
2.3 Functions Toolkit
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2.3.1 Language of Functions

Language of Functions

What  is a m apping ?

A mapping transf o rms  o ne set o f values (inputs) into  ano ther set o f values (o utputs)

Mappings can be:

One-to -o ne

Each input gets mapped to  exactly o ne unique  o utput

No  two  inputs are mapped to  the same o utput

Fo r example: A mapping that cubes the input

Many-to -o ne

Each input gets mapped to  exactly o ne  o utput

Multiple inputs can be mapped to  the same o utput

Fo r example: A mapping that squares the input

One-to -many

An input can be mapped to  mo re than o ne  o utput

No  two  inputs are mapped to  the same o utput

Fo r example: A mapping that gives the numbers which when squared equal the input

Many-to -many

An input can be mapped to  mo re than o ne  o utput

Multiple inputs can be mapped to  the same o utput

Fo r example: A mapping that gives the facto rs o f the input

What  is a f unct ion?

A f unctio n is a mapping between two  sets o f numbers where each input  gets mapped to  exactly

o ne o utput

The o utput do es no t need to  be unique

One-to -o ne  and many-to -o ne  mappings are functio ns

A mapping is a functio n if its graph passes the vertical line test

Any vertical line  will intersect with the graph at mo st o nce
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What  not at ion is used f or f unct ions?

Functio ns are deno ted using letters (such as  f , v, g,  etc)

A functio n is fo llo wed by a variable in a bracket

This sho ws the input fo r the functio n

The letter f  is used mo st co mmo nly fo r functio ns and will be used fo r the remainder o f this

revisio n no te

f (x)  represents an expressio n fo r the value o f the functio n f  when evaluated fo r the variable x
Functio n no tatio n gets rid o f the need fo r wo rds which makes it universal

f =5  when x=2  can simply be written as  f (2)=5

What  are t he dom ain and rang e of  a f unct ion?

The do main o f a functio n is the set o f values that are used as inputs

A do main sho uld be stated with a functio n

If a do main is no t stated then it is assumed the do main is all the real values which wo uld wo rk

as inputs fo r the functio n

Do mains are expressed in terms o f the input

x≤2
The range  o f a functio n is the set o f values that are given as o utputs

The range depends o n the do main

Ranges are expressed in terms o f the o utput

f (x) ≥0
To  graph a functio n we use the inputs as the x-co o rdinates  and the o utputs as the y-

co o rdinates

f (2)=5  co rrespo nds to  the co o rdinates (2, 5)

Graphing the functio n can help yo u visualise the range

Co mmo n sets o f numbers have special symbo ls:

ℝ  represents all the real numbers that can be placed o n a number line

x∈ℝ  means x is a real number
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ℚ  represents all the ratio nal numbers 
a
b where a and b are integers and b ≠ 0

ℤ  represents all the integers (po sitive, negative and z ero )

ℤ+ represents po sitive integers

ℕ represents the natural numbers (0,1,2,3...)

What  are piecewise f unct ions?

Piecewise f unctio ns  are de�ned by di�erent functio ns depending o n which interval the input is

in

E.g.  f ( )x =

⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩

x+1
2x−4
x2

x≤5
5<x<10
10≤x≤20

The regio n fo r the individual functio ns canno t o verlap

To  evaluate a piecewise functio n fo r a particular value x=k
Find which interval includes  k
Substitute x=k  into  the co rrespo nding functio n

The functio n may o r may no t be co ntinuo us  at the ends o f the intervals

In the example abo ve the functio n is

co ntinuo us at x=5  as 5+1=2(5)−4
no t co ntinuo us at x=10 as 2(10)−4≠102
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a)

b)

Exam T ip

Questio ns may refer to  "the largest po ssible do main"

This wo uld usually be     unless ,  o r  has already been stated

There are usualy so me exceptio ns

e.g.  square ro o ts;     fo r a functio n invo lving  

e.g.  recipro cal functio ns;     fo r a functio n with deno minato r  

Worked example

Fo r the functio n  f ( )x =x3+1, 2≤x≤10:

write do wn the value o f  f (7) .

�nd the range o f  f (x) .
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2.3.2 Composite & Inverse Functions

Composite Functions

What  is a com posit e f unct ion?

A co mpo site f unctio n is where a functio n is applied to  ano ther functio n

A co mpo site functio n can be deno ted

(f ∘g) (x)

fg (x)

f (g (x) )

The o rder matters

(f ∘g) (x)  means:

First apply g to  x to  get  g (x)

Then apply f to  the previo us o utput to  get  f (g (x) )

Always start with the functio n clo sest to  the variable

(f ∘g) (x)  is no t usually equal to  (g∘ f ) (x)

How do I �nd t he dom ain and rang e of  a com posit e f unct ion?

