
2.3 Modelling with Functions



2.3.1 Linear Models

Linear Models

What  are t he param et ers of  a linear m odel?

A linear mo del is o f the fo rm  f (x)=mx+c
The m represents the rate o f  change  o f the functio n

This is the amo unt the functio n increases/decreases when x increases by 1

If the functio n is increasing m is po sitive

If the functio n is decreasing m is negative

When the mo del is represented as a graph this is the gradient  o f the line

The c represents the value o f the functio n when x = 0

This is the value o f the functio n when the independent variable is no t present

This is usually referred to  as the initial value

When the mo del is represented as a graph this is the y-intercept  o f the line

What  can be m odelled as a linear m odel?

If the graph o f the data resembles a straight line

Anything with a co nstant  rate o f change

C(d) is the taxi charge fo r a jo urney o f d km

B(m) is the mo nthly mo bile pho ne bill when m minutes have been used

R(d) is the rental fee fo r a car used fo r d days

d(t) is the distance travelled by a car mo ving at a co nstant speed fo r t seco nds

What  are possible lim it at ions of  a linear m odel?

Linear mo dels co ntinuo usly increase (o r decrease) at the same rate

In real-life this might no t be the case

The functio n might reach a maximum (o r minimum)

If the value o f m is negative then fo r so me inputs the functio n will predict negative values

In so me real-life situatio ns negative values will no t make sense

To  o verco me this yo u can decide o n an appro priate do main so  that the o utputs are never

negative

Exam T ip

Make sure that yo u are equally co n�dent in wo rking with linear mo dels bo th algebraically and

graphically as it may be easier using o ne metho d o ver the o ther when tackling a particular

exam questio n
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a)

b)

c)

Worked example

The to tal co st, C , in New Zealand do llars (NZD), o f a premium gym membership at FitFirst can be

mo delled by the functio n

C=14.95t+30, t≥0

where  t  is the time in weeks.

Calculate the co st o f the gym membership fo r 20 weeks.

Find the number o f weeks it takes fo r the to tal co st to  exceed 1500 NZD.

Under new management, FitFirst changes the initial payment to  20 NZD and the weekly

co st to  19.25 NZD. Write the new co st functio n after these changes have been.
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2.3.2 Quadratic & Cubic Models

Quadratic Models

What  are t he param et ers of  a quadrat ic m odel?

A quadratic mo del is o f the fo rm  f (x)=ax2+bx+c
The c represents the value o f the functio n when x = 0

This is the value o f the functio n when the independent variable is no t present

This is usually referred to  as the initial value

The a has the biggest impact o n the rate o f change o f the functio n

If a has a large abso lute value then the rate o f change varies rapidly

If a has a small abso lute value then the rate o f change varies slo wly

The maximum (o r minimum) o f the functio n o ccurs when  x=−
b
2a

This is given in the f o rmula bo o klet  as the axis o f  symmetry

What  can be m odelled as a quadrat ic m odel?

If the graph o f the data resembles a ∪  o r ∩  shape

These can be used if the graph has a single maximum o r minimum

H(t) is the vertical height o f a fo o tball t seco nds after being kicked

A(x) is the area o f rectangle o f length x cm that can be made with a 20 cm length o f string

What  are possible lim it at ions of  a quadrat ic m odel?

A quadratic has either a maximum o r a minimum but no t bo th

This means o ne end is unbo unded

In real-life this might no t be the case

The functio n might have bo th a maximum and a minimum

To  o verco me this yo u can decide o n an appro priate do main so  that the o utputs are within a

range

Quadratic graphs are symmetrical

This might no t be the case in real-life
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Exam T ip

Read and re-read the questio n carefully, try to  get invo lved in the co ntext o f the questio n!

Imagine what happens to  a sto ne as yo u thro w it fro m a cli�, what wo uld the path lo o k

like?

What wo uld it be like to  manage a to y facto ry, wo uld yo u expect pro �t to  rise o r fall as

yo u increase the price o f the to y?

Sketch a graph o f the functio n being used as the mo del, use yo ur GDC to  help yo u

If yo u are co mpletely stuck try “do ing so mething” with the quadratic functio n – sketch it,

facto rise it, so lve it

Worked example

A co mpany sells unico rn to ys. The pro �t, £P , made by selling o ne unico rn to y can be mo delled

by the functio n

P ( )x =
1
10 (−x2+20x−50)

where x  is the selling price o f the to y.

Find the selling price which maximises pro �t. State the maximum pro �t.
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Cubic Models

What  are t he param et ers of  a cubic m odel?

