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2.5.1Translations of Graphs

Translations of Graphs
What are translations of graphs?

= Whenyoualterafunctionincertain ways, the effects onthe graph of the functioncanbe
described bygeometrical transformations
= Foratranslation:
= the graphis moved (upordown,leftorright)inthe xyplane
= |ts positionchanges
= theshape,size,and orientation of the graphremainunchanged
= Aparticulartranslation (how farleft/right,how farup/down)is specified bya translationvector

X

y

= xis the horizontaldisplacement
= Positive moves right
= Negative moves left

= yisthe verticaldisplacement
= Positive movesup
= Negative moves down
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What effects do horizontaltranslations haveonthegraphs and functions?

a
Ahorizontaltranslationof the graph Yy = f(X) bythe vector 0 isrepresented by

- y=flx—a)
= The x-coordinates change
= Thevalue ais subtracted fromthem
= The y-coordinates stay the same
= Thecoordinates (X, y) become (X +a, y)
= Horizontalasymptotes stay the same
= Verticalasymptotes change

» X=Kkbecomesx=k+a
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What effects do verticaltranslations haveonthe graphs and functions?

0

= Averticaltranslationofthe graph Y= l‘(X) bythe vector b isrepresented by

- y—b=1f(x)

= Thisis oftenrearrangedto y = f(X) +b
= The x-coordinates stay the same
= The y-coordinates change

= Thevalue bis added to them
= Thecoordinates (X, y) become (X, y+ b)
= Horizontalasymptotes change

= y=kbecomes y=k+b

= Verticalasymptotes stay the same
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O ExamTip
= To getfullmarksinanexam make sure youuse correct mathematicalterminology
2
= Forexample:Translate bythe vector 4

@ Worked example
The diagrambelow shows the graphof Yy = f(X)
'
.1.

A(-1,5)

0

B(3.-3)

a) Sketchthe graphof y = l‘(X + 3).
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o Hiel) Hranltin by (%)

Translate td=vc(x) 53 ('f,) g
A becomes (-L,5) A4,5)
B l)e(omes (0. ‘3)

~Y

8(0,-3)

b) Sketchthe graphof y = f(X) +3.

y: Hx)+k  translation 53 ( ?< )

—— —

Translate 34(1) by (g)
A becomes (-1, 8) |
B bewmes (310)
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2.5.2Reflections of Graphs

Reflections of Graphs

What arereflections of graphs?

= Whenyoualterafunctionincertain ways, the effects onthe graph of the functioncanbe
described bygeometrical transformations
= Forareflection:
= the graphis flipped about one of the coordinate axes
= |ts orientationchanges
= thesize of the graphremains unchanged
= Aparticularreflectionis specified byan axis of symmetry:

= y= 0
= Thisis the x-axis
= x=0

= Thisis the y~axis

What effects do horizontalreflections haveonthe graphs and functions?

= Ahorizontalrefiectionofthe graph Yy = f(X) about the y-axis isrepresented by
- y=1f{-x)
= The x-coordinates change

= Theirsignchanges
= The y-coordinates stay the same

= Thecoordinates (X, y) become ( - X, y)
= Horizontalasymptotes stay the same
= Verticalasymptotes change

. X=kbecomesx=—](

Page 7 of 22
For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

Page 8 of 22
For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

What effects do verticalreflectionshave onthe graphs and functions?

= Averticalreflectionofthe graph y = f(X) about the x-axis is represented by
- —y=f(x)
= Thisis oftenrearrangedto Yy = —f(X)
= The x-coordinates stay the same
= The y-coordinates change
= Theirsignchanges
= Thecoordinates (X, y) become (X, —y)
= Horizontalasymptotes change
= y=kbecomes y= -k

= Verticalasymptotes stay the same
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@ Worked example
The diagrambelow shows the graphof Y = f(X)
'

¥

A(—1.5)

o)

B (3. —3)

a) Sketchthe graphof y= — f(X)
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Y= - FM reFlection in x-axis

A becomes (‘\.'5) S
B becomes (3'3) 3(33)

A'('I |‘5)

b) Sketchthe graphof Yy = f(—X).
Y* 'f(‘l) reFlection in Y-axis

A becomes (\, 5) '
B bewmes (3,3)
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2.5.3Stretches of Graphs

Stretches of Graphs
What arestretches of graphs?

= Whenyoualterafunctionincertain ways, the effects onthe graph of the functioncanbe
described bygeometrical transformations
= Forastretch:
= the graphis stretched about one of the coordinate axes byascale factor
= [tssize changes
= the orientationofthe graphremains unchanged
= Aparticularstretchis specified byacoordinate axis and ascale factor:
= Thedistance betweenapoint onthe graph and the specified coordinate axis is multiplied
bythe constant scale factor
= The graphis stretched inthe directionwhichis parallel to the other coordinate axis
= Forscalefactors biggerthani
= the points onthe graph get further away fromthe specified coordinate axis
= ForscalefactorsbetweenOand]
= the points onthe graphgetcloserto the specified coordinate axis
= Thisis also sometimes called acompressionbutinyourexamyoumustuse the
termstretchwith the appropriate scale factor

What effects do horizontal stretcheshaveonthe graphsandfunctions?