The do main o f f ∘g  is the set o f values o f x ...

which are a subset  o f the do main o f  g

which maps g to  a value that is in the do main o f  f

The range o f  f ∘g  is the set o f values o f x ...

which are a subset  o f the range o f  f

fo und by applying f to  the range o f  g

To  �nd the do main and range  o f  f ∘g
First �nd the range o f  g

Restrict  these values to  the values that are within the do main o f f

The do main is the set o f values that pro duce the restricted range  o f g

The range  is the set o f values that are pro duced using the restricted range  o f g as the

do main fo r f

Fo r example: let  f (x)=2x+1, −5≤x≤5  and  g (x)= x , 1≤x≤49
The range o f  g is 1≤g (x) ≤7

Restricting this to  �t the do main o f  f results in 1≤g (x) ≤5
The do main o f  f ∘g  is therefo re 1≤x≤25

These are the values o f x which map to  1≤g (x) ≤5
The range  o f  f ∘g  is therefo re 3≤ (f ∘g) (x) ≤11

These are the values which f maps 1≤g (x) ≤5  to

Exam T ip

Make sure yo u kno w what yo ur GDC is capable o f with regard to  functio ns

Yo u may be able to  sto re individual functio ns and �nd co mpo site functio ns and their

values fo r particular inputs

Yo u may be able to  graph co mpo site functio ns directly and so  deduce their do main and

range fro m the graph

 is no t the same as 
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a)

b)

c)

Worked example

Given  f (x)= x+4  and  g (x)=3+2x :

Write do wn the value o f (g∘ f ) (12) .

Write do wn an expressio n fo r (f ∘g) (x) .

Write do wn an expressio n fo r (g∘g) (x) .
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Inverse Functions

What  is an inverse f unct ion?

Only o ne-to -o ne  functio ns have inverses

A functio n has an inverse if its graph passes the ho riz o ntal line test

Any ho riz o ntal line  will intersect with the graph at mo st o nce

The identity f unctio n id maps each value to  itself

id(x)=x
If f ∘g  and g∘ f  have the same e�ect as the identity f unctio n then f  and g  are inverses

Given a functio n f (x)  we deno te the inverse f unctio n as  f −1 (x)

An inverse functio n reverses the e�ect  o f a functio n

f (2)=5  means  f −1 (5)=2
Inverse functio ns are used to  so lve equatio ns

The so lutio n o f  f (x)=5  is x= f −1 (5)

A co mpo site functio n made o f  f  and f −1  has the same e�ect as the identity f unctio n

(f ∘ f −1) (x)= (f −1∘ f ) (x)=x

What  are t he connect ions bet ween a f unct ion and it s inverse f unct ion?

The do main o f  a f unctio n beco mes the range o f  its inverse

The range o f  a f unctio n beco mes the do main o f  its inverse

The graph o f  y= f −1 (x)  is a re�ectio n o f the graph y= f (x)  in the line  y=x
Therefo re so lutio ns to   f (x)=x  o r  f −1 (x)=x  will also  be so lutio ns to   f (x)= f −1 (x)

There co uld be o ther so lutio ns to   f (x)= f −1 (x)  that do n't lie o n the line  y=x
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How do I �nd t he inverse of  a f unct ion?

STEP 1: Swap  the x and y in  y= f (x)

If y= f −1 (x)  then x= f (y)

STEP 2: Rearrange x= f (y)  to  make y  the subject

No te this can be do ne in any o rder

Rearrange  y= f (x)  to  make x  the subject

Swap x  and  y

Exam T ip

Remember that an inverse functio n is a re�ectio n o f the o riginal functio n in the line 

Use yo ur GDC to  plo t the functio n and its inverse o n the same graph to  visually check this

  is no t the same as  
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a)

b)

c)

Worked example

Fo r the functio n  f (x)=
2x

x−1 , x>1:

Find the inverse o f f (x) .

Find the do main o f  f −1 (x) .

Find the value o f k  such that f (k)=6.
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2.3.3 Graphing Functions

Graphing Functions

How do I g raph t he f unct ion y = f(x)?

A po int (a, b)  lies o n the graph y= f (x)  if  f (a)=b
The ho riz o ntal axis  is used fo r the do main

The vertical axis  is used fo r the range

Yo u will be able to  graph so me functio ns by hand

Fo r so me functio ns yo u will need to  use yo ur GDC

Yo u might be asked to  graph the sum o r di�erence  o f two  functio ns

Use yo ur GDC to  graph y= f (x)+g (x)  o r  y= f (x)−g (x)

Just type the functio ns into  the graphing mo de

What  is t he di�erence bet ween “draw” and “sket ch”?

