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2.7.1Factor & Remainder Theorem

FactorTheorem
Whatisthe factortheorem?

= The factortheoremis used to find thelinearfactors of polynomial equations
= Thistopiciscloselytied to findingthe zeros and roots of apolynomial function/equation
= Asarule of thumbazero refers to the polynomial functionand aroot refers to apolynomial
equation
= Foranypolynomialfunction P(x)
» (x-k)isafactorof P(x)if P(k)=0
= P(k)=0if(x-k)isafactorof P(x)

Howdolusethe factortheorem?

= Considerthe polynomial function P(x) = apx" + a,,.;x”‘1 +..+ax+apand (x-k)is afactor
= Then,dueto the factortheorem P(K) = a k" + ap k™ + ..+ ajk+ ag=0

] P(X) = (X - k) X Q(X),where Q(x)is apolynomial thatis afactorof P(x)

P(x)
—k

= Hence, = Q(X) ,where Q(x)is anotherfactorof P(x)

= |fthelinearfactorhas acoefficient of xthenyoumust first factorise out the coefficient

= [fthelinearfactoris (ax — b) 5 a( — %)-’P(g)=0

O Exam Tip

= Acommonmistakeinexamsis usingtheincorrectsignforeithertherootorthe factor
= |fyouare asked to find integersolutions to apolynomialthenyouonlyneed to consider
factors of the constantterm
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@ Worked example
Determine whether (X - 2) isafactorof the following polynomials:

a) f(x)=x3-2x2—x+2.

Step |: Determine R

Owr lineor Funckion 1« 2 -2
—s0 k=12

SFe,th App(g foctor theorem

For -2 to be a Factorof FGo),
F(2) hos to equal zero

Fl2) = (2 -2 (2 -(2) + 2

=8 - 8 - 2+ %

= 0

Fr AR S 1 P r 1
B = 0,

g0 2-2 15 a fockor of (o0

) g(x)=2x3+3x2—-x+35,
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Step |+ Determine R

Owr lineor Funckion 1¢ 2 -2
— g0 k=12
SFepZi App(g fockor theorem

For -2 to be a fockor of 000),
0() has to aqua\ 2 ero

0(x) = 2(2) +3(2)-(2)+5

= 6 - 12 -2 t5
= 7
y 4
q(1)= 7,
80 H-2 18 nO"cLFodor of g(x):
e VA~ el - |

Itis giventhat (2X - 3) is afactorof b(X) =2x3—-bx2+7x-6.

c) Find the value of b.
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Step |+ Determine R

Owur linear Funckion 1s 2 -2

k=2
— 50 T

SPeth Applg fockor theorem to find b
Snce 2x-3 ¢ o factor of h(>),

NOE

o:z@ -bgw@ -6
% b

b=S

Remainder Theorem

Whatistheremaindertheorem?

= Theremainder theoremis used to find the remainderwhen we divide a polynomial functionby a
linearfunction

When any polynomial P(x) is divided by anylinear function (x- k) the value of the remainder Ris
givenby P(k) =R

= Note,when P(k) =0then(x-k)isafactorof P(x)

Howdolusetheremaindertheorem?

= Considerthe polynomial function P(x) = a,X"+ a,.x™ + ..+ ax+ agand the linear function (x - k)
= Then,due to the remaindertheorem P(k) = a,k"+ a, k™ + .+ ak+ap=R

g P(X) = (X - k) X Q(X) + R, where Q(x)is a polynomial

P(x)

= Hence, = Xx)+ ,where Ris the remainder
x—k Q( ) x—k

= |fthelinearfactorhas acoefficient of xthenyoumust first factorise out the coefficient

= [fthelinearfactoris (aX — b) = a( - %) g P(%)=R
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@ Worked example
Let f(X) =2x*-2x3—-x2-3x+ 1,find the remainder R when f(X) is divided by:

a) x—3.