A cubic mo del is o f the fo rm  f ( )x =ax3+bx2+cx+d
The d represents the value o f the functio n when x = 0

This is the value o f the functio n when the independent variable is no t present

This is usually referred to  as the initial value

The a has the biggest impact o n the rate o f change o f the functio n

If a has a large abso lute value then the rate o f change varies rapidly

If a has a small abso lute value then the rate o f change varies slo wly

What  can be m odelled as a cubic m odel?

If the graph o f the data has exactly o ne maximum and o ne minimum within an interval

If the graph is mo no to nic with no  maximum o r minimum

D(t) is the vertical distance belo w starting po int o f a bungee jumper t seco nds after jumping

V(x) is the vo lume o f a cubo id o f length x cm that can be made with a 200 cm  o f cardbo ard

What  are possible lim it at ions of  a cubic m odel?

Cubic graphs have no  glo bal maximum o r minimum

This means the functio n is unbo unded

In real-life this might no t be the case

The functio n might have a maximum o r minimum

To  o verco me this yo u can decide o n an appro priate do main so  that the o utputs are within a

range

Exam T ip

Read and re-read the questio n carefully, try to  get invo lved in the co ntext o f the questio n!

Always sketch the graph using yo ur GDC to  help 

Pay particular attentio n to  the do main o f the questio n

If the do main is given, make sure that yo u fo cus o nly o n that sectio n when yo u sketch the

graph

If the do main is no t given, think abo ut whether o r no t it needs to  be restricted based o n

the co ntext o f the questio n, e.g. can time be negative?

2
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a)

b)

Worked example

The vertical height o f a child abo ve the gro und, h  metres, as they go  do wn a water slide can be

mo delled by the functio n

h ( )t =
4
7 ( )35−12t+6t2− t3 ,

where t  is the time in seco nds after the child enters the slide.

State the vertical height o f the slide.

Given that the child reaches the gro und at the bo tto m o f the slide, �nd the do main o f the

functio n.
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2.3.3 Exponential Models

Exponential Models

What  are t he param et ers of  an exponent ial m odel?

An expo nential mo del is o f the fo rm

f (x)=kax+c  o r f (x)=ka−x+c  fo r  a>0
f ( )x =kerx+c

Where e is the mathematical co nstant 2.718…

The c represents the bo undary  fo r the functio n

It can never be this value

The a o r r describes the rate o f  gro wth o r decay

The bigger the value o f a o r the abso lute value o f r the faster the functio n

increases/decreases

What  can be m odelled as an exponent ial m odel?

Expo nential gro wth o r decay

Expo nential gro wth is represented by

ax  where a>1
a−x  where 0<a<1
erx  where r>0

Expo nential decay  is represented by

ax  where 0<a<1
a−x  where a>1
erx  where r<0

They can be used when there a co nstant percentage increase o r decrease

Such as functio ns generated by geo metric sequences

Examples include:

V(t) is the value o f car after t years

S(t) is the amo unt in a savings acco unt after t years

B(t) is the amo unt o f bacteria o n a surface after t seco nds

T(t) is the temperature o f a kettle t minutes after being bo iled

What  are possible lim it at ions of  an exponent ial m odel?

An expo nential gro wth mo del do es no t have a maximum

In real-life this might no t be the case

The functio n might reach a maximum and stay at this value
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Expo nential mo dels are mo no to nic

In real-life this might no t be the case

The functio n might �uctuate

How can I �nd t he half -lif e using  an exponent ial m odel?

Yo u may need to  �nd the half -lif e  o f a substance

This is the time taken fo r the mass o f a substance to  halve

Given an expo nential mo del  f ( )t =ka−t  o r f ( )t =ke−rt  the half-life is the value o f t such that:

f (t)=
k
2

Yo u can so lve fo r t using yo ur GDC

Fo r  f ( )t =ka−t  the half-life is given by t=
ln2
lna

k
2 =ka−t

at=2
t lna= ln2

Fo r f ( )t =ke−rt  the half-life is given by t=
ln2
r

k
2 =ke−rt

ert=2
rt= ln2

Exam T ip

Lo o k o ut fo r the wo rd "initial" o r similar, as a way o f asking yo u to  make the po wer equal to

z ero  to  simplify the equatio n

Questio ns regarding the bo undary o f the expo nential mo del are also  frequently asked
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a)

b)

Worked example

The value o f a car, V (NZD), can be mo delled by the functio n

V ( )t =25125×0.8t+8500, t≥0

where t  is the age o f the car in years.

State the initial value o f the car.

Find the age o f the car when its value is 17500 NZD.
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2.3.4 Direct & Inverse Variation

Direct Variation

What  is direct  variat ion?