= Ahorizontalstretchofthe graph y = f(X) byascale factor gcentred about the y~axis is
represented by

)

= The x-coordinates change
= Theyaredivided by g
= The y-coordinates stay the same
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= Thecoordinates (X, y) become (qX, y)
= Horizontalasymptotes stay the same
= Verticalasymptotes change

= X =kbecomes x =gk
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What effects do vertical stretcheshaveonthegraphsandfunctions?

= Averticalstretchofthe graph y = f(X) byascale factor pcentred about the x-axis is
represented by

X=X
- 2=

= Thisis oftenrearranged to y=pf(X)
= The x-coordinates stay the same
= The y-coordinates change

= Theyare multiplied by p
= Thecoordinates (X, y) become (X, py)
= Horizontalasymptotes change

= y=kbecomes y=pk

= Verticalasymptotes stay the same
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O ExamTip

= To getfullmarksinanexammake sure youuse correct mathematical terminology
= Forexample:Stretchverticallybyscale factor’z
= Do notusetheword"compress"inyourexam
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@ Worked example
The diagrambelow shows the graphof y = f(X)
i

.1 d

A(—=1.5)

0

B (3.-3)

a) Sketchthe graphof y=2f(X).
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y= ki) vertical shretch scale fackr k

Steetch 3:1((1) Verﬁm“g
swle factor 2

A becomes (‘\,ID)
B becomes (3.‘Q)

Sketchthe graphof Yy = f(ZX).

34(\(1) homon‘ml stretch sele fackor -

SJrre’r(}\ Y= fe) hor"wn‘i—a“:\ Al S)

x|

»|

|
sle ﬁad‘Or T I

A becomes ('11.5)
B bewmes (% 1‘3)

4
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2.5.4 Composite Transformations of Graphs

Composite Transformations of Graphs

What transformationsdolneedto know?

-k
. y= f(x + k) is horizontal translation by vector 0
= |f kis positive thenthe graphmoves left
= |f kis negative thenthe graph moves right
0
= Y= f(X) + kis verticaltranslation byvector
= |f kis positive thenthe graphmoves up
= |f kis negative thenthe graphmoves down
1
= Y= f(kX) is ahorizontalstretchbyscale factor E centred about the y-axis

= |f k>1thenthe graph gets closer to the y-axis
= |f O < k<1thenthe graph gets further fromthe y~axis

= Y= kf(X) is a vertical stretchbyscale factor K centred about the x-axis
= |f k>T1thenthe graph gets further fromthe x-axis
= |f O < k<1thenthe graphgets closerto the x-axis

= Y= 1‘( - X) is ahorizontalreflectionabout the y-axis
= Ahorizontalreflectioncanbe viewed as aspecialcase of ahorizontalstretch

= Y= l‘(X) is averticalreflectionabout the x-axis
= Averticalreflectioncanbe viewed as aspecialcase of averticalstretch

Howdo horizontaland verticaltransformations affect eachother?

= Horizontal and vertical transformations are independent of eachother
= The horizontaltransformations involved willneed to be applied intheircorrectorder
= Theverticaltransformations involved willneed to be applied intheircorrectorder
= Suppose there are two horizontal transformation HythenH; and two vertical
transformations VythenV; thentheycanbe applied inthe following orders:
= Horizontalthenvertical:
= HiHy ViVo
= Verticalthenhorizontal:
u V]VQH]HQ
= Mixed up (provided thatHjcomes before H, and Vicomes before V2):
= H;ViHo2 V>

= HiViVoHy
= ViH;VoHy
= ViHiH2 Vo

O Exam Tip

= |nanexamyouare more likelyto getthe correctsolutionif youdeal with one transformation
atatime and sketchthe graph aftereach transformation
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@ Worked example

The diagram below shows the graphof Yy = l‘(X)

i

¥

A(-1,5)

)

B(3.-3)

X
Sketchthe graphof Yy = = 5 f(z

)
)

A verﬂcal and horizontal '|Tar\S]COTM(XhDI\ can be done
in an& order

Y- lT”l) : vertical strebch  scale fachor L)_
\ﬁ-‘:(%\ * horizontal stretth scale fackr 2

A becomes ('2 | 57.)
1

B beomes (6,°3) 25

B'6,-3)
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Composite Vertical Transformations af(x)+b
Howdo ldeal with multiple verticaltransformations?

= Ordermatters whenyouhave more thanone vertical transformations
= [fyouare asked to find the equation then build up the equationbylooking at the
transformationsinorder

0

= Averticalstretchbyscale factorafollowed byatranslationof

= Stretch: y= af(x)
= Thentranslation: y = [af(x)] +b
» Finalequation: y = 3f(X) +b

0

= Atranslationof b followed byaverticalstretchbyscale factora

= Translation: y = f(X) +b
= Thenstretch: y = a[f(x) +b]
» Finalequation: Yy = af(x) + ab
= |fyouare asked to determine the order
= The orderofverticaltransformations follows the orderof operations

= Firstwrite the equationinthe form Yy = af(x) +b
= Firststretchvertically byscale factora
= |f gisnegative thenthereflectionand stretchcanbe doneinany order

0
= Thentranslate byr b
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@ Worked example

The diagrambelow shows the graphof y = f(X)

i
¥

A(—1,5)

0

B(3.-3)

Sketchthe graphof Yy = 3f(X) —o

The order vertical tronsformations Fo"ouos the order
of operations

4 3(=): Vertical stretch scale factor 3
ye H=) -2 Translate (3)

A becomes (H, |3 A=\, 13) ¢
B becomes (3,‘“ /\ /
- u)
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