Step |: Determine R

Owr lineor Funckion 1« 2-3

— g0 R=3
Step2: App(l}remaw\a\u theorem

Fczy = R

Fezy = 24 - 23 (ey=3(3) ¢ |
F(x)= 161 - 54 =4 = 9 +|
F(z) = Al

R=1Al

b) x+2.
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Step |: Determine R

Owr lineor Funckion 12 2+ 2

—s0 R=-1%
Stepd: Rpply remaunder theorem

Feay = R
Fe2) = 2¢2y' - 2¢2) -2 -3¢y + |
Fe2y= 32 + |6 - 4t 6 + |
f¢-2y = 5l

R =5

893
The remainderwhen f(X) is divided by(2X +k) is g

c) Giventhat k >0, find the value of k.

Steprt: Aplpllj remeuncler teeorem

Lo+ k= 1(w.+g> F(‘%) = %;3
2

843 = 2 2CEP-CB -3+
8

3%921 Solve for k Us\ng_your G0L

k=5
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2.7.2 Polynomial Division

Polynomial Division
Whatis polynomialdivision?

= Polynomial divisionis the process of dividing two polynomials
= Thisisusuallyonlyusefulwhenthe degree of the denominatorisless thanorequalto the
degree of the numerator
= To do thiswe use analgorithmsimilarto thatused fordivisionof integers

= To divide the polynomial P(X) = aHXH + a _IXH T+ L+ a,x + a, by the polynomial

D(x)= kak+ bk_lxk_l +..+ b1X+ bO where k<n

= STEPI1
Divide the leadingtermof the polynomial P(x) by the leadingtermof the divisor D(x) :
a xn
n = m
b Xk - qmX
b
= STEP2

Multiply the divisor by this term:D(X) X qme

= STEP3
Subtract this from the original polynomial P(x) to cancel out the leadingterm:

R(x) = P(x) - D(x) X qum

= Repeatsteps 1-3usingthe new polynomial R(x) inplace of P(x) until the subtractionresultsin
anexpressionfor R(x) withdegree less thanthe divisor
= The quotient Q(x)is the sumof the terms you multiplied the divisorby:

Q()=q x"+q _ x" 4. +qx+q,

= Theremainder R(x) is the polynomial afterthe final subtraction
Divisionbylinear functions

= |f P(x) has degree nandis divided byalinearfunction (ax+ b)then
P(x) o) R
— =(0\X)+ ————where
ax+b ax+b

= ax+ bis thedivisor(degree)
= Q(x)is the quotient (degree n-1)
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= Ristheremainder(degree 0)

« Notethat P(x) = Q(X) X(ax+b)+R
Divisionbyquadratic functions

= |f PA(x)has degree nand is divided bya quadratic function (ax? + bx+ ¢) then

P(x) ex+f

=(0\x)+ here
ax’?+bx+c Qlx) ax? +bx+c

= ax? + bx+ cis the divisor (degree 2)
= Q(x)is the quotient (degree n-2)
= ex+fistheremainder(degreeless than?2)
= Theremainderwillbelinear (degree)if e£0,and constant (degree O)if e=0

« Notethat P(x) = Q(x) X (ax2 + bx + ¢) + ex+ f

Divisionbypolynomials of degree k<n

= |f P(x) has degree nand is divided by apolynomial D(x) withdegree k<n

P(x) R(x)

m = (X) + —7— where

= [(x)is the divisor(degree k)
= Q(x)is the quotient (degree n- k)
= R(x)is theremainder(degree less than k)

« Notethat P(x) = Q(X) x D(x) + R(x)

Arethereothermethods fordividing polynomials?

