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2.4.1Reciprocal & Rational Functions

Reciprocal Functions & Graphs

Whatisthereciprocalfunction?

1
» Thereciprocal functionis defined by f(x) = < x#0

= |tsdomainis the setof allrealvalues except O
= |tsrangeis the setofallrealvalues except O
= Thereciprocalfunctionhas aself-inverse nature

- (x)=1x)
« (fof)(x)=x

What arethe keyfeatures of thereciprocalgraph?

= The graphdoes not have a y-intercept
= The graphdoes not have any roots
= The graphhas two asymptotes
= Ahorizontal asymptote at the x-axis: y =0
= Thisis the limiting value when the absolute value of xgets verylarge
= Averticalasymptote atthe y-axis: X =0
= Thisis the value that causes the denominatorto be zero
= The graphhas two axes of symmetry
[ y=X
= Y= —X
= The graphdoes not have any minimumor maximumpoints
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Linear Rational Functions & Graphs

Whatis arationalfunction?

() ax+b d
= Arationalfunctionis oftheform fl\X)=——, X% — —
cx+d c

d

Ilts domainis the set of allreal values except ——
c

a
= |tsrangeisthe setofallrealvalues except —
c

= Thereciprocalfunctionis aspecialcase of arational function

What arethe keyfeaturesof rationalgraphs?

= The graphhas a y-intercept at (0, E) provided d=0
b

= The graphhasoneroot at (— ;, 0) provided @ # ()

= The graphhas two asymptotes

a
= Ahorizontalasymptote: y = ;

= Thisis the limiting value when the absolute value of xgets verylarge

d

= Averticalasymptote: X = — :

= Thisis the value that causes the denominatorto be zero
= The graphdoes not have any minimumor maximumpoints
= |fyouareaskedtosketchordraw arational graph:
= Give the coordinates of anyintercepts with the axes
= Give the equations of the asymptotes
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Q ExamTip

= |fyoudraw ahorizontalline anywhere it should onlyintersect this type of graphonce at most
= The onlyhorizontalline that should notintersect the graphis the horizontal asymptote
= Thiscanbeusedto checkyoursketchinanexam
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@ Worked example

P ) 10—5x 5
The function fisdefinedb X)=————forx#* — 2.
Y x+2
a) Write downthe equationof
(M) the verticalasymptote of the graph of f

(i) the horizontal asymptote of the graphof f.

. Vertical asampfo‘fe is when denominator equals Zero
xtl=0  Jx = -2

% Horizontdl as“mp’roie is |imi+in3 value as x gets |anae
hm K;?; = I]m % %: -5

X0 x>0

b) Find the coordinates of the intercepts of the graph of £ withthe axes.

ld-nmter(epi' occurs when x =0
y: 530 -5 [0.9)]
x-m+ercep’r occurs when 5:0

% :O = |0'5‘1=o »> x=2 (21 O)

c) Sketchthe graphof f.

Include asymptotes and infercepts

(0.5)

(2,0

X1
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2.4.2 Exponential & Logarithmic Functions

Exponential Functions & Graphs

Whatis anexponentialfunction?

= Anexponential functionis defined by f(X) =a%, a>0
= |tsdomainis the setofallrealvalues
= |tsrangeis the setofallpositiverealvalues
= Animportant exponential functionis f(X) =eX

= Where e is the mathematicalconstant2.718...
= Anyexponential functioncanbe writtenusinge

« gX =eXlna

= Thisis giveninthe formulabooklet

What arethe keyfeatures of exponentialgraphs?

= The graphs have a y-intercept at(0,7)
= The graphwillalways pass through the point (1, a)
= The graphs do not have any roots
= The graphs have ahorizontalasymptote at the x-axis: Yy = 0
= Fora>1thisis the limiting value when xtends to negative infinity
= ForO < a<1thisis thelimiting value when xtends to positive infinity
= The graphs do not have any minimum or maximumpoints
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Logarithmic Functions & Graphs
Whatis alogarithmic function?

