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2.7.1 Factor & Remainder Theorem

Factor Theorem

What  is t he f act or t heorem ?

The f acto r theo rem is used to  �nd the linear facto rs o f po lyno mial equatio ns

This to pic is clo sely tied to  �nding the z ero s  and ro o ts  o f a po lyno mial functio n/equatio n

As a rule o f thumb a z ero  refers to  the po lyno mial functio n and a ro o t  refers to  a po lyno mial

equatio n

Fo r any po lyno mial functio n P(x)

(x - k) is a f acto r o f P(x) if P(k) = 0

P(k) = 0 if (x - k) is a f acto r o f P(x)

How do I use t he f act or t heorem ?

Co nsider the po lyno mial functio n P(x) = a x + a x + … + a x + a  and (x - k) is a f acto r

Then, due to  the facto r theo rem P(k) = a k + a k + … + a k + a  = 0

P (x)= (x−k)×Q (x) , where Q(x) is a po lyno mial that is a facto r o f P(x)

Hence, 
P (x)

x−k =Q (x)  , where Q(x) is ano ther facto r o f P(x)

If the linear facto r has a co e�cient o f  x then yo u must �rst facto rise o ut the co e�cient

If the linear facto r is (ax – b) =a
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x−

b
a →P

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

b
a =0

Exam T ip

A co mmo n mistake in exams is using the inco rrect sign fo r either the ro o t o r the facto r

If yo u are asked to  �nd integer so lutio ns to  a po lyno mial then yo u o nly need to  co nsider

facto rs o f the co nstant term

n
n

n-1
n-1 

1 0

n
n

n-1
n-1 

1 0
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a)

b)

Worked example

Determine whether (x−2)  is a facto r o f the fo llo wing po lyno mials:

f (x)=x3−2x2−x+2.

g (x)=2x3+3x2−x+5.
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c)

It is given that (2x−3)  is a facto r o f  h (x)=2x3−bx2+7x−6.

Find the value o f b .
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Remainder Theorem

What  is t he rem ainder t heorem ?

The remainder theo rem is used to  �nd the remainder when we divide a po lyno mial functio n by a

linear functio n

When any po lyno mial P(x) is divided by any linear functio n (x - k) the value o f the remainder R is

given by P(k) = R

No te, when P(k) = 0 then (x - k) is a facto r o f P(x)

How do I use t he rem ainder t heorem ?

Co nsider the po lyno mial functio n P(x) = a x + a x + … + a x + a  and the linear functio n (x - k) 

Then, due to  the remainder theo rem P(k) = a k + a k + … + a k + a  = R

P (x)= (x−k)×Q (x)+R , where Q(x) is a po lyno mial

Hence, 
P (x)

x−k =Q (x)+
R

x−k  , where R is the remainder

If the linear facto r has a co e�cient o f  x then yo u must �rst facto rise o ut the co e�cient

If the linear facto r is (ax – b) =a
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
x−

b
a →P

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

b
a =R

n
n

n-1
n-1 

1 0

n
n

n-1
n-1 

1 0
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a)

b)

Worked example

Let  f (x)=2x4−2x3−x2−3x+1 , �nd the remainder R  when  f (x)  is divided by:

x−3.

x+2.
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c)

The remainder when  f (x)  is divided by (2x+k)  is 
893
8 .

Given that k>0 , �nd the value o f k .
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2.7.2 Polynomial Division

Polynomial Division

What  is polynom ial division?

Po lyno mial divisio n is the pro cess o f dividing two  po lyno mials

This is usually o nly useful when the degree o f  the deno minato r is less than o r equal to  the

degree o f  the numerato r

To  do  this we use an algo rithm similar to  that used fo r divisio n o f  integers

To  divide the po lyno mial P (x)=anx
n+an−1x

n−1+ . . . +a1x+a0  by the po lyno mial 

D (x)=bkx
k+bk−1x

k−1+ . . . +b1x+b0 where k ≤ n

STEP 1

Divide  the leading term o f  the po lyno mial P(x) by the leading term o f  the diviso r D(x) : 

anx
n

bbx
k =qmx

m

STEP 2

Multiply the diviso r by this term: D (x)×qmx
m

STEP 3

Subtract this  fro m the o riginal po lyno mial P(x) to  cancel o ut the leading term: 