= Synthetic divisionis afasterand shorterwayof settingout adivisionwhendividingbyalinear
termofthe form

« Todivide P(x) = axi+a x""l+..+ax+a by(x = ¢):
= Setb =a
n n

= Calculate b =a +cXb
n-—1 n-—1 n

= Continue thisiterative process bi— =a._, +cX a,

1
= The quotientis Q(X) = bHXH 1+ bH —IXH 24,4 b2X + bl and the remainderis
r= bO
= Youcanalso find quotients and remainders by comparing coefficients
= Givenapolynomial P(X) = aHX” + a _1X“ Iy 4+ a,x + a,

" AndadivisorD(X) = dek+ dk_le_l +...+ d1X+ dO
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= wiite Q(x) = q, _kxﬂ‘k+ ..t x+q,and R(x) =1‘k_1xk‘1 totrxtrg

« Write P(x) = Q(X)D(X) + R(x)
= Expand theright-hand side
= Equate the coefficients
= Solve to find the unknowns g's & r's

O ExamTip

= |nanexamyoucanuse whichevermethod to divide polynomials - just make sure your
method is writtenclearlyso thatif you make amistake you canstillgetamark foryour

method!

@ Worked example

a) x4+ 11x2-1
Performthe division <43 .Hence write X4 + 11X2 - 1 inthe form

Qlx)x(x+3)+R.

S\'&P \: whok deo we Mk\l-uplj 2C

by to %dc w2
%3

W+ 3 |2ty 0o + Un® +:0n -\

Note : Oo® and O are used fo
lzu,() ke terms {7066{/[/\@(\ .
Step 1 subkcock x3(>(,+ 3) = act4 3t

From v 093
%3

W +3 |2y O%3+\\;(1+0;( -\
— (oM + 353)

- 33
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S\'&p?ﬁ lofmg the W™ down and
cekurn to gPe_p \.

%> - 2>+ 20x - 60
.+ 3 |2y Ooc + Wo + Ox, -\,

\

— (oM 4 353)

\V4
— 323+ ot
(- 3% - Qe M
20x> + O
- (03> + 60%) v
- 60> - |
- (-60x - 1£80)
174
y 4

x4+ L™ - |
= (>3- 30+ 20 - 60) (>¢+ 3) + 179}

b) xt+4x3-x+1
Find the quotient and remainderfor 1, Hencewrite x*+4x3 —x+1
X —4ZLX

inthe form Q(X) X (X2 - 2X) + R(X).
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When olw\dlw\% b% quodru)ncs use the
Souwnwe s@g 0s abowe.
HE + 6 +|2
2w - Lo | oM+ bae® + Ox’-“‘ >0+ l|
- (M- 1%3) |
6){3 + O‘)(.?—
- (62> = 22¢2)
[Lo(* - ¢
- (l’).%"")."\x) \
23> + |

~

RS IPYERR |
=(o +62¢ +12) (> 23¢) +23%¢ + |
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2.7.3 Polynomial Functions

Sketching Polynomial Graphs

Inexams you’llcommonlybe asked to sketch the graphs of different polynomial functions withand
without the use of your GDC.

What’s therelationship betweenapolynomial’s degreeanditszeros?

= |f arealpolynomial P(x) has degree n,it willhave nzeros whichcanbe writtenin the form a+ b/,
where a, be R
= Forexample:
= Aquadratic willhave 2zeros
= Acubic functionwillhave 3 zeros
= Aquartic willhave 4zeros
= Some ofthezeros mayberepeated
= Everyrealpolynomialof odd degree has at least onerealzero

Howdo Isketchthegraphof a polynomial function withouta GDC?

= Suppose P(X) = aHX” + a —IXH T+ L+ a,x + a,isa real polynomial with degree n

= To sketchthe graphofapolynomialyouneed to know three things:
= The y-intercept
= Find this by substituting x=0to gety=ap
= Theroots
= Youcanfind these byfactorisingorsolvingy=0
= Theshape
= Thisis determined bythe degree (n) and the signof the leading coefficient (a,)

Howdoes the multiplicityof arealroot affectthegraphofthe polynomial?

