
2.5 Transformations of Graphs



2.5.1 Translations of Graphs

Translations of Graphs

What  are t ranslat ions of  g raphs?

When yo u alter a functio n in certain ways, the effects o n the graph o f the functio n can be

described by geo metrical transf o rmatio ns

Fo r a translatio n:

the graph is mo ved  (up o r do wn, left o r right) in the xy plane

Its po sitio n changes

the shape, siz e, and o rientatio n o f the graph remain unchanged

A particular translatio n (ho w far left/right, ho w far up/do wn) is specified by a translatio n vecto r

⎛
⎜
⎜
⎜

⎝

x
y

⎞
⎟
⎟
⎟

⎠
:

x is the ho riz o ntal displacement

Po sitive  mo ves right

Negative  mo ves lef t

y is the vertical displacement

Po sitive mo ves up

Negative  mo ves do wn

Page 1 of 23
For more help visit our website www.exampaperspractice.co.uk



What  effect s do horiz ont al t ranslat ions have on t he g raphs and f unct ions?

A ho riz o ntal translatio n o f the graph y= f (x)  by the vecto r 

⎛
⎜
⎜
⎜

⎝

a
0

⎞
⎟
⎟
⎟

⎠
is represented by 

y= f (x−a)

The x-co o rdinates change

The value a is subtracted  fro m them

The y-co o rdinates stay the same

The co o rdinates (x, y)  beco me (x+a, y)

Ho riz o ntal asympto tes stay the same

Vertical asympto tes change

x=k  beco mes x=k+a
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What  effect s do vert ical t ranslat ions have on t he g raphs and f unct ions?

A vertical translatio n o f the graph  y= f (x)  by the vecto r 

⎛
⎜
⎜
⎜

⎝

0
b

⎞
⎟
⎟
⎟

⎠
is represented by

y−b= f (x)

This is o ften rearranged to   y= f (x)+b
The x-co o rdinates stay the same

The y-co o rdinates change

The value b is added to  them

The co o rdinates (x, y)  beco me (x, y+b)

Ho riz o ntal asympto tes change

y=k  beco mes  y=k+b
Vertical asympto tes stay the same

Exam T ip

To  get full marks in an exam make sure yo u use co rrect mathematical termino lo gy

Fo r example: Translate by the vecto r 
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a)

Worked example

The diagram belo w sho ws the graph o f  y= f (x) .

Sketch the graph o f  y= f (x+3) .
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b) Sketch the graph o f  y= f (x)+3.
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2.5.2 Reflections of Graphs

Reflections of Graphs

What  are reflect ions of  g raphs?

When yo u alter a functio n in certain ways, the effects o n the graph o f the functio n can be

described by geo metrical transf o rmatio ns

Fo r a reflectio n:

the graph is flipped  abo ut o ne o f the co o rdinate axes

Its o rientatio n changes

the siz e o f the graph remains unchanged

A particular reflectio n is specified by an axis o f  symmetry:

y=0
This is the x-axis

x=0
This is the y-axis

What  effect s do horiz ont al reflect ions have on t he g raphs and f unct ions?

A ho riz o ntal reflectio n o f the graph y= f (x)  abo ut the y-axis is represented by 

y= f (−x)

The x-co o rdinates change

Their sign changes

The y-co o rdinates stay the same

The co o rdinates (x, y)  beco me (−x, y)

Ho riz o ntal asympto tes stay the same

Vertical asympto tes change

x=k  beco mes x=−k
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What  effect s do vert ical reflect ions have on t he g raphs and f unct ions?

A vertical reflectio n o f the graph  y= f (x)  abo ut the x-axis is represented by

−y= f (x)

This is o ften rearranged to   y=− f (x)

The x-co o rdinates stay the same

The y-co o rdinates change

Their sign changes

The co o rdinates (x, y)  beco me (x, −y)

Ho riz o ntal asympto tes change

y=k  beco mes  y=−k
Vertical asympto tes stay the same
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a)

Worked example

The diagram belo w sho ws the graph o f  y= f (x) .

Sketch the graph o f  y=− f (x) .
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b) Sketch the graph o f  y= f (−x) .
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2.5.3 Stretches of Graphs

Stretches of Graphs

What  are st ret ches of  g raphs?