= Alogarithmic functionis of the form f(X) = logax, x>0

= |tsdomainisthe setofallpositiverealvalues
= Youcan'ttakealogofzero oranegative number
= |tsrangeis setofallrealvalues

" logax and @ areinverse functions

= 'Animportantlogarithmic functionis f(X) =Inx
= Thisis the naturallogarithmic function In X = logeX

" Thisis theinverse of €X
= IneX=xandelMx=x
= Anylogarithmic functioncanbe writtenusingIn
In x

Ina

= logax= using the change of base formula

What arethe keyfeatures of logarithmic graphs?

= The graphs do not have a y-intercept

= The graphs have oneroot at(1,0)

= The graphs willalways pass through the point (a,1)

= The graphs have averticalasymptote at the y-axis: X =0
= The graphs do not have any minimumor maximumpoints
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@ Worked example

The function fis defined by f(X) = logSXforX >0.

a) Write down the inverse of f.Give youranswerinthe form eg(X)

Formula booklet
X = |035tj @ 3=51

Exponents & logarithms | a* =b < x=log, b a>0,b>0,a#1

Formu‘a boo k|e+ IIEO);poorli"til:T:iiglffnctions a*=e™
51 _xdnS
=€
- xInS
F (1) = e
b) Sketchthe graphs of f and its inverse onthe same set of axes.

Foand ' are reflections in line y=x
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2.4.3Solving Equations

Solving Equations Analytically
Howcanlsolve equations analyticallywhere the unknown appearsonlyonce?

= These equations canbe solved by rearranging
= Forone-to-one functions youcanjustapplytheinverse
= Additionand subtractionareinverses
» y=x+tk ®x=y—k

= Multiplicationand division are inverses

= y:]{){@x:z

k
= Takingthereciprocalis aself-inverse
1 1

] =— &S X=—
Y X y
= Oddpowersandroots areinverses
- y=x" &x={y
1

= y=x" ex=y’
= Exponentials and logarithms are inverses
= gX @X=1
- y=a og y

= y=e¥ex=lhy
= Formany-to-one functions youwillneed to use yourknowledge of the functions to find the
othersolutions
= Evenpowerslead to positive and negative solutions

= YyEX"EX= i’\’/;

= Modulus functions lead to positive and negative solutions
- y=lx|ex=12y

= Trigonometric functions lead to infinite solutions using theirsymmetries
« y=sinx e x=2km+sin"ly or x=(1+2k)m—sin"ly
= y=cosx ® x=2kmtcosly
- y=tanx = x=km+tan"ly

= Take care whenyouapplymany-to-one functions to bothsides of anequationas this can

create additional solutions which areincorrect
= Forexample:squaringbothsides
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= X+ 1=3hasonesolutionx=2

g (X + 1)2 =32 hastwo solutions X=2and X = —4
= Always checkyoursolutions by substitutingbackinto the originalequation

Howcanlsolve equations analyticallywhere the unknown appears morethanonce?

= Sometimesitis possible to simplify expressions to make the unknownappearonly once
= Collectalltermsinvolving xonone side and tryto simplifyinto one term
= Forexponentsuse
e gfx) x g2(x) = gf(x) +g(x)

3f(X)

— = af(x)—g(x)
3g(x)

« (af))e(x) = 4flx) xg(x)
. afx) = eflx)na

= Forlogarithms use
- log_f(x) +log_g(x) =log (f(x) % g(x))
. logaf(x) - logag(x) = loga(%)
. nlogal‘(x) = loga(f(x))"

Howcanlsolve equations analyticallywhenthe equationcan'tbe simplified?