= The multiplicity of arootis the numberoftimesitis repeated whenthe polynomialis factorised

» If X=Kisarootwith multiplicity mthen (X—k)mis afactorof the polynomial
= The grapheithercrosses the x-axis ortouches the x-axis ataroot x=kwhere kis arealnumber
= |f x= khas multiplicity 1thenthe graph crosses the x-axis at (k, O)
= |f x= khas multiplicity 2 then the graph has a turning point at (k, 0) so touches the x-axis
= |f x= khas odd multiplicity m> 3 thenthe graph has a stationary point of inflectionat (k,
0)so crosses the x-axis
= |f x= khas evenmultiplicity m>4 thenthe graph has a turning point at (k,0) so touches
the x-axis
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Howdoldeterminetheshapeof thegraphofthe polynomial?

= Considerwhat happens as xtendsto +«
= |If a,is positive and nis eventhenthe graphapproaches fromthe top left and tends to the

topright
» lim Ax)= lim f(x)=+o0
X > —0o0 X > +0o0
= |f g5is negative and nis eventhenthe graphapproaches fromthe bottomleft and tends to
thebottomright
« lim Alx)= lim f(x)=+ o0
X —=> —o0 x> +00
= |f g,is positive and nis odd thenthe graphapproaches fromthe bottomleft and tends to
the top right
« lim f(lx)=—o00and lim f(x)=+ o0
X > —00 X > +0o0

= |f a5is negative and nis odd thenthe graphapproaches fromthe top left and tends to the
bottomright
« lim f(lx)=+o00and lim fx)=—o0

X > —00 x> +oo

Page 13 of 20
For more help visit our website www.exampaperspractice.co.uk


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

=

Exam Papers Practice

= Onceyouknowthe shape,therealroots and the y-intercept thenyousimplyconnectthe points
usingasmoothcurve
= There willbe atleast one turning point in-betweeneachpairofroots
= |fthedegreeis nthenthereis at most n-1stationary points (some will be turning points)
= Everyrealpolynomial of evendegree has atleast one turning point
= Everyrealpolynomialof odd degree biggerthan1has at least one point of inflection
= |fitisacalculatorpaperthenyoucanuse yourGDC to find the coordinates of the turning
points
= Youwon'tneed to find theirlocationwithout a GDC unless the questionasks youto

O Exam T Tip

= |[fitisacalculatorpaperthenyoucanuse yourGDC to find the coordinates of anyturning
points

= |fitis the non-calculatorpaperthenyouwillnotbe required to find the turning points when
sketchingunless specificallyasked to
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@ Worked example

a) The function fis defined by f(X) = (X + 1)(2X - 1)(X - 2)2.Sketchthe graphof

y=1f(x).
Find the Y - infer ept
x:0: 3=(')(-|)(-2)L= -k
Find the rofs and defermine f qraphs (rosses or fouches the x-axis

(3 + D@ -1)(x-2)"
('\: 0) (illo) (Z: D)

woss  woss  touch
De’fermine T}\e .Shape ba |ool<'ma at 14le ‘eadina term
l.eodine term is (X)) = 2x*

AS A—-0 Y \ /

AS A0 Y o0 LA

i (1,0) (1,0) (2,0)

(0,-)

b) The graph below shows a polynomial function. Find apossible equation of the polynomial.
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(0,12)

(-2,0) (1,0)

Touches at (20)  (x#2)" s a fuctor
Point of ioFlection at (10) (o-1)’ s q factor
Write in the form of : ld=0(°t+2)l(1’|)3
Use the %-in’rcrtep’r to find q

a(2(-1) o -bg=12 " a:-3

C© LIrAantinAa

[y = 3(x e (a1}
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Solving Polynomial Equations
Whatis “The FundamentalTheorem of Algebra”?

= Everyrealpolynomialwithdegree ncanbe factorised into ncomplexlinear factors

= Some of whichmayberepeated

= This means the polynomial willhave nzeros (some maybe repeats)
= Everyrealpolynomialcanbe expressed as aproductofreallinearfactors and realirreducible

quadratic factors
= Anirreducible quadraticis where itdoes not haverealroots
= The discriminant will be negative: b2-4ac<0

= |fa+bi(b#0)isazero of arealpolynomialthenits complexconjugate a - biis also azero
= Everyrealpolynomialof odd degree willhave at least one realzero

Howdolsolve polynomialequations?

