
  2.4 Other Functions & Graphs
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2.4.1 Exponential & Logarithmic Functions

Exponential Functions & Graphs

What  is an exponent ial f unct ion?

An expo nential f unctio n is de�ned by  f (x)=ax , a>0
Its do main is the set o f all real values

Its range  is the set o f all po sitive real values

An impo rtant expo nential functio n is  f (x)=ex
Where e is the mathematical co nstant 2.718…

Any expo nential functio n can be written using e

ax=exlna
This is given in the f o rmula bo o klet

What  are t he key f eat ures of  exponent ial g raphs?

The graphs have a y-intercept  at (0, 1)

The graph will always  pass thro ugh the po int (1, a)

The graphs do  no t have any ro o ts

The graphs have a ho riz o ntal asympto te  at the x-axis:  y=0
Fo r a > 1 this is the limiting value  when x tends to  negative in�nity

Fo r 0 < a < 1 this is the limiting value  when x tends to  po sitive in�nity

The graphs do  no t have any minimum o r maximum po ints
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Logarithmic Functions & Graphs

What  is a log arit hm ic f unct ion?

A lo garithmic f unctio n is o f the fo rm  f (x)= logax, x>0
Its do main is the set o f all po sitive real values

Yo u can't take a lo g o f z ero  o r a negative number

Its range  is set o f all real values

logax  and ax  are inverse  functio ns

An impo rtant lo garithmic functio n is  f (x)= ln x
This is the natural lo garithmic functio n ln x≡ logex
This is the inverse o f ex

ln ex=xand eln x=x
Any lo garithmic functio n can be written using ln

logax=
ln x
ln a using the change o f base fo rmula

What  are t he key f eat ures of  log arit hm ic g raphs?

The graphs do  no t have a y-intercept

The graphs have o ne ro o t  at (1, 0)

The graphs will always  pass thro ugh the po int (a, 1)

The graphs have a vertical asympto te at the y-axis: x=0
The graphs do  no t have any minimum o r maximum po ints
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a)

b)

Worked example

The functio n  f  is de�ned by  f (x)= log5x  fo r x>0.

Write do wn the inverse o f  f . Give yo ur answer in the fo rm eg (x ) .

Sketch the graphs o f  f  and its inverse o n the same set o f axes.
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2.4.2 Solving Equations

Solving Equations Analytically

How can I solve equat ions analyt ically where t he unknown appears only once?

These equatio ns can be so lved by rearranging

Fo r o ne-to -o ne f unctio ns  yo u can just apply the inverse

Additio n and subtractio n are inverses

y=x+k ⇔x=y−k
Multiplicatio n and divisio n are inverses

y=kx ⇔x=
y
k

Taking the recipro cal is a self-inverse

y=
1
x ⇔x=

1
y

Odd po wers and ro o ts are inverses

y=xn ⇔x=n y

y=xn ⇔x=y
1
n

Expo nentials and lo garithms are inverses

y=ax ⇔x= logay
y=ex⇔x= ln y

Fo r many-to -o ne f unctio ns  yo u will need to  use yo ur kno wledge o f the functio ns to  �nd the

o ther so lutio ns

Even po wers lead to  po sitive and negative so lutio ns

y=xn⇔x= ±n y
Mo dulus functio ns lead to  po sitive and negative so lutio ns

y= 







x ⇔x= ±y
Trigo no metric functio ns lead to  in�nite so lutio ns using their symmetries

y=sinx⇔x=2kπ+arcsiny or x= (1+2k)π−arcsiny
y=cosx⇔x=2kπ±arccosy
y= tanx⇔x=kπ+arctany

Take care when yo u apply many-to -o ne f unctio ns  to  bo th sides  o f an equatio n as this can

create additio nal so lutio ns  which are inco rrect

Fo r example: squaring bo th sides
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x+1=3  has o ne so lutio n x=2
(x+1)

2=32  has two  so lutio ns x=2  and x=−4
Always check yo ur so lutio ns  by substituting back into  the o riginal equatio n

How can I solve equat ions analyt ically where t he unknown appears m ore t han once?

