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2.3.1Language of Functions

Language of Functions
Whatisamapping?

= Amappingtransforms one setofvalues (inputs)into anotherset of values (outputs)
= Mappings canbe:
= One-to-one
= Fachinput gets mapped to exactly one unique output
= No two inputs are mapped to the same output
= Forexample:Amapping that cubes the input
= Many-to-one
= Fachinput gets mapped to exactly one output
= Multiple inputs canbe mapped to the same output
= Forexample:Amapping that squares the input
= One-to-many
= Aninput canbe mapped to more thanone output
= No two inputs are mapped to the same output
= Forexample:Amapping that gives the numbers whichwhen squared equal the input
= Many-to-many
= Aninput canbe mapped to more thanone output
= Multiple inputs canbe mapped to the same output
= Forexample:Amapping that gives the factors of the input

Whatis afunction?

= Afunctionis amapping betweentwo sets of numbers where eachinput gets mapped to exactly
one output
= The outputdoesnotneedto beunique

= One-to-one and many-to-one mappings are functions
= Amappingis afunctionifits graph passes the verticalline test

= Anyverticalline willintersect with the graphat most once
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What notationisused forfunctions?

= Functions are denoted usingletters(suchas f, V, &, etc)

= Afunctionis followed byavariable in abracket

= This shows the input forthe function

= Theletter fisused mostcommo nlyforfunctions and will be used forthe remainderof this

revisionnote

] f(X) represents an expressionforthe value of the function f when evaluated forthe variable X
= Functionnotationgetsrid of the need forwords which makes it universal

= [=5when x=2can simplybe written as f(2) =5

What arethedomainandrangeof afunction?

= Thedomainofafunctionis the set of values that are used as inputs
= Adomainshould be stated withafunction
= |fadomainis notstated thenitis assumed the domainis all the real values whichwould work
as inputs forthe function
= Domains are expressed interms of the input
= x<2
= Therange of afunctionis the set of values that are givenas outputs
= Therange depends onthe domain
= Ranges are expressedinterms of the output
- f(x)20
= To graphafunctionwe use the inputs as the x-coordinates and the outputs as the y-
coordinates

= 1‘(2) =5 corresponds to the coordinates (2,5)
= Graphingthe functioncanhelpyouvisualise the range
= Commonsets of numbers have special symbols:

» [ represents allthe real numbers that canbe placed on anumberline

= X € R means Xis arealnumber
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a
] Q represents all the rationalnumbers —~where aand bare integers and b#0

b

w /7 represents all the integers (positive, negative and zero)
= 77t represents positive integers
= N represents the natural numbers (0,1,2,3...)

What are piecewise functions?

= Piecewise functions are defined by different functions dependingonwhichinterval the inputis

in
x+1 x<5

« Eg. A(x)=12x—4 5<x<10
x2 10<x<20

= Theregionfortheindividual functions cannot overlap
= To evaluate apiecewise functionfora particularvalue x=k
= Find whichintervalincludes k

= Substitute X = Kinto the corresponding function
= The functionmay ormay not be continuous at the ends of the intervals
= |nthe example above the functionis

= continuousatX=5as5+1 =2(5) -4
= notcontinuousat X = 10as 2(10) —-4=102
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O Exam Tip

= Questions mayreferto "the largest possible domain”

= Thiswould usuallybe X € R unless N, Z orQ has alreadybeenstated
= There are usualysome exceptions

» e.g. squareroots; X >0 forafunctioninvolving v/ X

» e.g.reciprocalfunctions; X #2 forafunctionwithdenominator (X - 2)

@ Worked example
Forthe function flx)=x3+1, 2<x<10:
a  writedownthevalue of f(7).
Substitute =t
H3) - F o

f¥): 3k

b)  findtherangeof f(X).
Find the volues of X341 when ©2<x<l0
Lsx <10

x* < 000

x*+l <100l

f(x) <00l

7

"

L)

b
9
9

“n
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2.3.2 Composite & Inverse Functions

Composite Functions

Whatisacomposite function?

= Acomposite functionis where afunctionis applied to anotherfunction
= Acomposite functioncanbe denoted

- (fog)(x)
- fg(x)
- flg(x)

= The ordermatters

] (fO g)(X) means:
= Firstapply gto xto get g(X)
= Thenapply fto the previous output to get f(g(X))
= Always start withthe functionclosest to the variable

] (fO g)(X) isnotusuallyequalto (go f)(X)
Howdo Ifindthedomainandrange of acomposite function?

