teorem

Letks 1 (1 &) Fesy = 843

3 L
843 = 2¢-EY- 2B -3¢ ¢ |

]
Sh’,pﬂ‘- Solve for Us\ng_your 60C

k=5

For more help, please visit www.exampaperspractice.co.uk
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2.7.2 Polynomial Division

Polynomial Division
What is polynomial division?

= Polynomial divisionis the process of dividing two polynomials

= Thisis usually only useful when the degree of the denominator is less than or equal to the degree
of the numerator

= Todo this we use an algorithm similar to that used for division of integers

= Todivide the polynomial P(X) = anX” + a ._ 1X” T+ L+ a,x + a, by the polynomial

D(X)= kak+ bk_le_l +...+ b1X+ bO wherek<n

= STEP]
Divide the leading term of the polynomial P(x) by the leading term of the divisor D(x) :
a x"
n = m
b Xk qmX
b
= STEP2

Multiply the divisor by this term: D(X) X qme

= STEP3
Subtract this from the original polynomial P(x) to cancel out the leading term:

R(x)= P(x) - D(x) x qum

= Repeatsteps1-3using the new polynomial R(x) in place of P(x) until the subtractionresultsinan
expression for R(x) with degree less than the divisor
= The quotient Q(x) is the sum of the terms you multiplied the divisor by:
= m 4 m=l4 + +
Q(X) q X q._.X .t g xtq,
= Theremainder R(x)is the polynomial after the final subtraction

Division by linear functions

= |f P(x) has degree nandis divided by alinear function (ax + b) then

P(X) = Q(X) + Lwhere

ax+b ax+b

= ax+bisthedivisor(degreel)

= Q(x)isthe quotient (degreen-1)
= Ristheremainder(degree O)

« Notethat P(x) = Q(x) X (ax + b) + R
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Division by quadratic functions

= If P(x) has degree nandis divided by a quadratic function (ax? + bx + ¢) then

P(x) ex+f

n = X)+
ax’+bx+c Q) ax? + bx + ¢

= ax?+bx+cisthe divisor (degree 2)
= Q(x)isthe quotient (degreen-2)
= ex+fistheremainder(degreelessthan?2)
= Theremainderwill belinear (degree1)if e # 0, and constant (degree O)ife=0

= Notethat P(x) = Q(x) X (ax2+ bx+ c)+ ex+ f

where

Division by polynomials of degree k<n

= |f P(x) has degree nand is divided by a polynomial D(x) with degree k<n
P(x) R(x)
© D)~ A gy e

= D(x)isthe divisor (degree k)
= Q(x)isthe quotient (degree n - k)
= R(x)is theremainder (degree less than k)

« Notethat P(x) = Q(X) x D(x) + R(x)
Are there other methods for dividing polynomials?

= Synthetic divisionis a faster and shorter way of setting out a division when dividing by alinear term of
the form

« Todivide P(x) = a x"+ an_lxﬂ‘l +..tax+a oy (x = ¢):
= Setb =a
n n

= Calculate b =a +cXb
n—1 n—1 n

= Continue this iterative process bi—l =a._, +cX a

= The quotientis Q(X) = bHXn —l4 bn _ 1XH 24 .+ b2X + b1 and the remainderis
r= bO
= You canalso find quotients and remainders by comparing coefficients
. GivenapolynomiaIP(X) = EIHX” + a _an_l +...+ a1X+ a,

. AndadivisorD(X) = dek+ dk— xk=14+  + d1X+ dO

1
= write Q(x) = qn_kxﬂ‘k +...+q,x+q,and R(x)= rk_lxk‘l +o.trxtr
« Write P(x) = Q(X)D(X) + R(x)

= Expand theright-handside

= Equate the coefficients
= Solve to find the unknowns g’s &r’s
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@ Worked example

a) x4+ 11x2-1
Perform the division <+3 .Hence write X4 + 11X2 — lintheform

Qlx)x (x+3)+R.

S\'cP |: whok do we Mm(l-lplj 2C
bxﬁ to %?Jc w7

%3

W+ 3 | UMy Oac® + U + Ox -\
Note: 053 andl O3 are used lo

he,&p ke terms foge,{’inef.

Skep 2+ subkcock  23(oe+ 3) = 2ct4 3ot
Yy

+ O:v(,3
03

w+2 [ 2M s 0o + Un* + Ox -\
— (M4 3C)

- 3

F(‘ON\ 2

For more help, please visit www.exampaperspractice.co.uk
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S\'e.93= Isrmg the o™ down and
ek fo 3&;) .
%> - 3>+ 20x - 60

W +3 |2y Ooc® v+ U2+ Ou. -\,
— (oM 3) |

- B> +lla?
(- 353 - Qu* v
202> + O
- (20x* + 603 ) ¥
- 60> — |
- (- 605 - 180)
179
a4 ™ - |

= (>3- 3>+ L0 - 60) (>t 3) + 179

b) x4 +4x3-x+1
Find the quotient and remainder for 5 Hencewritex*+4x3—x+ 1in
Xc—4LX

the form Q(X) X (X2 - 2X) + R(X).