R (x)=P (x)−D (x)×qmx
m

Repeat steps 1 – 3 using the new po lyno mial R(x) in place o f P(x) until the subtractio n results in

an expressio n fo r R(x) with degree less than the diviso r

The quo tient Q(x) is the sum o f  the terms  yo u multiplied the diviso r by: 

Q (x)=qmx
m+qm−1x

m−1+ . . . +q1x+q0
The remainder R(x) is the po lyno mial after the �nal subtractio n

Division by linear f unct ions

If P(x) has degree n and is divided by a linear functio n (ax + b) then

P ( )x
ax+b =Q ( )x +

R
ax+b where 

ax + b is the diviso r (degree 1)

Q(x) is the quo tient  (degree n – 1)
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R is the remainder (degree 0)

No te that P (x)=Q (x)× (ax+b)+R

Division by quadrat ic f unct ions

If P(x) has degree n and is divided by a quadratic functio n (ax + bx + c) then

P ( )x
ax2+bx+c =Q ( )x +

ex+ f
ax2 + bx + c  where

ax + bx + c is the diviso r (degree 2)

Q(x) is the quo tient  (degree n – 2)

ex + f is the remainder (degree less than 2)

The remainder will be linear (degree 1) if e ≠ 0, and co nstant (degree 0) if e = 0

No te that P (x)=Q (x)× (ax2+bx+c)+ex+ f

Division by polynom ials of  deg ree k ≤ n

If P(x) has degree n and is divided by a po lyno mial D(x) with degree k ≤ n

P ( )x
D (x)

=Q ( )x +
R (x)

D ( )x  where

D(x) is the diviso r (degree k)

Q(x) is the quo tient (degree n – k)

R(x) is the remainder (degree less than k)

No te that P (x)=Q (x)×D (x)+R (x)

Are t here ot her m et hods f or dividing  polynom ials?

Synthetic divisio n is a faster and sho rter way o f setting o ut a divisio n when dividing by a linear

term o f the fo rm

To  divide P (x)=anx
n+an−1x

n−1+ . . . +a1x+a0 by (x−c) :

Set bn=an
Calculate bn−1=an−1+c×bn
Co ntinue this iterative pro cess b i−1=ai−1+c×ai
The quo tient is Q (x)=bnx

n−1+bn−1x
n−2+ . . . +b2x+b1 and the remainder is 

r=b0
Yo u can also  �nd quo tients and remainders by co mparing co e�cients

Given a po lyno mial P (x)=anx
n+an−1x

n−1+ . . . +a1x+a0
And a diviso r D (x)=dkx

k+dk−1x
k−1+ . . . +d1x+d0

2

2
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Write Q (x)=qn−kx
n−k+ . . . +q1x+q0  and R (x)= rk−1x

k−1+ . . . + r1x+ r0
Write P (x)=Q (x)D (x)+R (x)

Expand the right-hand side

Equate the co e�cients

So lve to  �nd the unkno wns q’s & r’s

Exam T ip

In an exam yo u can use whichever metho d to  divide po lyno mials - just make sure yo ur

metho d is written clearly so  that if yo u make a mistake yo u can still get a mark fo r yo ur

metho d!

a)

Perfo rm the divisio n 
x4+11x2−1

x+3 . Hence write x4+11x2−1  in the fo rm 

Q (x)× (x+3)+R .

Worked example
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b)

Find the quo tient and remainder fo r 
x4+4x3−x+1

x2−2x . Hence write x4+4x3−x+1

in the fo rm Q (x)× (x2−2x)+R (x) .
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2.7.3 Polynomial Functions

Sketching Polynomial Graphs

In exams yo u’ll co mmo nly be asked to  sketch the graphs o f di�erent po lyno mial functio ns with and

witho ut the use o f yo ur GDC.

What ’s t he relat ionship bet ween a polynom ial’s deg ree and it s z eros?