» Thedomainof fo Zisthesetofvalues of X...
= whichare asubset of the domainof g
= whichmaps gto avalue thatis inthe domainof f
Therange of f© gisthesetofvaluesof X..
= whichare asubset of therange of f
= found byapplying fto therange of g
To find the domain and range of fo g
= Firstfind therange of g
= Restrict these values to the values that are withinthe domainof f
= The domainis the set of values that produce therestricted range of g

= Therangeisthe setofvalues thatare produced usingtherestricted range of gas the
domainforf

Forexample:let f(X) =2x+1, —5<x<5and g(X) =\/;, 1<x<49
» Therange of gis 1 Sg(X) <7
= Restricting this to fit the domainof fresultsin 1 < g(x) <5
= Thedomainof {0 gistherefore 1 <x <25

= These are the values of xwhichmapto 1 Sg(X) <5

» Therangeof {0 gistherefore3 < (fO g)(X) <11
= These are the values which fmaps 1 Sg(X) <5to

O Exam Tip

= Make sure youknow whatyour GDC is capable of withregard to functions
= Youmaybe able to store individual functions and find composite functions and their
values forparticularinputs

= Youmaybe able to graph composite functions directlyand so deduce theirdomainand
range from the graph

. ff(X) isnotthe same as [f(X)]2
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@ Worked example

Given f(X) =,/ x+4 and g(X) =3+2x:

a) Write down the value of(go f)(12).

First apply fuaction closest 1o input
(<3 of )(12) = g(f(12))

f2) =Jizvs =JIb = &
g(4) = 3 +2() =i

(g of)(12) = 1l

o) Write downanexpressionfor(fo g)(X).

Fiest aPPI5 function closest 1o inpuf

(Fogq)lx) «H(gto)
= £(3+2x)

(foa)) = [Feox

c) Write downanexpressionfor(gog)(X).

(3 09)(x) = q(qt)
=3(3+2x)
= 3+2(3+r2x)
= 3+ b+ bx

(3 0 3)(:& = q +4x
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Inverse Functions

Whatis aninverse function?

Only one-to-one functions have inverses
Afunctionhas aninverse if its graph passes the horizontalline test
= Anyhorizontalline willintersect with the graphat most once

The identityfunctionid maps eachvalue to itself
« id(x)=x
if fo gand go f have the same effect as the identity functionthen f and g areinverses

Givenafunction f(X) we denote theinverse functionas f_l(X)
Aninverse functionreverses the effect of afunction

= f2)=5means £1(5)=2
Inverse functions are used to solve equations
= Thesolutionof f(X) =5isx= f_l(S)
Acomposite functionmade of fand 1 hasthe same effect as the identity function

e (Fo £1)(x)=(1o0 A(x)=x

What aretheconnectionsbetweena functionanditsinverse function?

= Thedomainof afunctionbecomes therange of itsinverse
= Therange of afunctionbecomes the domainofitsinverse

= Thegraphof y = f_l(X) is areflectionofthe graph y = f(X) intheline Yy =X

= Therefore solutions to f(X) =Xor f_l(X) = X willalso be solutions to f(X) = f_l(X)
= There could be othersolutions to f(X) = f_l(X) thatdon'tlieontheline Yy =X
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Howdo lfind theinverse of afunction?

= STEP1:Swap the xand yin Y = f(X)

= if y=f"1(x)thenx = A(y)
= STEP 2:Rearrange X = f(y) to make Y the subject
= Notethiscanbedoneinanyorder

= Rearrange y = f(X) to make X the subject
= SwapXand ¥y

O Exam Tip

= Rememberthataninverse functionis areflectionof the original functionintheline y = X
= UseyourGDC to plotthe functionand its inverse onthe same graph to visually check this

1( ) 1
L X i tt
1 IS NO 1€ Same as f( )
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@ Worked example

2x
Forthe function f(X) = 1 x>1:

a) Find the inverse of £(X).

Lot Lyf"(x) and reamange x=F(y)

o2

x(‘ﬁ") :23
xy - x =2y
xy -4y = x
y(x-2) = x

() -

b) Find the domain of f_l(X).

DOTY\G\!\ O{ F i5 ﬂ\e ranae OF ll:

5ke+(}\ HXB o
See ran%e 2E k 4
fraol g2 © N T

Domain of f' &= a2

c) Find the value of K suchthat f(k) =6.
Use invese @) =b > g-= f(b)
k=f£7(b)
. 3
k- 2
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2.3.3 Graphing Functions

Graphing Functions

Howdo lgraphthe function y= f(x)?

= Apoint (a, b) liesonthe graph y = f(X) if f(a) =b

= The horizontal axis is used forthe domain

= The vertical axis is used forthe range

= Youwillbe able to graph some functions by hand

= Forsome functions youwillneed to use yourGDC

= Youmight be asked to graph the sumordifference of two functions
= UseyourGDCtograph y = f(X) +g(X) ory= f(X) —g(X)

= Justtype the functions into the graphingmode
Whatis the difference between “draw” and “sketch”?

