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2.3.1Language of Functions

Language of Functions
What is a mapping?

= Amappingtransforms one set of values (inputs) into another set of values (outputs)
= Mappings canbe:
= One-to-one
= Eachinput gets mapped to exactly one unique output
= No two inputs are mapped to the same output
= Forexample: Amapping that cubes the input
= Many-to-one
= Eachinput gets mapped to exactly one output
= Multiple inputs can be mapped to the same output
= Forexample: Amapping that squares the input
= One-to-many
= Aninput canbe mapped to more than one output
= Notwoinputs are mapped to the same output
= Forexample: Amapping that gives the numbers which when squared equal the input
= Many-to-many
= Aninput canbe mapped to more than one output
= Multiple inputs can be mapped to the same output
= Forexample: Amapping that gives the factors of the input
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Whatis a function?

= Afunctionis a mapping between two sets of numbers where eachinput gets mapped to exactly one
output
= The output doesnot need to be unique

= One-to-one and many-to-one mappings are functions
= Amappingisafunctionif its graph passes the vertical line test
= Any verticalline willintersect with the graph at most once

What notation is used for functions?

= Functions are denoted using letters (such as f, v, &, etc)
= Afunctionisfollowed by avariable in a bracket
= This shows the input for the function
= Theletter f isusedmost commonly for functions and will be used for the remainder of this revision
note
] f(X) represents an expression for the value of the function f when evaluated for the variable X
= Function notation getsrid of the need for words which makes it universal
= [=5when X=2can simply be written as f(z) =5

What are the domain and range of a function?

= The domain of a functionis the set of values that are used as inputs
= Adomain should be stated with a function
= |fadomainisnotstatedthenitis assumed the domainis all the real values which would work as
inputs for the function
= Domains are expressedin terms of the input
= x<2
= Therange of afunctionis the set of values that are given as outputs
= Therange depends onthe domain
= Ranges are expressedin terms of the output
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- f(x)20

= Tographafunctionwe use the inputs as the x-coordinates and the outputs as the y-coordinates

= 1‘(2) =5 corresponds to the coordinates (2, 5)
=  Graphing the function can help you visualise the range
= Common sets of numbers have special symbols:

» R represents allthe real numbers that can be placed on a number line
» X € R means Xisareal number

a
] Q represents all the rational numbers =5~ where aand b areintegersand b # 0

b

» /7 represents all the integers (positive, negative and zero)
- 7t represents positive integers

: N represents the natural numbers (0,1,2,3...)

What are piecewise functions?

= Piecewise functions are defined by different functions depending on which interval the inputisin

x+1 x<5
- Eg fAx)=72x—-4  5<x<10
x2 10<x<20

= Theregionfortheindividual functions cannot overlap
= Toevaluate a piecewise function foraparticularvalue X = k
= Findwhichintervalincludes k

» Substitute X = Kintothe corresponding function

= The function may or may not be continuous at the ends of the intervals
= |nthe example above the functionis

= continuousatX=35as5+1= 2(5) -4
= notcontinuousat X = 10 as 2(10) —-4=10?
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@ Worked example
Forthe function A(x)=x3+1, 2<x<10:
a)  write downthevalueof (7).
Subsﬁfu‘(e x=:1
HY) - ¥

{3y 3k

b findtherangeof f(x).
Find the values of x*+1 when 2¢x<10
Lex <0
b < a® < 1000
9 ¢ 23+l <100l
q < f(x) <00l
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2.3.2 Composite & Inverse Functions

Composite Functions
What is a composite function?

= Acomposite functionis where a functionis applied to another function
= Acomposite function can be denoted

- (fog)(x)

- fg(x)

- f(gx))

= The ordermatters

] (fo g)(X) means:
= Firstapply gtoxtoget g(X)
= Thenapply f to the previous output to get f(g(X))
= Always start with the function closest to the variable

] (fO g)(X) is not usually equal to (go f)(X)
How do | find the domain and range of a composite function?

= Thedomainof f© gisthesetof values of X...
= which are asubset of the domainof g
= whichmaps g to avalue thatisin the domain of f

= Therange of fogisthe setof values of X ...
= which are a subset of the range of f
= found by applying fto therange of g
= Tofind the domain and range of ng
= Firstfindtherange of g
= Restrict these values to the values that are within the domain of f
= The domainis the set of values that produce the restricted range of g
= Therangeis the set of values that are produced using the restricted range of g as the domain
forf

= Forexample: let f(X)=2X+ I, =5<x<5and g(X)=\/;, 1 <x<49
= Therangeofgis 1 Sg(X) <7
= Restricting this to fit the domain of fresultsin 1 < g(x) <5
» Thedomainof f© gistherefore ] <x <25
= These are the values of xwhichmap to 1 Sg(X) <5
» Therangeof f© gistherefore3 < (fo g)(X) <11
= These are the values which f maps 1 Sg(X) <5to
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@ Worked example

Given f(X) =./x+4 and g(X) =3+2x:

a) Write down the value of(go f)(lZ).