So metimes it is po ssible to  simplif y expressio ns  to  make the unkno wn appear o nly o nce

Co llect all terms  invo lving x o n o ne side  and try to  simplify into  o ne term

Fo r expo nents  use

af (x )×ag (x )=af (x )+g (x )

af (x )

ag (x )

=af (x )−g (x )

( )af (x ) g (x )=af ( )x ×g (x )

af ( )x =ef ( )x ln a

Fo r lo garithms  use

logaf (x)+ logag (x)= loga ( )f ( )x ×g ( )x

logaf (x)− logag (x)= loga
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

f ( )x
g ( )x

nlogaf (x)= loga (f ( )x )
n

How can I solve equat ions analyt ically when t he equat ion can't  be sim pli�ed?

So metimes it is no t po ssible to  simplif y  equatio ns

Mo st o f these equatio ns canno t be so lved analytically

A special case that can be so lved is where the equatio n can be transf o rmed into  a quadratic

using a substitutio n

These will have three terms  and invo lve the same type o f functio n

Identif y  the suitable substitutio n by co nsidering which f unctio n is a square o f  ano ther

Fo r example: the fo llo wing can be transfo rmed into  2y2+3y−4=0
2x4+3x2−4=0  using  y=x2

2x+3 x −4=0  using  y= x
2
x6 +

3
x3 −4=0  using  y=

1
x3

2e2x+3ex−4=0  using  y=ex
2×25x+3×5x−4=0  using  y=5x
22x+1+3×2x−4=0  using  y=2x
2( )x3−1 2+3( )x3−1 −4=0  using  y=x3−1
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To  so lve:

Make the substitutio n  y= f (x)

So lve  the quadratic equatio nay2+by+c=0  to  get y  & y

So lve f (x)=y1  and  f (x)=y2
No te that so me equatio ns might have z ero  o r several so lutio ns

Can I divide bot h sides of  an equat ion by an expression?

When dividing by an expressio n yo u must co nsider whether the expressio n co uld be z ero

Dividing by an expressio n that co uld be z ero  co uld result in yo u lo sing so lutio ns to  the o riginal

equatio n

Fo r example: (x+1) (2x−1)=3(x+1)

If yo u divide bo th sides by (x+1)  yo u get 2x−1=3  which gives x=2
Ho wever x=−1  is also  a so lutio n to  the o riginal equatio n

To  ensure yo u do  no t lo se so lutio ns  yo u can:

Split  the equatio n into  two  equatio ns

One where the dividing expressio n equals z ero : x+1=0
One where the equatio n has been divided by the expressio n: 2x−1=3

Make the equatio n equal z ero  and f acto rise

(x+1) (2x−1)−3(x+1)=0
(x+1) (2x−1−3)=0  which gives (x+1) (2x−4)=0
Set each facto r equal to  z ero  and so lve: x+1=0  and 2x−4=0

Exam T ip

A co mmo n mistake that students make in exams is applying functio ns to  each term rather

than to  each side

Fo r example: Starting with the equatio n   it wo uld be inco rrect to

write   o r 

Instead it wo uld be co rrect to  write   and then simplify fro m there

1 2
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a)

b)

c)

Worked example

Find the exact so lutio ns fo r the fo llo wing equatio ns:

5−2log4x=0.

x= x+2 .

e2x−4ex−5=0.
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Solving Equations Graphically

How can I solve equat ions g raphically?

To  so lve f (x)=g (x)

One metho d is to  draw the graphs y= f (x)  and  y=g (x)

The so lutio ns  are the x-co o rdinates  o f the po ints o f intersectio n

Ano ther metho d is to  draw the graph y= f (x)−g (x)  o r  y=g (x)− f (x)

The so lutio ns  are the ro o ts (z ero s) o f this graph

This metho d is so metimes quicker as it invo lves drawing o nly o ne graph

Why do I need t o solve equat ions g raphically?