If a real po lyno mial P(x) has degree n, it will have n z ero s  which can be written in the fo rm a + bi,

where a, b ∈ ℝ

Fo r example:

A quadratic will have 2 z ero s

A cubic functio n will have 3 z ero s

A quartic will have 4 z ero s

So me o f the z ero s may be repeated

Every real po lyno mial o f o dd degree  has at least o ne real z ero

How do I sket ch t he g raph of  a polynom ial f unct ion wit hout  a GDC?

Suppo se P ( )x =anx
n+an−1x

n−1+ …+a1x+a0  is a real po lyno mial with degree n

To  sketch the graph o f a po lyno mial yo u need to  kno w three things:

The y-intercept

Find this by substituting x = 0 to  get y = a

The ro o ts

Yo u can �nd these by f acto rising o r so lving y = 0

The shape

This is determined by the degree  (n) and the sign o f the leading co e�cient  (a )

How does t he m ult iplicit y of  a real root  a�ect  t he g raph of  t he polynom ial?

The multiplicity  o f a ro o t is the number o f times it is repeated  when the po lyno mial is facto rised

If x=k is a ro o t with multiplicity m then (x−k)
m  is a f acto r o f the po lyno mial

The graph either cro sses  the x-axis o r to uches  the x-axis at a ro o t x = k where k is a real number

If x = k has multiplicity 1 then the graph cro sses  the x-axis at (k, 0)

If x = k has multiplicity 2  then the graph has a turning po int  at (k, 0) so  to uches  the x-axis 

If x = k has o dd multiplicity m ≥ 3 then the graph has a statio nary po int o f  in�ectio n at (k,

0) so  cro sses  the x-axis

If x = k has even multiplicity m ≥ 4 then the graph has a turning po int  at (k, 0) so  to uches

the x-axis

0

n
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How do I det erm ine t he shape of  t he g raph of  t he polynom ial?

Co nsider what happens as x tends to  ± ∞
If a  is po sitive  and n is even then the graph appro aches f ro m the to p lef t  and tends to  the

to p right

lim
x→−∞

f (x)= lim
x→+∞

f (x)=+∞

If a  is negative  and n is even then the graph appro aches f ro m the bo tto m lef t  and tends to

the bo tto m right

lim
x→−∞

f (x)= lim
x→+∞

f (x)=+∞

If a  is po sitive  and n is o dd  then the graph appro aches f ro m the bo tto m lef t  and tends to

the to p right

lim
x→−∞

f (x)=−∞ and lim
x→+∞

f (x)=+∞

If a  is negative  and n is o dd  then the graph appro aches f ro m the to p lef t  and tends to  the

bo tto m right

lim
x→−∞

f (x)=+∞ and  lim
x→+∞

f (x)=−∞

n

n

n

n
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Once yo u kno w the shape, the real ro o ts  and the y-intercept  then yo u simply co nnect the po ints

using a smo o th curve

There will be at least o ne turning po int  in-between each pair o f ro o ts

If the degree is n then there is at mo st n – 1 statio nary po ints (so me will be turning po ints)

Every real po lyno mial o f even degree  has at least o ne turning po int

Every real po lyno mial o f o dd degree bigger than 1 has at least o ne po int o f  in�ectio n

If it is a calculato r paper then yo u can use yo ur GDC to  �nd the co o rdinates o f the turning

po ints

Yo u wo n’t need to  �nd their lo catio n witho ut a GDC unless the questio n asks yo u to

Exam T ip

If it is a calculato r paper then yo u can use yo ur GDC to  �nd the co o rdinates o f any turning

po ints

If it is the no n-calculato r paper then yo u will no t be required to  �nd the turning po ints when

sketching unless speci�cally asked to
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a)

b)

Worked example

The functio n  f  is de�ned by  f (x)= (x+1) (2x−1) (x−2)
2 . Sketch the graph o f 

y= f (x) .

The graph belo w sho ws a po lyno mial functio n. Find a po ssible equatio n o f the po lyno mial.
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Solving Polynomial Equations

What  is “T he Fundam ent al T heorem  of  Alg ebra”?