If asked to  sketch yo u sho uld:

Sho w the general shape

Label any key po ints such as the intersectio ns with the axes

Label the axes

If asked to  draw yo u sho uld:

Use a pencil and ruler

Draw to  scale

Plo t any po ints accurately

Jo in po ints with a straight line o r smo o th curve

Label any key po ints such as the intersectio ns with the axes

Label the axes

How can m y GDC help m e sket ch/draw a g raph?

Yo u use yo ur GDC to  plo t the graph

Check the scales o n the graph to  make sure yo u see the full shape

Use yo ur GDC to  �nd any key po ints

Use yo ur GDC to  check speci�c po ints to  help yo u plo t the graph
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Key Features of Graphs

What  are t he key f eat ures of  g raphs?

Yo u sho uld be familiar with the fo llo wing key features and kno w ho w to  use yo ur GDC to  �nd them

Lo cal minimums/maximums

These are po ints where the graph has a minimum/maximum fo r a small regio n

They are also  called turning po ints

This is where the graph changes its directio n between upwards and do wnwards

directio ns

A graph can have multiple lo cal minimums/maximums

A lo cal minimum/maximum is no t necessarily the minimum/maximum o f the who le graph

This wo uld be called the glo bal minimum/maximum

Fo r quadratic graphs the minimum/maximum is called the vertex

Intercepts

y   – intercepts are where the graph cro sses the y-axis

At these po ints x = 0

x – intercepts are where the graph cro sses the x-axis

At these po ints y = 0

These po ints are also  called the z ero s o f  the f unctio n o r ro o ts o f  the equatio n

Symmetry

So me graphs have lines o f symmetry

A quadratic will have a vertical line o f symmetry

Asympto tes

These are lines which the graph will get clo ser to  but no t cro ss

These can be ho riz o ntal o r vertical

Expo nential graphs have ho riz o ntal asympto tes

Graphs o f variables which vary inversely can have vertical and ho riz o ntal asympto tes
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Exam T ip

Mo st GDC makes/mo dels will no t plo t/sho w asympto tes just fro m inputting a functio n

Add the asympto tes as additio nal graphs fo r yo ur GDC to  plo t

Yo u can then check the equatio ns o f yo ur asympto tes visually

Yo u may have to  z o o m in o r change the viewing windo w o ptio ns to  co n�rm an asympto te

Even if using yo ur GDC to  plo t graphs and so lve pro blems sketching them as part o f yo ur

wo rking is go o d exam technique

Label the key features o f the graph and anything else relevant to  the questio n o n yo ur

sketch
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a)

b)

Worked example

Two  functio ns are de�ned by

f ( )x =x2−4x−5  and  g ( )x =2+
1

x+1 .

Draw the graph  y= f (x) .

Sketch the graph  y=g (x) .

Page 13 of 17
For more help visit our website www.exampaperspractice.co.uk



Page 14 of 17
For more help visit our website www.exampaperspractice.co.uk



Intersecting Graphs

How do I �nd where t wo g raphs int ersect ?

Plo t bo th graphs o n yo ur GDC

Use the intersect functio n to  �nd the intersectio ns

Check if there is mo re than o ne po int o f intersectio n

How can I use g raphs t o solve equat ions?

One metho d to  so lve equatio ns is to  use graphs

To  so lve  f (x)=a
Plo t the two  graphs  y= f (x)  and y=a  o n yo ur GDC

Find the po ints o f intersectio ns

The x-co o rdinates  are the so lutio ns  o f the equatio n

To  so lve  f (x)=g (x)

Plo t the two  graphs  y= f (x)  and y=g (x)  o n yo ur GDC

Find the po ints o f intersectio ns

The x-co o rdinates  are the so lutio ns  o f the equatio n

Using graphs makes it easier to  see ho w many so lutio ns  an equatio n will have

Exam T ip

Yo u can use graphs to  so lve equatio ns

Questio ns will no t necessarily ask fo r a drawing/sketch o r make reference to  graphs

Use yo ur GDC to  plo t the equatio ns and �nd the intersectio ns between the graphs
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a)

b)

c)

Worked example

Two  functio ns are de�ned by

f (x)=x3−x  and  g (x)=
4
x .

Sketch the graph  y= f (x) .

Write do wn the number o f real so lutio ns to  the equatio n  x3−x=2.

Find the co o rdinates o f the po ints where  y= f (x)  and  y=g (x)  intersect.
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d)

Write do wn the so lutio ns to  the equatio n  x3−x=
4
x .
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