Two  variables are said to  vary directly  if their ratio  is co nstant  (k)

This is also  called direct pro po rtio n

If yand xn  (fo r po sitive integer n) vary directly  then:

It is deno ted as y∝xn
y=kxn  fo r so me co nstant k

This can be written as 
y
xn =k

The graphs o f these mo dels always start at the o rigin

How do I solve direct  variat ion problem s?

Identify which two  variables vary directly

It might no t be x  and y
It co uld be x3  and y

Use the given info rmatio n to  �nd their co nstant ratio  k

Also  called co nstant o f  pro po rtio nality

Substitute the given values o f x  and y  into  yo ur fo rmula

So lve to  �nd k

Write the equatio n which mo dels their relatio nship

y=kxn
Yo u can then use the equatio n to  so lve pro blems
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a)

b)

Worked example

A co mputer pro gram so rts a list o f numbers into  ascending o rder. The time it takes, t
milliseco nds, varies directly with the square o f the number o f items, n , in the list. The co mputer

pro gram takes 48 milliseco nds to  o rder a list with 8 items.

Find an equatio n co nnecting t  and n .

Find the time it takes to  o rder a list o f 50 numbers.
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Inverse Variation

What  is inverse variat ion?

Two  variables are said to  vary inversely  if their pro duct is co nstant (k)

This is also called  inverse pro po rtio n

If y  and xn  (fo r po sitive integer n) vary inversely  then:

It is deno ted y∝
1
xn

y=
k
xn  fo r so me co nstant k

This can be written xny=k
The graphs o f these mo dels all have a vertical asympto te  at the y-axis

This means that as x  gets clo ser to  0 the abso lute value o f y  gets further away fro m 0

x  can never equal 0

How do I solve inverse variat ion problem s?

Identify which two  variables vary inversely

It might no t be x  and y
It co uld be x3  and y

Use the given info rmatio n to  �nd their co nstant pro duct k

Also  called co nstant o f  pro po rtio nality

Substitute the given values o f x  and y  into  yo ur fo rmula

So lve to  �nd k

Write the equatio n which mo dels their relatio nship

y=
k
xn

Yo u can then use the equatio n to  so lve pro blems

Exam T ip

Recipro cal graphs generally have two  parts/curves

Only o ne – usually the po sitive – may be relevant to  the mo del

Think abo ut why x/t/θ can o nly take po sitive values - refer to  the co ntext o f the questio n
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a)

b)

Worked example

The time, t ho urs, it takes to  co mplete a pro ject varies inversely to  the number o f peo ple wo rking

o n it, n . If 4 peo ple wo rk o n the pro ject it takes 70 ho urs to  co mplete.

Write an equatio n co nnecting t  and n .

Given that the pro ject needs to  be co mpleted within 18 ho urs, �nd the minimum number o f

peo ple needed to  wo rk o n it.
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2.3.5 Sinusoidal Models

Sinusoidal Models

What  are t he param et ers of  a sinusoidal m odel?

A sinuso idal mo del is o f the fo rm

f ( )x =asin(b ( )x−c )+d
f ( )x =acos( )b ( )x−c +d

The a represents the amplitude  o f the functio n

The bigger the value o f a the bigger the range  o f values o f the functio n

The b determines the perio d  o f the functio n

The bigger the value o f b the quicker the functio n repeats a cycle

The perio d is 
360°
b  (in degrees) o r 

2π
b  (in radians)

The c represents the phase shif t

This is a ho riz o ntal translatio n by c units

The d represents the principal axis

This is the line that the functio n �uctuates aro und

What  can be m odelled as a sinusoidal m odel?

Anything that o scillates (�uctuates perio dically)

Examples include:

D(t) is the depth o f water at a sho re t ho urs after midnight

T(d) is the temperature o f a city d days after the 1st January

H(t) is vertical height abo ve gro und o f a perso n t seco nd after entering a Ferris wheel

What  are possible lim it at ions of  a sinusoidal m odel?

The amplitude is the same fo r each cycle

In real-life this might no t be the case

The functio n might get clo ser to  the principal axis o ver time

The perio d is the same fo r each cycle

In real-life this might no t be the case

The time to  co mplete a cycle might change o ver time

Exam T ip

Read and re-read the questio n carefully, try to  get invo lved in the co ntext o f the questio n!

Sketch a graph o f the functio n being used as the mo del, use yo ur GDC to  help yo u and fo cus

o n the given do main

Remember that if the mo del is adjusted, ho riz o ntal translatio ns happen bef o re  ho riz o ntal

stretches
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a)

b)

c)

Worked example

The water depth, D , in metres, at a po rt can be mo delled by the functio n

D ( )t =3sin⎛
⎜

⎝

⎞
⎟

⎠

π
12 ( )t−2 +12, 0≤t<24

where t  is the elapsed time, in ho urs, since midnight.

