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2.5.1Reciprocal & Rational Functions

Reciprocal Functions & Graphs

What is the reciprocal function?

1
Thereciprocal functionis defined by f(X) = ;, x#0

Its domainis the set of all real values except O
ltsrangeis the set of all real values except O
The reciprocal function has a self-inverse nature

- (x)=1x)
- (fof)(x)=x

What are the key features of the reciprocal graph?

The graph does not have a y-intercept
The graph does not have any roots
The graph has two asymptotes
= Ahorizontal asymptote at the x-axis: ¥ =0
= Thisis the limiting value when the absolute value of x gets very large
= Averticalasymptote atthe y-axis: X = 0
= Thisis the value that causes the denominator to be zero
The graph has two axes of symmetry
] y =X
Y= —X

The graph does not have any minimum or maximum points
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Linear Rational Functions & Graphs

What is a rational function with linear terms?

ax+b . ﬂ
cx+d’X

A (linear) rational functionis of the form f(X) =

d

Its domainis the set of all real values except ——
c

a
= |tsrangeis the set of all real values except —
c

= Thereciprocal functionis a special case of arational function

What are the key features of linear rational graphs?

= The graphhasay-interceptat {0 —\ provided d=0

\"d)
= The graph hasoneroot at (— ;, 0) provided @ # 0

= The graph has two asymptotes

a
= Ahorizontal asymptote: y = ;

= Thisis the limiting value when the absolute value of x gets very large

d

= Averticalasymptote: X= — —
Cc

= Thisis the value that causes the denominator to be zero
= The graph does not have any minimum or maximum points
= |fyouare asked to sketch ordraw arational graph:
= Give the coordinates of any intercepts with the axes
= Give the equations of the asymptotes
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@ Worked example

10—5x
The function f is defined by f(X) = W forx # — 2.

a) Write down the equation of
@ the vertical asymptote of the graph of f,
(ii) the horizontal asymptote of the graph of f.

0 Vertical 053mp’fb’ie s when denominator equals 2ero
xtd=0 |x = -2

@) Hori20ntdl asﬂmpioit is |imi’rinﬂ m|ue as X ae{s Ianag

o M0-8x | -5x -
lim X+ lim 3 Y= -3

P LS00

b) Find the coordinates of the intercepts of the graph of £ with the axes.

ld-m’fer(ep+ occurs when x =0

_10-50) .
. 050 .5 [(p 5)

x-nrn‘er(e'ﬁ occurs when H:O

-5

c) Sketch the graphof f.
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EXAM PAPERS PRACTICE

Include asymptotes and intercepts

A

9

(0.5)

(2.0)

For more help, please visit www.exampaperspractice.co.uk
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Quadratic Rational Functions & Graphs

How do I sketch the graph of a rational function where the terms are not linear?

. . | 2(x)
= Arational function can be written ﬂx) = m

= Where gand h are polynomials

50)
1(0)

To find the x-intercept(s) solve g(X) =(

= Tofindthe y-intercept evaluate

To find the equations of the vertical asymptote(s) solve b(X) =0
= There will also be an asymptote determined by what f(x) tends to as x approaches infinity
= Inthiscourseitwillbe either:
= Horizontal
= Oblique (aslantedline)
= This canbe found by writing g(X) inthe form b(X) Q(X) + I(X)
= You can do this by polynomial division or comparing coefficients
= Thefunctionthentendstothecurve Yy = Q(X)

What are the key features of rational graphs: quadratic over linear?

ax’+ bx+c

= Fortherational function of the form f(X) = dx+ o

‘)
= The graphhasay-interceptat (0, ;/ provided € # 0
= The graphcanhave O, 1or2roots

= Theyarethesolutionsto ax2 + bx+ ¢=0

e

d

= The graphhas an oblique asymptote Y = px + g
= Which can be found by writing ax? + bx + cintheform (dX + 6)(pX + q) +r

= Wherep, g, rare constants
= This can be done by polynomial division or comparing coefficients

= The graph has one vertical asymptote X = —
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What are the key features of rational graphs: linear over quadratic?

ax+b
= Fortherational function of the form f(X) = T o
cx*+dx+e
(0, 2)
» The graphhas a y-intercept at \O, z/ provided € Z 0
b
= Thegraphhasonerootat X = — ;

= The graphhascanhave 0, 10or 2 vertical asymptotes

= Theyarethesolutionsto cx2 +dx+ e=0
= The graph has a horizontal asymptote
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@ Worked example

2x2+5x—-3
The function f is defined by f(X) =—— forx# — 1.
x+1
a) () 2x2+5x-3 r
Showthat— = px+ g+ for constants and I' whichare to
x+1 pxT4q x+1 p.4q

be found.
(i) Hence write down the equation of the oblique asymptote of the graph of f.

9 Wri’fe 22+ 9x -3 as (1+l)(px+1) tr
211*51 = 3 E Pll’qu tpxX 19 r

Compare (oe ﬁi(ients

- b X onstant
Z:P 5‘(1{-? '3‘-61'”'
_'_P:l q: 3 Soor= '6

X+ Xl A4

2450-3 (xe)(2x43)-6 D R = b

(0]
y: 21x+ 3
b) Find the coordinates of the intercepts of the graph of £ with the axes.
%-m*er(epf occurs when x =0
20)4500)-3 _ _
W3 ot =-3 (0,-3)

.:L-m’rercepf occurs when 5=0

B L0 5 205305 (B )ar) 0 2005 o o3
(05,0) and (-30)

c) Sketchthe graphof f.
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EXAM PAPERS PRACTICE

Vertial asymplote when derominglr 1s 260 =l
Include asymptotes and intercepts

Y

(-3,0) & i

For more help, please visit www.exampaperspractice.co.uk
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