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2.4.1 Composite & Inverse Functions

Composite Functions
What is a composite function?

= Acomposite functionis where a functionis applied to another function
= Acomposite function can be denoted

- (fog)(x)

- fg(x)

- flg(x))

= The ordermatters

] (fo g)(X) means:
= Firstapply gtoxtoget g(X)
= Thenapply f to the previous output to get f(g(X))
= Always start with the function closest to the variable

] (fO g)(X) is not usually equal to (go f)(X)
How do | find the domain and range of a composite function?

= Thedomainof f© gisthesetofvalues of X...
= which are a subset of the domainof g
= whichmaps g to avalue thatisin the domain of f

= Therange of fogisthe setof values of X ...
= which are a subset of the range of f
= found by applying fto therange of g
= Tofind the domain and range of ng
= Firstfindtherange of g
= Restrict these values to the values that are within the domain of f
= The domainis the set of values that produce the restricted range of g
= Therangeis the set of values that are produced using the restricted range of g as the domain
forf

= Forexample: let f(X)=2X+ I, =5<x<5and g(X)=\/;, 1<x<49
= Therangeofgis 1 Sg(X) <7
= Restricting this to fit the domain of fresultsin 1 < g(x) <5
» Thedomainof f© gistherefore ] <x <25
= These are the values of xwhichmap to 1 Sg(X) <5
» Therangeof f© gistherefore3 < (fo g)(X) <11
= These are the values which f maps 1 Sg(X) <5to
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@ Worked example

Given f(X) =./x+4 and g(X) =3+2x:

a) Write down the value of(go f)(lZ).

First apply Function closest 1o input
(q oF)(12) = g(F(12))

f2) = e =16 = &

g() + 3 +2(4) = Il

(q oF)(i2) = 1l

o) Write down an expression for (fo g)(X).

First O‘PPIS Function closest 1o inpuf

U’ ) 3)(1) : 1((3(1))
= £(3+2x)

(Foq)x) = JF+2x

c) Write down an expression for (g o g)(X).

(9 09)(x) = 3(3(1\)
=3(3+21)
= 3+2(3+2x)
= 3+ brbx
(3 0 s)(x\=qi"tx.
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Inverse Functions
What is aninverse function?

= Only one-to-one functions have inverses
= Afunctionhasaninverseif its graph passes the horizontal line test
= Any horizontal line willintersect with the graph at most once

= Theidentity function 1d maps eachvalue toitself
= id(x)=x
» If fo gand go f have the same effect as the identity functionthen f and g areinverses

= Givena function f(X) we denote the inverse function as f_l(X)
= Aninverse functionreverses the effect of a function

. f(Z) =5 means f_l(S) =2
= |nverse functions are used to solve equations
= The solution of f(X) =5isx= f_l(S)
= Acomposite function made of fand £~ !hasthe same effect as the identity function

« (fo F)(x)=(F10 Alx)=x

y=f(x)

y=Ff (x)

What are the connections between a function and its inverse function?
= The domain of a function becomes the range of its inverse
= Therange of a function becomes the domain of its inverse
= Thegraphof y= f_l(X) is areflection of the graph Y = f(X) intheline Yy =X
= Therefore solutions to f(X) =Xor f_l(X) = X willalso be solutions to f(X) = f_l(X)
= There could be other solutions to f(X) = f_l(X) thatdon'tlieontheline Y= X
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How do | find the inverse of a function?

= STEP1:Swapthexandyin Yy = f(X)

« if y=f1(x)thenx = fy)
= STEP 2:Rearrange X = f(y) tomake Y thesubject
= Note thiscanbe doneinany order

= Rearrange Y = f(X) to make X the subject

= SwapXand Yy

Can many-to-one functions ever have inverses?

= You canrestrict the domain of a many-to-one function so thatithas aninverse
Choose a subset of the domain where the functionis one-to-one

= Theinverse will be determined by the restricted domain

= Note that amany-to-one function can only have aninverse if its domainis restricted first
= Forquadratics - use the vertex as the upper orlower bound for the restricted domain

= For f(X) = X2 restrict the domain so O is either the maximum or minimum value
= Forexample:X >0 orx <0

= For f(X) = a(X - h)2 + Kk restrict the domain so his either the maximum or minimum value

» Forexample: X>horx<h
= Fortrigonometric functions - use part of a cycle as the restricted domain

= For f(X) = SINX restrict the domainto half a cycle between a maximum and a minimum
T m
= Forexample: ——— <X<—

2 2
= For f(X) = COSX restrict the domain to half a cycle between maximum and a minimum
= Forexample:0<x<TT

= For f(X) = tanx restrict the domain to one cycle between two asymptotes

T
s Forexample:——— <x<-——

2 2

How do | find the inverse function after restricting the domain?

= Therange of theinverse is the same as the restricted domain of the original function
= Theinverse functionis determined by the restricted domain

= Restricting the domain differently will change the inverse function
= Usetherange of theinverse to help find the inverse function

= Restricting the domain of f(X) =x2toxX > 0 means the range of the inverse s f_l(X) >0

= Therefore f_l(X) = \/;

= Restricting the domain of f(X) =x2t0Xx < 0 means the range of the inverse is f_l(X) <0

= Therefore f_l(X) = - \/;
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@ Worked example
The function f(X) = (X - 2)2 +5, x<mhasaninverse.
a) Write down the largest possible value of m.
Sketch y=f(x)
The 3mph is one-to-one
be x<2 @
mz2

\ A

b)  Findtheinverseof f(X).
Let tj=F_'(1) and reamange x=F(y)
e (3-1)‘ +5
x-9 = (3-1)1
1J.x—-5 * \6-2.
21 x5 =y
Ranﬂe of £ is the domain oF a
)2 o y=2-x5

f(x) = 2-J2-5

c) Find the domain of f_l(X).
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Doman of f* is the range of f
Oketch 34{1) o s

See r&ﬂﬂﬁ
For x¢2, H(x)25 (2.5)

Y

Domain of f' @ x35

d) Find the value of K such that f(k) =9,

Use inverse fla) =b ¢ a= f'(b)
k-f'@) = 2-[9-5

k=0

For more help, please visit www.exampaperspractice.co.uk
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