First GPPIt\ Function closest 1o input
(q oF)(12) = g(F(12))

f2) = Jiot =16 = &4
3(# 3+2() =1l

(q oF)(12) = 1l

o) Write down an expression for (fo g)(X).

First O‘PPIS function closest to inpuf

U’ ) 3)(1) : 1((3(1))
= £(3+2x)

(Foq)x) = JF+2x

c) Write down an expression for (g o g)(X).

(9 09)(x) = 3(3(1\)
=3(3+21)
= 3+2(3+2x)
= S+ b+ bx

(43 o s)(x‘ = q & x
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Inverse Functions

Whatis aninverse function?

Only one-to-one functions have inverses
Afunctionhas aninverse if its graph passes the horizontal line test
= Any horizontal line willintersect with the graph at most once

The identity function 1d maps eachvalue toitself
= id(x)=x
If fo gand go f have the same effect as the identity functionthen f and g areinverses

Given afunction f(X) we denote the inverse function as f_l(X)
Aninverse functionreverses the effect of a function

. f(Z) =5 means f_l(S) =2
Inverse functions are used to solve equations
= The solution of f(X) =5isx= f_l(S)
A composite function made of fand f~!hasthe same effect as the identity function

« (fo F)(x)=(F10 Ax)=x

What are the connections between a function and its inverse function?

The domain of a function becomes the range of its inverse
The range of a function becomes the domain of its inverse

The graphof y = f_l(X) is areflection of the graph Y = f(X) intheline Yy =X
= Therefore solutions to f(X) =Xor f_l(X) = X will also be solutions to f(X) = f_l(X)
= There could be other solutions to ﬂx) = f_l(X) thatdon'tlieontheline Yy =X
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How do | find the inverse of a function?

= STEP1:Swapthexandyin Yy = f(X)

« if y=f1(x)thenx = fy)
= STEP 2:Rearrange X = f(y) tomake Y thesubject
= Note thiscanbe doneinany order

= Rearrange Y = f(X) to make X the subject

= SwapXand Yy

Can many-to-one functions ever have inverses?

= You canrestrict the domain of a many-to-one function so thatithas aninverse
= Choose a subset of the domain where the functionis one-to-one

= Theinverse will be determined by the restricted domain

= Note that amany-to-one function can only have aninverse if its domainis restricted first
= Forquadratics - use the vertex as the upper orlower bound for the restricted domain

= For f(X) = x2 restrict the domain so O is either the maximum or minimum value
= Forexample:X 20 orx <0

= For f(X) = a(x - b)2 + K restrict the domain so his either the maximum or minimum value
= Forexample:X>horx<h
= Fortrigonometric functions - use part of a cycle as the restricted domain
= For f(X) = SINX restrict the domain to half a cycle between a maximum and a minimum
w T
= Forexample: ——=— <X<——

2 2

= For f(X) = COSX restrict the domain to half a cycle between maximum and a minimum
» Forexample: 0 <x< 7T

= For f(X) = tanx restrict the domain to one cycle between two asymptotes

= Forexample: - <x< i

2 2

How do I find the inverse function after restricting the domain?

= Therange of the inverse is the same as the restricted domain of the original function
= Theinverse functionis determined by the restricted domain

= Restricting the domain differently will change the inverse function
= Usetherange of theinverse to help find the inverse function

= Restricting the domain of f(X) =x2toXx > (0 means the range of the inverse is f_l(X) >0

= Therefore f_l(X) = \/;

= Restricting the domain of f(X) =x2tox <0 meansthe range of theinverse s f_l(X) <0

= Therefore f_l(X) = - \/;
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@ Worked example
The function f(X) = (X - 2)2 +5, x<mhasaninverse.
a) Write down the largest possible value of m.
Sketch y=f(x)
The 3mph is one-to-one
br x<2 @
mz2

\ A

b)  Findtheinverseof f(X).
Let tj=F_'(1) and reamange x=F(y)
e (3-1)‘ +5
x-9 = (3-1)1
1J.x—-5 * \6-2.
21 x5 =y
Ranﬂe of £ is the domain oIC v
)2 o y=2-x5

f(x) = 2-J2-5

c) Find the domain of f_l(X).
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Doman of f* is the range of f
Oketch 34{1) o s

See r&ﬂﬂﬁ
For x¢2, H(x)25 (2.5)

Y

Domain of f' @ x35

d) Find the value of K such that f(k) =9,

Use invese Fla) =b > a=f'(b)
k-f'@) = 2-[9-5

k=0

For more help, please visit www.exampaperspractice.co.uk
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2.3.3 Symmetry of Functions

Odd & Even Functions

What are odd functions?