= Sometimesitis not possible to simplify equations
= Mostofthese equations cannot be solved analytically
= Aspecialcase thatcanbe solvedis where the equationcanbe transformed into aquadratic
usingasubstitution
= These willhave three terms and involve the same type of function
= |dentify the suitable substitutionbyconsideringwhichfunctionis asquare of another

= Forexample:the following canbe transformed into 2y2 +3y—4=0
= 2x*+3x2—4=0using y=x?
2X+3\/;—4=Ousing y=\/;
2 3 1

—+——-4=0using y=—
x6 X3 Y x3

2e2X+3eX—4=0using y=¢*
2X25%+3X5%¥=4=0using y=5%

= 22x*+1 43X 2X—4=(using y=2%
2(x3-1)2+43(x3-1)—4=0using y=x3—1
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= Tosolve:
= Make the substitution Yy = f(X)
= Solve the quadratic equation ay2 +by+c=0toget &y
= Solve f(X) =y1 and f(X) =y2

= Note thatsome equations might have zero or several solutions
Canldividebothsides of anequationbyanexpression?

= Whendividingbyanexpressionyoumustconsiderwhetherthe expressioncould be zero
= Dividingbyanexpressionthat could be zero could resultinyoulosing solutions to the original
equation
" Forexample:(x + 1)(2X - 1) = 3(X + 1)
= |fyoudivide bothsides by(X + 1) youget2X — 1 =3 whichgives x =2
= Howeverx = — l isalso asolutionto the original equation

= Toensureyoudo notlose solutions youcan:
= Splitthe equationinto two equations

= One where the dividing expressionequals zero: X + 1=0

= One where the equationhas beendivided bythe expression:2X -1=3
= Make the equationequalzero and factorise

- (x+1)2x-1)-3(x+1)=0
« (x+1)(2x=1-3)=0whichgives (x +1)(2x—-4)=0

= Seteachfactorequaltozeroandsolve: X + 1=0and2x—4=0

Q Exam Tip

= Acommonmistake that students make inexams is applying functions to each termrather
thanto eachside

= Forexample:Startingwith the equation Inx + ln(X - 1) =S itwould beincorrectto
write el + ellc—D =S orx + (x - 1) =&’

e111x +In(x-1) = eS

= Insteaditwould be correctto write and then simplify from there
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Find the exactsolutions forthe following equations:

a) 5—210g4x=0.

Rearronge using inverse Functions
d _ZIO‘&. x=0
Llog,x =5

y:x-k & X: 3fk

%:kx &= .X:%

ID%L*X. = 2 )
s,z_) “=|0301 & x=q
x = h

3 (J;)S) O%=("fa)m
x =32

o x=x+2.
Square both  sides (Mana-*o-one Fundion)
X rx+l P xrex=2:=0
(x=2)(x+1)=0/? x=2 or x=-I
Check whether each  solution is valid
x:2: LHS 22+ RHS: 242 =2/
x:-l: LHS =-1 RHS =2 = | «x

"o wranting

x =2
©)  e2x—dex—5=0.
Notie ¢ - (' ) et y:e*
y-by-5:0 > (4+)y-5=0
g=-l or y=3
Solve using 3=e"
e*: -l hay no soluions as e*>0
e~=8H .- meled
x=1ad
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Solving Equations Graphically

Howcanlsolve equations graphically?

= Tosolve l‘(X) =g(X)
= Onemethodistodrawthegraphs y = f(X) and y=g(X)
= The solutions are the x-coordinates of the points of intersection

= Anothermethodisto draw the graph y = f(X) —g(X) or y=g(X) - f(X)
= The solutions are theroots (zeros)of this graph
= This methodis sometimes quickerasitinvolves drawing only one graph

Whydolneedtosolve equations graphically?

= Some equations cannot be solved analytically
= Polynomials of degree higherthan 4

= x’—x+1=0
= Equationsinvolvingdifferent types of functions
- eX — X2

O ExamTip

= Onacalculatorpaperyouare allowed to solve equations usingyour GDC unless the
questionasks foranalgebraic method

= |fyouranswerneeds to be anexactvalue thenyoumight need to solve analyticallyto get the
exactvalue

@ Worked example

a) Sketchthe graph y'=€X — x2.