When yo u alter a functio n in certain ways, the effects o n the graph o f the functio n can be

described by geo metrical transf o rmatio ns

Fo r a stretch:

the graph is stretched  abo ut o ne o f the co o rdinate axes by a scale facto r

Its siz e changes

the o rientatio n o f the graph remains unchanged

A particular stretch is specified by a co o rdinate axis  and a scale f acto r:

The distance  between a po int  o n the graph and the specified co o rdinate axis  is multiplied

by the co nstant scale f acto r

The graph is stretched in the directio n which is parallel to  the o ther co o rdinate axis

Fo r scale facto rs bigger than 1

the po ints o n the graph get f urther away  fro m the specified co o rdinate axis

Fo r scale facto rs between 0 and 1

the po ints o n the graph get clo ser to  the specified co o rdinate axis

This is also  so metimes called a co mpressio n but in yo ur exam yo u must use the

term stretch with the appro priate scale facto r

What  effect s do horiz ont al st ret ches have on t he g raphs and f unct ions?

A ho riz o ntal stretch o f the graph y= f (x)  by a scale facto r q centred abo ut the y-axis is

represented by 

y= f
⎛
⎜
⎜

⎝

x
q

⎞
⎟
⎟

⎠
The x-co o rdinates change

They are divided  by q

The y-co o rdinates stay the same
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The co o rdinates (x, y)  beco me (qx, y)

Ho riz o ntal asympto tes stay the same

Vertical asympto tes change

x=k  beco mes x=qk

Page 14 of 23
For more help visit our website www.exampaperspractice.co.uk



What  effect s do vert ical st ret ches have on t he g raphs and f unct ions?

A vertical stretch o f the graph  y= f (x)  by a scale facto r p centred abo ut the x-axis is

represented by

y
p = f (x)

This is o ften rearranged to   y=pf (x)

The x-co o rdinates stay the same

The y-co o rdinates change

They are multiplied  by p

The co o rdinates (x, y)  beco me (x, py)

Ho riz o ntal asympto tes change

y=k  beco mes  y=pk
Vertical asympto tes stay the same
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Exam T ip

To  get full marks in an exam make sure yo u use co rrect mathematical termino lo gy

Fo r example: Stretch vertically by scale facto r ½

Do  no t use the wo rd "co mpress" in yo ur exam

a)

Worked example

The diagram belo w sho ws the graph o f  y= f (x) .

Sketch the graph o f  y=2f (x) .
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b) Sketch the graph o f  y= f (2x) .
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2.5.4 Composite Transformations of Graphs

Composite Transformations of Graphs

What  t ransf orm at ions do I need t o know?

y= f (x+k)  is ho riz o ntal translatio n by vecto r 

⎛
⎜
⎜
⎜

⎝

−k
0

⎞
⎟
⎟
⎟

⎠
If k is po sitive  then the graph mo ves lef t

If k is negative  then the graph mo ves right

y= f (x)+k  is vertical translatio n by vecto r 

⎛
⎜
⎜
⎜

⎝

0
k

⎞
⎟
⎟
⎟

⎠
If k is po sitive  then the graph mo ves up

If k is negative  then the graph mo ves do wn

y= f (kx)  is a ho riz o ntal stretch by scale facto r 
1
k  centred abo ut the y-axis

If k > 1 then the graph gets clo ser to  the y-axis

If 0 < k < 1 then the graph gets f urther fro m the y-axis

y=kf (x)  is a vertical stretch by scale facto r k  centred abo ut the x-axis

If k > 1 then the graph gets f urther fro m the x-axis

If 0 < k < 1 then the graph gets clo ser to  the x-axis

y= f (−x)  is a ho riz o ntal reflectio n abo ut the y-axis

A ho riz o ntal reflectio n can be viewed as a special case o f a ho riz o ntal stretch

y=− f (x)  is a vertical reflectio n abo ut the x-axis

A vertical reflectio n can be viewed as a special case o f a vertical stretch

How do horiz ont al and vert ical t ransf orm at ions affect  each ot her?