For more help, please visit www.exampaperspractice.co.uk
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When olwuiw\g oy quodrakies use e

Same  sleps as abowe.
HE + 6 12
e ix_l M+ bas 4 Ox"l" ) 4 |l
- (M- 153) | J
6)(31'0‘)(.1
- (6%3‘|2x2)
[1o* - ¢
= (17.%1"1"\%) i
23 + |

by

W oS- ot \
=(%® +65¢ +12) (2> 22¢) +233¢ + |

For more help, please visit www.exampaperspractice.co.uk
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2.7.3 Polynomial Functions

Sketching Polynomial Graphs

Inexams you’llcommonly be asked to sketch the graphs of different polynomial functions with and without
the use of your GDC.

What’s the relationship between a polynomial’s degree and its zeros?

= |f areal polynomial P(x) has degree n, it will have n zeros which can be writtenin the form a + bi, where a,
beRr
= Forexample:
= A quadratic will have 2 zeros
= Acubic functionwillhave 3 zeros
= Aquartic willhave 4 zeros
= Some of the zeros may be repeated
= Everyreal polynomial of odd degree has at least one real zero

How do I sketch the graph of a polynomial function withouta GDC?
= Suppose P(X) = aHXH + a _ IXH I L+ a,x + a,isa real polynomial with degree n
= Tosketch the graph of a polynomial you need to know three things:
= They-intercept
= Findthis by substitutingx=0togety=agp
= Theroots
= You can find these by factorising or solvingy = 0
= The shape
= Thisis determined by the degree (n) and the sign of the leading coefficient (a)

How does the multiplicity of a real root affect the graph of the polynomial?

= The multiplicity of arootis the number of times it is repeated when the polynomial is factorised

» If X = Kisarootwith multiplicity m then (X - k)m is a factor of the polynomial
= The graph either crosses the x-axis or touches the x-axis at aroot x = k where kis areal number
= |f x =k has multiplicity 1then the graph crosses the x-axis at (k, O)
= |f x =k has multiplicity 2 then the graph has a turning point at (k, O) so touches the x-axis
= |f x =k has odd multiplicity m > 3 then the graph has a stationary point of inflection at (k, O) so
crosses the x-axis
= |f x =k has even multiplicity m > 4 then the graph has a turning point at (k, O) so touches the x-
axis
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How do | determine the shape of the graph of the polynomial?

= Considerwhat happens as x tends to + «
= |fa,is positive and nis even then the graph approaches from the top left and tends to the top

right
« lim f(x)= lim f(x)=+o0
X = —00 x> +oo
= |fa,isnegative and nis eventhen the graph approaches from the bottom left and tends to the
bottomright
« lim f(x)= lim f(x)=+o0
X = —00 x> +oo
= |fa,is positive and nis odd then the graph approaches from the bottom left and tends to the top
right
« lim f{x)=—o0and lim f(x)=+ o0
X —> —0o0 X —> +oo
= |fa,isnegative and nis odd then the graph approaches from the top left and tends to the
bottomright
« lim flx)=+00and lim fx)=— o0
X > —00 X —=> +00

= Once youknow the shape, the real roots and the y-intercept then you simply connect the points using
asmooth curve
= There will be atleast one turning point in-between each pair of roots
= |fthe degreeisnthenthereisatmostn - 1stationary points (some will be turning points)
= Everyreal polynomial of even degree has at least one turning point
= Everyreal polynomial of odd degree bigger than 1has atleast one point of inflection
= |fitisacalculator paperthenyoucanuseyour GDC to find the coordinates of the turning points
= Youwon’'t need to find theirlocation without a GDC unless the question asks you to
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@ Worked example

a) The function f is defined by f(X) = (X + 1)(2X - 1)(X - 2)2. Sketch the graph of

y=1f(x).
Find the y-infereept
x=0 ye ()6 -4
Find the rofs and defermine f qraphs (rosses or fouches the x-axis

(5 + )2 -1)(x-2)*
(-llo) (Ilin) (ZID)
woss  woss  touch

De’fermine The shape ba |ookins at the )eadin3 term
Leudina term is  (X)(2x)(x)" = 2x"

AS A0 Yy e \ /

As A +d0 ld —3+p0 I'-_.-'M'._ “/,

Ja

(-1,9) 1.0 (2,0)

(0,-w)

b) The graph below shows a polynomial function. Find a possible equation of the polynomial.
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(0,12)

(=2,0) (1,0) *

TDUL"IE.\ at (-2,0) (JL+2)1 is a 'fﬂdnr
Point of inFlection at (1,0) (.>L—I)3 is q factor

Wride in the form of : y=a (3‘-*2)1(1 "l)s
lse the “-in’rer(epffo find q

a1 »-ba:l2 - oas-3
g -3(x e 9 (-

For more help, please visit www.exampaperspractice.co.uk
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Solving Polynomial Equations

What is “The Fundamental Theorem of Algebra”?