« Afunction f(x)iscalled oddif

] f( - X) = - f(X) forallvalues of X
= Examples of odd functionsinclude:

= Power functions with odd powers: x20%1 yheren €7

= Forexample: (—X)3 = —x3
= Some trig functions: SINX, COSECX, tanx, cotx
= Forexample: sin( - X) = —sinx

= Linear combinations of odd functions

_ 6
= Forexample: f(X) =3x>—4sinx + —
X

What are even functions?

= Afunction f(X) is called evenif
] f( - X) = f(X) forallvalues of X
= Examples of even functionsinclude:
= Powerfunctions with even powers: X2 wheren €Z
= Forexample: (—X)4 = x4
= Some trig functions: COSX, SECX
= Forexample: COS( - X) = COSXx
= Modulus function: |X|
= Linear combinations of even functions

= Forexample: f(x)=7x%+3 |x| = 8cosx
What are the symmetries of graphs of odd & even functions?

= The graph of an odd function has rotational symmetry

= The graphisunchanged by a180° rotation about the origin
= The graph of an even function has reflective symmetry

= Thegraphisunchanged by areflectionin the y-axis
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@ Worked example

a) Thegraph y = f(X) is shown below. State, with areason, whether the function fis odd, even
orneither.

{y=f(x)

Fis an odd fuaction as s araph has  rofational
SHMMe’rra -itis und‘lansed bﬂ a 180" rotation
about the origin.

b) Use algebrato showthatg(X) = X3Sin(X) + 5COS(X5) isaneven function.

g s even if g(-x)=q() for all x

g(=) = (~x)'sin(-x) +Scos(()%)
= (-2®)(~sin() +S cos (- 15)'> X, 2, i are odd
= x¥sin(x) + dcos () osx is even
: ()

g is even as glx)=g() for all x
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Periodic Functions
What are periodic functions?

« Afunction f(X) s called periodic, with period k, if

" f(X + k) = f(X) forallvalues of X

= Examples of periodic functionsinclude:
= sinx&cosx: The periodis 2mmor 360°
= tanx:The periodistmor180°
= Linear combinations of periodic functions with the same period

= Forexample: f(X) = 2sin(3x) - SCOS(3X + 2)
What are the symmetries of graphs of periodic functions?

= The graph of a periodic function has translational symmetry

k
= The graphisunchanged by translations that are integer multiples of r 0

= The meansthat the graph appears to repeat the same section (cycle) infinitely
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@ Worked example

The graph y = f(X) is shown below. Giventhat £ is periodic, write down the period.

Y,

©,5) y=1) (6,5)

S S

Penod K the |er\3Th m( 1'}\& ererval Og Q smﬂle (3(-‘?_

Between x=0 ond x:6 thee qre 3 (.ade_s
Period B 6350

Peri OA =2
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Self-Inverse Functions

What are self-inverse functions?

« Afunction f(X)iscalled self-inverseif
= (fO f)(X) = X forallvalues of X
- 1(x)=flx)

= Examples of self-inverse functionsinclude:
= |dentity function: f(X) =X

1
= Reciprocal function: f(X) =
X

= Linear functions with a gradient of -1: f(X) =-Xx+c

What are the symmetries of graphs of self-inverse functions?

= The graph of a self-inverse function has reflective symmetry
= The graphisunchanged by areflectionintheliney = x
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@ Worked example
7x—=35
x=7

Use algebra to show the function defined by f(X) = , X # 7 isself-inverse.

Method |+ {"(x) Method 2: (fof)@)
let 4= f() s0 x=Fly) (F f)x) f(fe0)
-5 ) F(x) =5
e B -3 ¥1~5
(3 e 43 -+ 43[7_)}
1351‘.1:43 )| . o= ;_:})s .
Sola on = Hix-5)5(x-7
x'd :}3 :h; 5 one : 'j }_‘[-5 "q'{l‘})
(x-1yg 325 49y 35-5x 435
i ]J_-S ?’i-S"yxi‘fq
3= = - Y
L4
(9 22 - (f oF) ) =
ot is seu-inuerse L f IS Seu-inverse

For more help, please visit www.exampaperspractice.co.uk
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2.3.4 Graphing Functions

Graphing Functions

How do | graph the functiony = f(x)?