Ho riz o ntal and vertical transf o rmatio ns  are independent o f each o ther

The ho riz o ntal transfo rmatio ns invo lved will need to  be applied in their co rrect o rder

The vertical transfo rmatio ns invo lved will need to  be applied in their co rrect o rder

Suppo se there are two  ho riz o ntal transfo rmatio n H then H  and two  vertical

transfo rmatio ns V then V then they can be applied in the fo llo wing o rders:

 Ho riz o ntal then vertical:

H H V V

Vertical then ho riz o ntal:

V V H H

Mixed up (pro vided that H  co mes bef o re H  and V  co mes bef o re V2):

H V H V

1 2

1  2

1 2 1  2

1  2  1 2

1 2 1

1 1  2 2

H V V H

V H V H

V H H V

Exam T ip

In an exam yo u are mo re likely to  get the co rrect so lutio n if yo u deal with o ne transfo rmatio n

at a time and sketch the graph after each transfo rmatio n

1 1 2 2

1 1  2  2

1 1 2 2
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Worked example

The diagram belo w sho ws the graph o f  y= f (x) .

Sketch the graph o f y=
1
2 f

⎛
⎜
⎜

⎝

x
2

⎞
⎟
⎟

⎠
.

Page 19 of 23
For more help visit our website www.exampaperspractice.co.uk



Composite Vertical Transformations af(x)+b

How do I deal wit h m ult iple vert ical t ransf orm at ions?

Order matters  when yo u have mo re than o ne vertical transf o rmatio ns

If yo u are asked to  find the equatio n then build up the equatio n by lo o king at the

transfo rmatio ns in o rder

A vertical stretch by scale facto r a fo llo wed by a translatio n o f 

⎛
⎜
⎜
⎜

⎝

0
b

⎞
⎟
⎟
⎟

⎠
Stretch:  y=af (x)

Then translatio n:  y= ⎡
⎢
⎣
af (x)

⎤
⎥
⎦
+b

Final equatio n:  y=af (x)+b

A translatio n o f 

⎛
⎜
⎜
⎜

⎝

0
b

⎞
⎟
⎟
⎟

⎠
 fo llo wed by a vertical stretch by scale facto r a

Translatio n:  y= f (x)+b
Then stretch: y=a ⎡

⎢
⎣
f (x)+b ⎤

⎥
⎦

Final equatio n:  y=af (x)+ab
If yo u are asked to  determine the o rder

The o rder o f vertical transfo rmatio ns f o llo ws the o rder o f  o peratio ns

First write the equatio n in the fo rm  y=af (x)+b
First stretch vertically  by scale facto r a

If a is negative then the reflectio n and stretch can be do ne in any o rder

T hen translate  by 

⎛
⎜
⎜
⎜

⎝

0
b

⎞
⎟
⎟
⎟

⎠
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Worked example

The diagram belo w sho ws the graph o f  y= f (x) .

Sketch the graph o f y=3f (x)−2.
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Composite Horizontal Transformations f(ax+b)

How do I deal wit h m ult iple horiz ont al t ransf orm at ions?

Order matters  when yo u have mo re than o ne ho riz o ntal transf o rmatio ns

If yo u are asked to  find the equatio n then build up the equatio n by lo o king at the

transfo rmatio ns in o rder

A ho riz o ntal stretch by scale facto r 
1
a fo llo wed by a translatio n o f 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−b
0

Stretch:  y= f (ax)

Then translatio n:  y= f (a (x+b) )

Final equatio n:  y= f (ax+ab)

A translatio n o f 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−b
0

 fo llo wed by a ho riz o ntal stretch by scale facto r 
1
a

Translatio n:  y= f (x+b)

Then stretch:  y= f ( )( )ax +b
Final equatio n:  y= f ( )ax+b

If yo u are asked to  determine the o rder

First write the equatio n in the fo rm  y= f (ax+b)

The o rder o f ho riz o ntal transfo rmatio ns is the reverse o f  the o rder o f  o peratio ns

First translate  by 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−b
0

T hen stretch by scale facto r 
1
a

If a is negative then the reflectio n and stretch can be do ne in any o rder

Page 22 of 23
For more help visit our website www.exampaperspractice.co.uk



Worked example

The diagram belo w sho ws the graph o f  y= f (x) .

Sketch the graph o f y= f (2x−1) .
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