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2.6.1Properties of Further Graphs

Logarithmic Functions & Graphs

What arethe keyfeatures of logarithmicgraphs?

= Alogarithmic functionis of the form f(X) =a+bln x,x>0
= Rememberthe naturallogarithmic function Inx = loge(X)

» Thisis theinverse of f(X) =eX
« In(eX) =xandel™ =x
= The graphs willalways pass through the point (1, a)

= The graphs do not have a y-intercept
= The graphs have averticalasymptote at the y~axis:

a
» The graphs have oneroot at (e o) 0)
= This canbe found usingyourGDC
= The graphs do not have any minimumor maximumpoints
= Thevalue of bdetermines whetherthe graphisincreasingordecreasing
= |f bis positive thenthe graphisincreasing
= |f bis negative thenthe graphis decreasing
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Logistic Functions & Graphs
What arethe keyfeaturesof logisticgraphs?

L

= Alogistic functionis of the form X)) =T ——
g (%) T ok
= [, C& kare positive constants
= |tsdomainis the setof allrealvalues

= |tsrangeis the setofrealpositive valuesless thanL

L
= The y~interceptis at the point (0, 1+ C

= Therearenoroots
= Thereis ahorizontalasymptote at y=1L
= Thisis called the carrying capacity
= Thisis the upperlimit of the function
= Forexample:itcould representthe limitofapopulationsize
= Thereis ahorizontalasymptote at y=0
= The graphis always increasing
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2.6.2Natural Logarithmic Models

Natural Logarithmic Models
What arethe parameters of naturallogarithmicmodels?

= Anaturallogarithmic modelis of the form f(X) =a+blInx
= The arepresents the value of the functionwhen x=1
= The bdetermines the rate of change of the function

= Abiggerabsolute value of bleads to afasterrate of change

What canbe modelled as anaturallogarithmic model?

= Anaturallogarithmic modelcanbe used whenthe variable increases rapidlyforaperiod
followed byamuchslowerrate of increase withno limiting value
= M) is the magnitude of an earthquake with anintensity of /
= d()isthedecibels measured of anoise withanintensityof/

What are possiblelimitations anaturallogarithmic model?

= Anaturallogarithmic graphis unbounded
= Howeverinreal-life the variable might have a limiting value

@ Worked example

The sound intensitylevel, L ,indecibels (dB)canbe modelled by the function
L(D)=a+8Inl,

where Iis the sound intensity, in watts persquare metre (Wm-2).

a) Giventhatasoundintensityof IWm-2 produces asound intensitylevel of 110 dB, write
downthe value of 4.

Substitule Lzl and L=110

0=a+%l
o
a H IIO
b) Find the sound intensity,inWm2, of acaralarmthat has asound intensitylevel of 105 dB.
Ue GDC +o solve L(T):=105
0+ BInl =105

I:0.53526l...

1:0.535 Wm? (3sf)
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2.6.3Logistic Models

Logistic Models
What arethe parametersoflogistic models?
L
« Alogistic modelis of the form f(X) = Trcobr

= The Lrepresents the limiting capacity
= Thisis the value thatthe modeltends to as xgets large
The C(alongwith the L) helps to determine the initial value of the model

L
= Theinitial value is given by m

= Once Lhasbeendetermined youcanthendetermine C
= The kdetermines therate ofincrease of the model

What canbemodelledusing alogistic model?

= Alogistic modelcanbe used whenthe variable initiallyincreases exponentiallyand thentends
towards alimit
= H(t)is the height of a giraffe tweeks afterbirth
= A(f)is the numberofbacteriaonanapple tseconds afterremovingfrom protective
packaging
= P(t)is the populationofrabbitsinawoodlands area tweeks afterreleasing aninitialamount
into the area

What are possiblelimitationsof alogisticmodel?

= Alogistic graphis bounded bythe limit L
= Howeverinreal-life the variable might be unbounded
= Forexample:the cumulative total numberof birthsinatownovertime
= Alogistic graphis always increasing
= Howeverinreal-life there could be periods where the variable decreased orfluctuates
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@ Worked example

The numberof fishinalake, F, canbe modelled bythe function

800
1+ Ce—0.6t

A1) =

where fis the numberof months afterfishwere introduced to the lake.

a) Initially, 50 fishwere introduced to the lake.Find the value of C.

Substitde t:0 and F=50
. 300
20: [ +(e°

. %00
2

C: 15

50

b) Write down the limiting capacity forthe numberoffishinthe lake.

Find the horizontal aswmf“”‘e

L'\ mﬂh\g C“PGC&‘j $00
1 %00

50

c) Calculate the numberof months it takes until there are 500 fishin the lake.