So me equatio ns canno t be so lved analytically

Po lyno mials  o f degree higher than 4

x5−x+1=0
Equatio ns invo lving di�erent types o f  f unctio ns

ex=x2

Exam T ip

On a calculato r paper yo u are allo wed to  so lve equatio ns using yo ur GDC unless the

questio n asks fo r an algebraic metho d

If yo ur answer needs to  be an exact value then yo u might need to  so lve analytically to  get the

exact value

a)

b)

Worked example

Sketch the graph y=ex−x2 .

Hence �nd the so lutio n to  ex=x2 .
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2.4.3 Modelling with Functions

Modelling with Functions

What  is a m at hem at ical m odel?

A mathematical mo del simpli�es a real-wo rld situatio n so  it can be described using mathematics

The mo del can then be used to  make predictio ns

Assumptio ns  abo ut the situatio n are made in o rder to  simplify the mathematics

Mo dels can be re�ned  (impro ved) if further info rmatio n is available o r if the mo del is co mpared to

real-wo rld data

How do I set  up t he m odel?

The questio n co uld:

give yo u the equatio n o f the mo del

tell yo u abo ut the relatio nship

It might say the relatio nship is linear, quadratic, etc

ask yo u to  suggest a suitable mo del

Use yo ur kno wledge o f each mo del

E.g. if it is co mpo und interest then an expo nential mo del is the mo st appro priate

Yo u may have to  determine a reaso nable do main

Co nsider real-life co ntext

E.g. if dealing with ho urs in a day then

E.g. if dealing with physical quantities (such as length) then

Co nsider the po ssible ranges

If the o utco me canno t be negative then yo u want to  cho o se a do main which

co rrespo nds to  a range with no  negative values

Sketching the graph is helpful to  determine a suitable do main

Which m odels m ig ht  I need t o use?

Yo u co uld be given any mo del and be expected to  use it

Co mmo n mo dels include:

Linear

Arithmetic sequences

Linear regressio n

Quadratic

Pro jectile mo tio n

The height o f a cable suppo rting a bridge

Pro �t

Expo nential

Geo metric sequences
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Expo nential gro wth and decay

Co mpo und interest

Lo garithmic

Richter scale fo r the magnitude o f earthquakes

Ratio nal

Temperature o f a cup o f co �ee

Trigo no metric

The depth o f a tide

How do I use a m odel?

Yo u can use a mo del by substituting in values fo r the variable to  estimate o utputs

Fo r example: Let h(t) be the height o f a fo o tball t seco nds after being kicked

h(3) will be an estimate fo r the height o f the ball 3 seco nds after being kicked

Given an o utput  yo u can f o rm an equatio n with the mo del to  estimate the input

Fo r example: Let P(n) be the pro �t made by selling n items

So lving P(n) = 100 will give yo u an estimate fo r the number o f items needing to  be so ld to

make a pro �t o f 100

If yo ur variable is time  then substituting t = 0 will give yo u the initial value  acco rding to  the mo del

Fully understand the units f o r the variables

If the units o f P are measured in tho usand do llars  then P = 3 represents $3000

Lo o k o ut fo r key wo rds  such as:

Initially

Minimum/maximum

Limiting value

What  do I do if  som e of  t he param et ers are unknown?

A general metho d is to  f o rm equatio ns  by substituting in given values

Yo u can fo rm multiple equatio ns  and so lve them simultaneo usly  using yo ur GDC

This metho d wo rks f o r all mo dels

The initial value  is the value o f the functio n when the variable is 0

This is no rmally o ne o f  the parameters  in the equatio n o f the mo del
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a)

b)

c)

Worked example

The temperature, T °C, o f a cup o f co �ee is mo nito red. Initially the temperature is 80°C  and 5

minutes later it is 40°C . It is suggested that the temperature fo llo ws the mo del:

T (t)=Aekt+16, t≥0 .

where t is the time, in minutes, after the co �ee has been made.

State the value o f A .

Find the exact value o f k .

Find the time taken fo r the temperature o f the co �ee to  reach 30°C.
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