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2.5.1Reciprocal & Rational Functions

Reciprocal Functions & Graphs
Whatisthereciprocalfunction?

1
Thereciprocalfunctionis defined by f(X) = ;, x#0

Its domainis the set of allreal values except O
Itsrange is the set of allrealvalues except O
Thereciprocalfunctionhas aself-inverse nature

- (x)=1(x)
- (fof)(x)=x

What arethe keyfeatures of thereciprocalgraph?

= The graphdoes not have a y-intercept
= The graphdoes not have any roots
= The graphhas two asymptotes
= Ahorizontal asymptote at the x-axis: ¥ =0
= Thisis the limiting value when the absolute value of xgets verylarge
= Averticalasymptote at the y-axis: X = 0
= Thisis the value that causes the denominatorto be zero
= The graphhas two axes of symmetry

= y=X
] y=—X

= The graphdoes not have any minimumor maximum points
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Linear Rational Functions & Graphs

Whatis arationalfunctionwithlinearterms?

ax+b d
—,Xi__
cx+d c

d

Its domainis the set of allreal values except ——
Cc

A (linear)rational functionis of the form f(X) =

a
ltsrange is the set of allrealvalues except —
c

= Thereciprocalfunctionis aspecialcase of arational function

What arethe keyfeatures oflinearrationalgraphs?

= The graphhas a y-intercept at (0, E) provided d=0
b

= The graphhasoneroot at (— z, 0) provided @ % 0

= The graphhastwo asymptotes

a
= Ahorizontalasymptote: y = ;

= Thisis the limiting value whenthe absolute value of xgets verylarge

d

= Averticalasymptote: X = — ;

= Thisis the value that causes the denominatorto be zero
= The graphdoes not have any minimumor maximumpoints
= |fyouareaskedto sketchordraw arational graph:
= Give the coordinates of anyintercepts withthe axes
= Give the equations of the asymptotes

Q Exam Tip

= |f youdraw ahorizontalline anywhere it should onlyintersect this type of graphonce at most
= Theonlyhorizontalline that should notintersectthe graphis the horizontalasymptote
= Thiscanbeusedto checkyoursketchinanexam
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@ Worked example

10—5x
The function fis defined by f(X) = W forx # —2.

a) Write down the equationof
(i) the verticalasymptote of the graph of f
(i) thehorizontal asymptote of the graphof f.

i Vertical asgmphﬁe is when denominalor equak 2ero
xtl=0 |x = -2

) Horizontal asamp’roie is |imi’rin3 value as x 89,{5 Iarge

105k o -5 _
b 2 b % Ty -S]

b) Find the coordinates of the intercepts of the graph of f withthe axes.

ld-m*ercep’r occurs when x=0
10-510) _
y: D505 (0,5

x—m’rer(ep’r occurs when 3=0

10-5x
X+

=0 » [0-5x:0 > x=2 ,(21 O)J

c) Sketchthe graphof f.

Include asymptofes and infercepts

X2
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Quadratic Rational Functions & Graphs

Howdolsketchthe graphof arationalfunctionwherethetermsarenotlinear?

| | | 2(x)
= Arational functioncanbe written f(X) =77y
h(x)
= Where gand hare polynomials
To find th int t luat &
o fin e y-intercept evaluate h(())

= To find the x-intercept(s)solve g(X)=0

= To find the equations of the verticalasymptote(s)solve b(X) =0
= There willalso be anasymptote determined bywhat f(x) tends to as xapproaches infinity
= Inthis course it will be either:
= Horizontal
= Oblique (aslantedline)
= This canbe found by writing g(X) inthe form b(X) Q(X) + I(X)
= Youcando this by polynomial divisionorcomparing coefficients
= The functionthentends to thecurve Yy = Q(X)

What arethe keyfeatures of rationalgraphs: quadraticoverlinear?

ax’+bx+c

= Fortherationalfunctionofthe form f(X)= dx+ e
X

‘)
= The graphhas a y-intercept at (0, ;} provided € Z ()
= The graphcanhave O,Tor2roots

= Theyare the solutions to ax2 + bx + ¢=0

(o)

d
» The graphhas anoblique asymptote Yy = px + g

= Whichcanbe found bywriting ax2 + bx + cinthe form (dX + e)(px + q) +r
= Where p, g, rare constants
= This canbe done by polynomial divisionorcomparing coefficients

= The graphhas one verticalasymptote X = —
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What arethe keyfeatures of rationalgraphs:linearover quadratic?

ax+b

Fortherational functionof the form f(X) = e
cx?2+dx+e

= The graphhas a y-intercept at (0, ;) provided € # 0
b

= ThegraphhasonerootatX = — ;

= The graphhas canhave 0,1or2 verticalasymptotes

= Theyare the solutionsto cx? +dx + e=0
= The graphhas ahorizontalasymptote

O Exam Tip

= |f youdraw ahorizontalline anywhere it should onlyintersect this type of graph twice at most
= Thisideacanbeusedto checkyourgraphorhelpyousketchit
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@ Worked example

2x2+5x-3
The function fis defined by f(X) =———— forx# — 1.
x+1
a () 2x2+5x-3 r
Showthat ——————=px+ g+ forconstants and I'whichare
x+1 pxT4q x+1 p-4q

to be found.
(i) Hence write downthe equation of the oblique asymptote of the graph of f.
0 \/\]rﬁ(’. le +51 -3 as (x+|)(Px+tL) tr
2 2 v
X *SJL'3’PJL +le+Px. 19 +r

(ompare we fficieats

x % nstant
Z:P 5:1+P '3’&“’
.',P=2_ q: 3 L r=-b

Leiasa3 | xn)Qud)-6 9 3 b

+
X+ b &7 - X+

()

%=lx+3

b) Find the coordinates of the intercepts of the graph of f withthe axes.
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ld-m‘}er(epi' occurs when x =0

g: o =3 (03)

x-m’rer(ep’r occurs when 5=0

BB L0 5205305 (B )erd 0 1205 o o3

(05, 0) and (:30)
c) Sketchthe graphof f.

\lertital asymptote when denominador is zem =l

lnclude asymptotes and intercepts

Page 7 of 7
For more help visit our website www.exampaperspractice.co.uk