= Supposeyouhave anequation P(x) =0 where P(x) is arealpolynomialof degree n
« Px)=a x"+a x" !+ . +ax+a
n n-—1 1 0

= Youmaybe givenone zero oryoumight have to find azero x= kbysubstituting values into P(x) until
itequals O

= |fyouknowarootthenyouknow afactor

= |fyouknow x=kisaroot then(x- k)isafactor

= |[fyouknow x=a+ biisaroot thenyouknow aquadratic factor (x- (a+ bi))( x- (a- bi))

= Whichcanbe writtenas ((x- a) - bi)((x- a) + bi) and expanded quickly using difference of
two squares

= Youcanthendivide P(x) bythis factorto getanotherfactor

= Forexample:dividingacubic byalinearfactorwill give youaquadratic factor
= Youthenmaybe able to factorise this new factor

O Exam Tip

= |fapolynomial has three orless terms check whetherasubstitutioncanturnitinto a
guadratic

. Forexample:X6 +3x3 + 2 canbe written as (X3)2 + 3(X3) +2
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@ Worked example

1

Giventhat X = 5 isazero of the polynomial defined by f(X) =2x3—3x2+5x— 2 find all

three zeros of f.

x: Ll is a ot = x-0) is a factor
Find the quadratic factor (213 -3x%+5x -2): (1 ")(O.xl +ha +¢)
(ompare e ficients 2} - qu3 S.a=|

-2 =-¢ Coe=2
S5x :2cx -bx > 5:4-b . b--)
Solve the quo()ra’ric coxt-ax+2 =0

FoquIa b00k|e+ gghugl?onr;sofoquudrotic W rbxtc=0 = x=—bi«/;b;—m
N O ER (D01
2 201
-~ ' i F-; - L + E l
Xa 2 22
I IR ¢ S &
Roots = 5, 5+ 5=
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2.7.4 Roots of Polynomials

Sum & Product of Roots

Howdo lfindthesum & productofroots of polynomials?

= Suppose P(X) = anxﬂ + a _lX“ -+ L+ a,x + a, is apolynomial of degree nwith n

roots al, 0!2, rany an
n
= The polynomialis written as Z arXr= 0, aH # () inthe formulabooklet
r=0

= a,isthe coefficientof theleadingterm
= a,,isthecoefficientofthe x™1term

= Be careful:this could be equalto zero
= apistheconstantterm

= Be careful:this could be equalto zero

= |nfactorised form:P(X) = an(x - al)(x - qQ, )(X - Oln)

2
= Comparingcoefficients of the x*1termand the constant termgives
"4, a11(_(11 T T an)

" 4= an(_al) 3 (—0!2) X X (_au)
= Thesumoftherootsis givenby:

a
n—1
= o ta,t ..ta =—
1 2 n a
n
= The productoftherootsis givenby:
(=1)ra,
= g X o X ... Xq =—
1 2 n a
n

= bothofthese formulae areinyourformulabooklet

Howcanlfindunknowns if lam giventhe sum and/orproduct of therootsofa
polynomial?

= |fyouknowacomplexrootofareal polynomialthenits complexconjugateis anotherroot
= Formtwo equations usingtheroots

= Oneusingthe sumof theroots formula
= Oneusingthe product of theroots formula
= Solve foranyunknowns

O ExamTip

= Examiners might trick you bynothavingan x’’termoraconstantterm
= To make sure youdo notgettricked youcanwrite out the full polynomialusingO as a
coefficientwhere needed

= Forexample:Write x4 +2x2—=5xasx*+0x3 +2x2-5x+0
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@ Worked example

2 —31, —1and ¢t are three roots of the equation

3
18x° —9x4+32x3+794x2 - 50x+ k=0.

a) Use the sumofalltheroots to find the value of &.

b) Use the product of allthe roots to find the value of k.
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