= Apoint (a, b) liesonthe graph Yy = f(X) if f(a) =b
= The horizontal axis is used for the domain
= The vertical axis is used for the range
= You willbe able to graph some functions by hand
= Forsome functions you willneed to use your GDC
= You might be asked to graph the sum or difference of two functions
* UseyourGDCtograph y = f(X) + g(X) or y= f(X) - g(X)

= Justtype the functionsinto the graphing mode
What s the difference between “draw” and “sketch”?

= |f asked to sketchyou should:
= Show the general shape
= |abelanykey points such as the intersections with the axes
= Labelthe axes
= |faskedto draw you should:
= Useapencilandruler
= Drawtoscale
= Plot any points accurately
= Joinpointswith a straight line or smooth curve
= Labelanykey points such as the intersections with the axes
= Labelthe axes

How can my GDC help me sketch/draw a graph?

= Youuseyour GDC to plot the graph

= Checkthe scales onthe graph to make sure you see the full shape
= Useyour GDC to find any key points
= Useyour GDC to check specific points to help you plot the graph
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Key Features of Graphs
What are the key features of graphs?

= You should be familiar with the following key features and know how to use your GDC to find them
= |Local minimums/maximums
= These are points where the graph has a minimum/maximum for a small region
= They are also called turning points
= Thisis where the graph changesits direction between upwards and downwards directions
= Agraph canhave multiple local minimums/maximums
= Alocal minimum/maximum is not necessarily the minimum/maximum of the whole graph
= Thiswould be called the global minimum/maximum
= For quadratic graphs the minimum/maximumi s called the vertex
= |ntercepts
= y-intercepts are where the graph crosses the y-axis
= Atthesepointsx=0
= x-intercepts are where the graph crosses the x-axis
= Atthesepointsy=0
= These points are also called the zeros of the function or roots of the equation
= Symmetry
= Some graphs have lines of symmetry
= Aquadratic will have a vertical line of symmetry
= Asymptotes
= These arelines which the graph will get closer to but not cross
= These canbe horizontal or vertical
= Exponential graphs have horizontal asymptotes
= Graphs of variables which vary inversely can have vertical and horizontal asymptotes
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@ Worked example

Two functions are defined by

1
x+1

fx)=x2—4x—5and g(x)=2+

a) Draw the graph y = (x).

Draw means accu ra’re|5

Use GDC to find vertex, roots and y-infercepts
Vertex = (2, -9)

Roots - (-LD) and (5,0)
y-infercept (0,-5)

” Ls: 11-"-\-1. ‘5

0 G

b) Sketchthe graph y = g(X).
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dketch means rough but showing key points

Use GDC to find x and y-intercepts and asymptotes
Xx-intercept * ('% 0)

y-mfercept * (0,3

A55mp’ro’re5 s x=-] and 3:2.

e,

(-30) o

For more help, please visit www.exampaperspractice.co.uk
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Intersecting Graphs
How do | find where two graphs intersect?

= Plot both graphs onyour GDC
= Usetheintersect functionto find the intersections
= Checkif thereis more than one point of intersection

How canluse graphs to solve equations?

= One methodto solve equationsis to use graphs

= Tosolve f(X) =a
= Plotthetwographs Yy = f(X) and Y= gonyourGDC
= Findthe points of intersections
= The x-coordinates are the solutions of the equation

= Tosolve f(X) = g(X)

= Plotthetwographs Y= f(X) and y=g(X) onyourGDC
= Findthe points of intersections
= The x-coordinates are the solutions of the equation
= Using graphs makes it easier to see how many solutions an equation will have
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@ Worked example

Two functions are defined by

4

f(x)=x3—xand g(x)= o

a) Sketchthe graph y = f(X)
Use GDC 1o find max, min, intercepts
(-0.573, 0385)
(\0)

(0.513,-0.385)

b) Write down the number of real solutions to the equation x3—-x=2.

\den’r'nfa the number of infersections between
y=a'-x and y=2

intersection

1 solution

c) Find the coordinates of the pointswhere y = f(X) and y= g(X) intersect.
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Use GDC Ho skerch both graphs

43 13 B ;13—,1

* e

I'?=

(-1.60,-2.30) and (1602.50)

Write down the solutions to the equation x3—x=—.
X

Soltions o x"-x=% are the x  wordinates of
the ponts of intersection

x:~1.b0 and 2 =160

For more help, please visit www.exampaperspractice.co.uk
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