Solve  F(£)=500

£=5.3647%..
5. 36 monfhs
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2.6.4 Piecewise Models

Linear Piecewise Models

What arethe parameters of a piecewiselinearmodel?

= Apiecewise linear modelis made up of multiple linearmodels fj(X) = mix + CI.

= Foreachlinearmodelthere willbe
= Therate of change forthatinterval m,
= Thevalueif theindependentvariable was notpresent ¢

What canbe modelled as apiecewiselinearmodel?

= Piecewiselinearmodels canbe used whentherate of change of afunctionchanges fordifferent
intervals
= These commonlyapplywhenthere are different tariffs orlevels of charges
= Anythingwithaconstantrate of change forsetintervals
= ((0)is the taxicharge forajourneyof dkm
= The charge might double aftermidnight
= R(d)istherentalfee foracarused for ddays
= The dailyfee might triple if the caris rented overbank holidays
= 5(t)isthe speed ofacartravellingfortseconds withconstantacceleration
= The carmightreachamaximumspeed

What are possiblelimitations of a piecewiselinearmodel?

= Piecewiselinearmodels have aconstantrate of change (represented byastraightline)ineach
interval
= |nreal-life this might not be the case

= The datainsome intervals might have acontinuouslyvariable rate of change (represented bya
curve) ratherthanaconstantrate

= Orthe transitionfromone constantrate of change to anothermaybe gradual-i.e.acurve
ratherthanasuddenchangeingradient

O ExamTip

= Make sure thatyouknow how to plotapiecewise modelonyourGDC
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@ Worked example

The totalmonthlycharge, £ C, of phone bill canbe modelled by the function

10+0.02m 0<m<100

C(m)={ 9+0.03m  m>100

where 1M is the numberof minutes used.

a) Find the total monthly charge if 80 minutes have beenused.

Suhsh‘run‘e m= D0 into the ficst Funchon

C(%0)=10+ 0.02(30)

o

) 7; - B
b) Giventhat the totalmonthlychargeis £16.59, find the numberof minutes that were used.
Substitute (= 16.59 inty the sewnd Fundior\
16.59 = 9 +0.03m
0.03m - 1.94
159
M* 0.03 w
253  minutes
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Non-Linear Piecewise Models

What arethe parameters of non-linear piecewise models?

= Anon-linear piecewise modelis made up of multiple functions fi(X)

= Eachfunctionwillbe defined forarange of values of x

= Theindividual functions cancontainany function
= Forexample:quadratic, cubic,exponential,etc

= When graphed the individual functions should jointo make acontinuous graph
= This factcanbe used to find unknown parameters

f,(x) as<x
« 1 Ax)= 1 sx<b

fz(X) b<x<c thenfl(b)=f2(b)

What canbemodelledasanon-linear piecewise model?

= Piecewise models canbe used whendifferent functions are needed to represent the output for
differentintervals of the variable
» S(x)is the standardised score onatest with xraw marks
= Forsmallvalues of xthere might be a quadratic model
= Forlarge values of xthere might be alinearmodel
= H(?)is the height of waterinabathtub with after tminutes
= |nitiallya cubic modelmight be aappropriate if the bottom of the bathtubis curved
= Thenalinearmodelmight be aappropriate if the sides of top of the bathtub has the
shape of aprism

What are possiblelimitationsanon-linear piecewise model?

= Piecewise models canbe used to modelreal-life accurately
= Piecewise models canbe difficult to analyse orapply mathematical techniques to

O Exam Tip

= Read andre-read the questioncarefully,tryto getinvolved inthe context of the question!

= Payparticularattentionto the domainofeachsection,ifitis not giventhink carefully about
anyrestrictions there maybe as aresult of the context of the question

= |[fsketchingapiecewise function,make sure to include the coordinates of allkeypoints
including the point at which two sections of the piecewise modelmeet
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@ Worked example

Jamie isrunning arace.His distance fromthe start, X metres,canbe modelled by the function

3t 0<t<5

X(t)={ 125—-a(t-15)2  5<t<15

where fis the time,inseconds, elapsed since the start of therace.

a) Find the value of 4.

The Funcion -is ontinvous at £=9
3(5) = 125 -a(5 -15)"

15 =125 -100q
az |l |
b) Find the time takenforJamie to reach100 metres fromthe start.

Decide which function to use
x(5)= 15

|00 >15
Solve oo (£) = 100

125 -1\ (E-I5)"= 100

E=1023.. or  E:19.36..
Reject as O st <13
E=10.2 seconds
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