Every real po lyno mial with degree n can be facto rised into  n co mplex linear f acto rs

So me o f which may be repeated

This means the po lyno mial will have n z ero s (so me may be repeats)

Every real po lyno mial can be expressed as a pro duct o f real linear f acto rs  and real irreducible

quadratic f acto rs

An irreducible quadratic is where it do es no t have real ro o ts

The discriminant  will be negative: b  – 4 ac < 0

If a + bi (b ≠ 0) is a z ero  o f a real po lyno mial then its co mplex co njugate a – bi is also  a z ero

Every real po lyno mial o f o dd degree  will have at least o ne real z ero

How do I solve polynom ial equat ions?

Suppo se yo u have an equatio n P(x) = 0 where P(x) is a real po lyno mial o f  degree n

P ( )x =anx
n+an−1x

n−1+ …+a1x+a0
Yo u may be given o ne z ero  o r yo u might have to  �nd a z ero  x = k by substituting values into  P(x) until

it equals 0

If yo u kno w a ro o t  then yo u kno w a f acto r

If yo u kno w x = k is a ro o t then (x – k) is a f acto r

If yo u kno w x = a + bi is a ro o t then yo u kno w a quadratic f acto r (x – (a + bi))( x – (a – bi))

Which can be written as ((x – a) - bi)((x – a) + bi) and expanded quickly using di�erence o f

two  squares

Yo u can then divide P(x) by this facto r to  get ano ther f acto r

Fo r example: dividing a cubic by a linear facto r will give yo u a quadratic facto r

Yo u then may be able to  facto rise this new facto r

Exam T ip

If a po lyno mial has three o r less terms check whether a substitutio n can turn it into  a

quadratic

Fo r example:   can be written as 

2
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Worked example

Given that  x=
1
2  is a z ero  o f the po lyno mial de�ned by  f (x)=2x3−3x2+5x−2 , �nd all

three z ero s o f  f .
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2.7.4 Roots of Polynomials

Sum & Product of Roots

How do I �nd t he sum  & product  of  root s of  polynom ials?

Suppo se  P ( )x =anx
n+an−1x

n−1+ …+a1x+a0  is a po lyno mial o f degree n with n

ro o ts α1, α2, . . ., αn

The po lyno mial is written as 

n

∑
r=0

arx
r=0, an≠0  in the f o rmula bo o klet

a is the co e�cient o f the leading term

a is the co e�cient o f the x  term

Be careful: this co uld be equal to  z ero

a is the co nstant term

Be careful: this co uld be equal to  z ero

In facto rised fo rm: P (x)=an ( )
x−α1 ( )

x−α2 . . . ( )
x−αn

Co mparing co e�cients o f the x  term and the co nstant term gives

an−1=an ( )
−α1−α2− . . . −αn

a0=an ( )
−α1 × ( )

−α2 × . . . × ( )
−αn

The sum o f the ro o ts is given by:

α1+α2+ …+αn=−
an−1
an

The pro duct  o f the ro o ts is given by:

α1× α2× …×αn=
( )−1 na0

an
bo th o f these fo rmulae are in yo ur f o rmula bo o klet

How can I �nd unknowns if  I am  g iven t he sum  and/or product  of  t he root s of  a

polynom ial?

If yo u kno w a co mplex ro o t o f a real po lyno mial then its co mplex co njugate  is ano ther ro o t

Fo rm two  equatio ns  using the ro o ts

One using the sum o f  the ro o ts f o rmula

One using the pro duct o f  the ro o ts f o rmula

So lve  fo r any unkno wns

n 

n-1
n-1

0 

n-1

Exam T ip

Examiners might trick yo u by no t having an x term o r a co nstant term

To  make sure yo u do  no t get tricked yo u can write o ut the full po lyno mial using 0 as a

co e�cient where needed

Fo r example: Write   as 

n-1
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a)

b)

Worked example

2−3i , 
5
3 i  and α  are three ro o ts o f the equatio n 

18x5−9x4+32x3+794x2−50x+k=0.

Use the sum o f all the ro o ts to  �nd the value o f α .

Use the pro duct o f all the ro o ts to  �nd the value o f k .
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