= |faskedto sketchyoushould:
= Show the general shape
= lLabelanykeypoints suchas theintersections with the axes
= labelthe axes
= |faskedto drawyoushould:
= Useapencilandruler
= Drawto scale
= Plotanypoints accurately
= Joinpoints withastraightline orsmoothcurve
= |abelanykeypoints suchas the intersections withthe axes
= labelthe axes

HowcanmyGDChelp me sketch/drawagraph?

= YouuseyourGDC to plotthe graph

= Checkthe scales onthe graphto make sure yousee the full shape
= UseyourGDC to find anykeypoints
= UseyourGDC to checkspecific points to helpyouplotthe graph
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KeyFeatures of Graphs
What arethe keyfeaturesof graphs?

= Youshould be familiarwith the following key features and know how to use your GDC to find them
= Local minimums/maximums
= These are points where the graph has a minimum/maximum forasmallregion
= Theyare also called turning points
= Thisis where the graph changes its directionbetweenupwards and downwards
directions
= Agraphcanhave multiple local minimums/maximums
= Alocal minimum/maximumis not necessarily the minimum/maximum of the whole graph
= This would be called the global minimum/maximum
= Forquadratic graphs the minimum/maximumi s called the vertex
= [ntercepts
= y-intercepts are where the graph crosses the y-axis
= Atthese points x=0
= x-intercepts are where the graphcrosses the x-axis
= Atthesepoints y=0
= These points are also called the zeros of the functionorroots of the equation
= Symmetry
= Some graphs have lines of symmetry
= Aquadratic willhave averticalline of symmetry
= Asymptotes
= These arelines whichthe graphwillgetcloserto butnotcross
= Thesecanbe horizontal orvertical
= Exponential graphs have horizontal asymptotes
= Graphs of variables whichvaryinversely can have vertical and horizontal asymptotes
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O ExamTip

= Most GDC makes/models willnot plot/show asymptotes just frominputtingafunction

= Addthe asymptotes as additional graphs foryourGDC to plot

= Youcanthencheckthe equations of yourasymptotes visually

= Youmayhave tozoominorchange the viewingwindow options to confirmanasymptote
= EvenifusingyourGDC to plot graphs and solve problems sketchingthemas part of your

workingis good examtechnique
= |abelthe keyfeatures of the graph and anything else relevant to the questiononyour
sketch
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@ Worked example

Two functions are defined by

a)

b)

1

=2 — Ay — =
f(x)=x2—-4x Sandg(X) 2+X+1.

Draw the graph y = f(X)

Draw means occuraTels

Use GDC to find vertex, roots and y-intercepts
Vertex = (2, -9)

Roots = (-1,0) ond (5,0)

y-intercept = (0,-5)

ml" \5: x,l-kx-S

Sketchthe graph y = g(X).
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dketch means rough but showing key points

Use GDC to find x and y-infercepts and asymptotes
. 3

X-infercept * (’ 2. 0)

%—mTer(ep’r = (0,3)

As\gmp’ro’res : x| and 3=Z

AY
\(0.3)

Nl
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Intersecting Graphs
Howdo I find where two graphsintersect?

= Plotbothgraphs onyourGDC
= Usetheintersectfunctionto find the intersections
= Checkifthereis more thanone pointofintersection

Howcanluse graphsto solve equations?

= Onemethodto solve equationsis to use graphs
= Tosolve f(X) =a
= Plotthe two graphs Yy = f(X) and Y= aonyourGDC

= Find the points of intersections
= The x-coordinates are the solutions of the equation
= Tosolve f(X) =g(X)
= Plotthe two graphs Yy = f(X) and y=g(X) onyourGDC
= Find the points of intersections

= The x-coordinates are the solutions of the equation
= Usinggraphs makesiteasierto see how many solutions an equationwill have

O Exam Tip

= Youcanuse graphs to solve equations
= Questions willnotnecessarilyask foradrawing/sketch ormake reference to graphs
= UseyourGDC to plotthe equations and find the intersections between the graphs
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@ Worked example

Two functions are defined by
4
f(x)=x3—xand g(x)= o

a) Sketchthe graph Yy = f(X)

Use GDC 1o find max, min, intercepts

(-0.573, 0.385)

(0.5%3,-0385)

b) Write down the numberofreal solutions to the equation x3—-x=2.

\c\en’nﬂ) the number of intersections. between
%:ac"’—ar, and td=2

2
= -
L

\6:1
1 idtersection

1 solution

c) Find the coordinates of the points where y = f(X) and Y= g(X) intersect.
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Use GDC 4o sketch both graphs

4 Y: x-x

S
R ie

(-1.60,-2.50) and (1602.50)

4

Write down the solutions to the equation x3—x=—.
X

Solitions 4o xz-au% are the x  wordiaates of
the  poinks  of iffersection

x = -1b0 and” x =169
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