Every real polynomial with degree n can be factorised into n complex linear factors

= Some of which may be repeated

= This means the polynomial will have nzeros (some may be repeats)
Every real polynomial can be expressed as a product of real linear factors and real irreducible
quadratic factors

= Anirreducible quadratic is where it does not have real roots

= The discriminant will be negative: b2 - 4ac <0

If a + bi(b#0)is azero of areal polynomial thenits complex conjugate a - biis also a zero
Every real polynomial of odd degree will have at least one real zero

How do | solve polynomial equations?

Suppose you have an equation P(x) = O where P(x) is a real polynomial of degree n
« Px)=a x"+a x"" !+ .+ax+a
n n-—1 1 0

You may be given one zero or you might have to find a zero x = k by substituting values into P(x) until it
equals O
If you know a root then you know a factor

= |fyouknow x = kisarootthen (x - k) is afactor

= [fyouknow x = a + biis aroot then you know a quadratic factor (x - (a + bi))( x - (a - bi))

= Which canbe written as ((x - a) - bi)((x - a) + bi) and expanded quickly using difference of two
squares

You can then divide P(x) by this factor to get another factor

= Forexample: dividing a cubic by alinear factor will give you a quadratic factor
You then may be able to factorise this new factor
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@ Worked example

1
Giventhat X = 5 is azero of the polynomial defined by f(X) =2x3-3x2+5x— 2. findall
three zeros of f.
x- Lg_ is a ot - (2x-Y) is a facter
Find the Quadl'dht Fﬂdol' ( ¥ -3 +5x —2) 2 (21 -l)((,[.)(2 +hx ﬂ.)
Compare  cefbicients = 2x* =20’ . a=)

-2 =-¢ & pal
Sx 22¢x -bx » 5:4-b . b=-|
Solve the quadratic : =m0t Wl =0

Formula  booklet [Ssmrtemsmc |uvmcn o cocbll i
() - (n(2)

e 2(1)

| i 5 . B Iq .

 EB==g - F & E5%

2 v

U & SN
Roots + 7, 7+ 327"
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2.7.4 Roots of Polynomials

Sum & Product of Roots

How do I find the sum & product of roots of polynomials?
= Suppose P(X) = 3HX“ + a _ 1X“ T+ L+ a,x + a, is a polynomial of degree n with nroots
(ll, (12, ceny an
n
= The polynomialis written as Z arXr= 0, an # () in the formula booklet
r=0
= 3, isthe coefficient of the leading term
= a,isthe coefficient of the x"1term
= Be careful: this could be equal to zero
= apisthe constant term
= Be careful: this could be equal to zero
= |nfactorisedform: P(X) = an(X yr— al)(x - az)...(x - an)

= Comparing coefficients of the x™1term and the constant term gives

v, =a(te . a)

" 4= an(_al) X (—0!2) X% (_an)
= The sum of therootsis givenby:
a

n—1
o to,+ . ta = —
1 2 n a
n
= The product of therootsis given by:
(=1)na,
s g X o, X .. X =——
1 2 n a
n

= both of these formulae are in your formula booklet
How can | find unknowns if | am given the sum and/or product of the roots of a polynomial?

= |f youknow a complexroot of areal polynomial thenits complex conjugate is another root
= Formtwo equations using the roots

= Oneusing the sum of the roots formula

= Oneusing the product of the roots formula
= Solve forany unknowns
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@ Worked example

2 =31, gi and @ are three roots of the equation 18x3 —9x4+32x3+794x2-50x+ k=0

a) Use the sum of all the roots to find the value of .

15 a real Polﬂnomial © if athi s and then a-bi sadso aro
Roots : 2-3i 2435, 5, - 3 x

Sum & product of the

Formula booklet |Smmimen |, | 182°-Aa* +32 4 1t -30 +k

id..t' =0
=

a,:1% am=-q
(2-3i)+(2 +33) *(%i)+(—%i) t = -[;;)
B s )‘-
3
& ="

b) Use the product of all the roots to find the value of K.

Sum & product of the

Formula booklet |ssaediman | . cva| 18x®-9u* +32:% 4 Tt -30x +k

) T il ao:k
-3 3ENSND) = B
A -k
(13) ‘15)(:) Y
ALS s . N
13 18
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