Sketch using GDC

(-03034,.,0) /710

b) Hence find the solutionto €X = x2.

e*: x* when e*-x":=0

I8

Jolution 1 the x -infercept  of t\=ex-1
x:-0.303 (3sf)
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2.4.4 Modelling with Functions

Modelling with Functions
Whatisamathematicalmodel?

= Amathematicalmodelsimplifies areal-world situationso it canbe described using mathematics
= The modelcanthenbe used to make predictions
= Assumptions about the situationare madeinorderto simplify the mathematics
= Models canberefined (improved)if furtherinformationis available orif the modelis compared to
real-world data

Howdolsetup the model?

= The questioncould:
= give youthe equationofthe model
= tellyouaboutthe relationship
= [tmightsaytherelationshipis linear, quadratic, etc
= askyouto suggestasuitable model
= Useyourknowledge of eachmodel
= Eg.ifitiscompound interestthenanexponentialmodelis the mostappropriate
= Youmayhave to determine areasonable domain
= Considerreal-life context
= E.g.ifdealingwithhoursinadaythen
= E.g.ifdealingwith physical quantities (such as length) then
= Considerthe possibleranges
= |f the outcome cannotbe negative thenyouwantto choose adomainwhich
corresponds to arange with no negative values
= Sketchingthe graphis helpfulto determine a suitable domain

Whichmodels mightlneedtouse?

= Youcould be givenanymodeland be expected to useiit
= Commonmodelsinclude:
= Linear
= Arithmetic sequences
= Linearregression
= Quadratic
= Projectile motion
= The heightofacable supportingabridge
= Profit
= Exponential
= Geometric sequences
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= Exponential growthand decay

= Compoundinterest
= Logarithmic

= Richterscale forthe magnitude of earthquakes
= Rational

= Temperature ofacupofcoffee
= Trigonometric

= Thedepthofatide

Howdoluseamodel?

= Youcanuse amodelbysubstitutinginvalues forthe variable to estimate outputs
= Forexample:Let h(f) be the height of afootball tseconds afterbeingkicked
= H(3)willbe anestimate forthe height of the ball 3 seconds afterbeingkicked
= Givenanoutputyoucanformanequationwiththe modelto estimate the input
= Forexample:Let P(n) be the profitmade byselling nitems
= Solving P(n) =100 will give you an estimate forthe numberofitems needingto be sold to
make aprofitof 100
= [fyourvariable is time then substituting t = O will give you the initial value according to the model
= Fullyunderstand the units for the variables
= |fthe units of Pare measured inthousand dollars then P=3 represents $3000
= lookoutforkey words suchas:
= |nitially
= Minimum/maximum
= Limitingvalue

Whatdoldoif someofthe parametersareunknown?

= Ageneralmethodisto formequations bysubstitutingin givenvalues
= Youcanformmultiple equations and solve them simultaneously usingyourGDC
= This method works forallmodels

= Theinitial value is the value of the function when the variable is O
= Thisis normally one of the parametersinthe equationof the model
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The temperature, 1°C,ofacup of coffeeis monitored.Initiallythe temperature is 80°C and 5
minutes lateritis 40°C .Itis suggested that the temperature follows the model:

T(t) = Aekt+ 16, t 0.
where [fis the time,inminutes, afterthe coffee has beenmade.

a) State the value of A .

|mha“5 femperature is 30°C

T(0)=30 "
S _
Avlb = %0 *

A: bl

b) Find the exact value of K.

=5 T=40
T\
L0 = bke®™ +16
bhe™ = 24
eSk .3 |
Sk - s :
= Ing
3
ks 53
C) Find the time takenforthe temperature of the coffeeto reach30°C.
Fod t such that T(B) =30
T
30 = ble  #1b Leave as k untl the end t sawe
bqekb - 14 wﬁhng %\n% each time
ke 3
€ 3
kt - In%
hs Ilng
t= k vy 3 G 9':“0'7'6
sing

115 minutes (35“
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