Write do wn the depth o f the water at midnight.

Find the minimum water depth and the number o f ho urs after midnight that this depth

o ccurs.

Calculate ho w lo ng the water depth is at least 13.5 metres each day.
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2.3.6 Strategy for Modelling Functions

Modelling with Functions

What  is a m at hem at ical m odel?

A mathematical mo del simpli�es a real-wo rld situatio n so  it can be described using mathematics

The mo del can then be used to  make predictio ns

Be aware that extrapo lating (making predictio ns o utside o f the range o f the data) is no t

co nsidered to  be accurate

Assumptio ns  abo ut the situatio n are made in o rder to  simplify the mathematics

Mo dels can be re�ned  (impro ved) if further info rmatio n is available o r if the mo del is co mpared to

real-wo rld data

How do I set  up t he m odel?

The questio n co uld:

give yo u the equatio n o f the mo del

tell yo u abo ut the relatio nship

It might say the relatio nship is linear, quadratic, etc

ask yo u to  suggest a suitable mo del

Use yo ur kno wledge o f each mo del

E.g. if it is co mpo und interest then an expo nential mo del is the mo st appro priate

Yo u may have to  determine a reaso nable do main

Co nsider real-life co ntext

E.g. if dealing with ho urs in a day then 0≤t<24
E.g. if dealing with physical quantities (such as length) then x>0

Co nsider the po ssible ranges

If the o utco me canno t be negative then yo u want to  cho o se a do main which

co rrespo nds to  a range with no  negative values

Sketching the graph is helpful to  determine a suitable do main

Which m odels do I need t o know?

Linear

Piecewise (linear & no n-linear)

Quadratic

Cubic

Expo nential

Natural lo garithmic

Lo gistic

Direct variatio n

Inverse variatio n

Sinuso idal
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Exam T ip

Yo u need to  be familiar with the fo rmat o f the di�erent types o f equatio ns and the general

shape o f the graphs they pro duce, yo u need to  always be thinking "do es my answer seem

appro priate fo r the given situatio n?"

Sketching graphs is key

Make sure that yo u use yo ur GDC to  plo t the relevant functio n(s)

So metimes yo u may have to  play aro und with the z o o m functio n o r the axes to  make sure

that yo u are fo cused o n the relevant do main

a)

b)

Worked example

A cli� has a height h metres abo ve the gro und. A sto ne is pro jected fro m the edge o f the cli�

and it travels thro ugh the air until it hits the gro und and sto ps. The vertical height, in metres, o f the

sto ne abo ve the gro und t seco nds after being thro wn is given by the functio n:

h (t)=95+6t−5t2 .

State the initial value o f h .

Determine the do main o f  h (t) .
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Finding Parameters

What  do I do if  som e of  t he param et ers are unknown?

Fo r so me mo dels yo u can use yo ur kno wledge to  �nd unkno wn parameters directly fro m the

info rmatio n given

Fo r a linear mo del f (x)=mx+c
m  is the rate o f change, o r gradient

c  is the initial value

Fo r a quadratic  mo del, f ( )x =ax2+bx+c

x=
−b
2a  is the axis o f symmetry (this is given in the fo rmula bo o klet) and is the x -value

o f the minimum/ maximum po int

c  is the initial value

Fo r a cubic  mo del, f ( )x =ax3+bx2+cx+d
d  is the initial value

Fo r an expo nential mo del, f ( )x =kax+c
k+c  is the initial value

y=c  is the ho riz o ntal asympto te, so  c  is a bo undary o f the mo del

Fo r a sinuso idal mo del f (x)=asin(bx)+d
a is the amplitude

y=d  is the principal axis

360
b  is the perio d

A general metho d is to  fo rm equatio ns by substituting in given values

Yo u can fo rm multiple equatio ns and so lve them simultaneo usly using yo ur GDC

Yo u co uld be expected to  so lve a system o f up to  three simultaneo us equatio ns  o f

three unkno wns

This metho d wo rks fo r all mo dels

The initial value  is the value o f the functio n when x  (o r the independent variable) is 0

This is o ften o ne o f the parameters in the equatio n o f the mo del

Exam T ip

It can save yo u time in exams to  kno w the pro perties o f functio ns listed abo ve that allo w yo u

to  �nd parameters directly fro m the info rmatio n given
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a)

b)

Worked example

The temperature, T ℃ , o f a cup o f co �ee is mo nito red. Initially the temperature is 80°C  and 5

minutes later it is 40°C. It is suggested that the temperature fo llo ws the mo del:

T ( )t =ka−t+16, t≥0

where t  is the time, in minutes, after the co �ee has been made.

State the value o f k .

Find the value o f a .
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