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2.2.1 Quadratic Functions

Quadratic Functions & Graphs

What arethe keyfeatures of quadraticgraphs?

Aquadratic graph canbe writteninthe form y = ax? + bx+ cwherea#=(
The value of aaffects the shape of the curve

= [f ais positive the shapeis concaveupu

= |f ais negative the shapeis concavedownn
The y-interceptis atthe point (O, ¢)

The zeros orroots are the solutions to ax2 + bx + ¢=0
= These canbe found by
= Factorising
= Quadratic formula
= UsingyourGDC
= These are also called the x-intercepts
= Therecanbe O,1or2 x-intercepts
= Thisis determined bythe value of the discriminant

b

Thereis anaxis of symmetryat X = — ——

2a
= Thisis giveninyourformulabooklet
= |f there are two x-intercepts thenthe axis of symmetrygoes throughthe midpoint of them
The vertexlies onthe axis of symmetry
= [tcanbe found bycompletingthe square

b
= The x-coordinateis X = — ~—
2a
b
= The y-coordinate canbe found usingthe GDC orby calculating ywhen X = — Z

= |f ais positive thenthe vertexis the minimumpoint
= |f ais negative thenthe vertexis the maximumpoint
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What are the equations of a quadratic function?

- fx)=ax?+bx+c
= Thisis the generalform
= |tclearlyshows the y-intercept (O, ¢)

b
= Youcanfind the axis of symmetryby X = — 2—3
= Thisis giveninthe formulabooklet
- fx)=alx-p)(x-q)
= Thisis the factorised form
= |tclearlyshows theroots (p,0)&(q,0)
, _ptg
= Youcanfind the axis of symmetryby X = 2
- fix)=alx—h)?2+k
= Thisis the vertexform
Page 2 of 18

For more help visit our website www.exampaperspractice.co.uk



=

Exam Papers Practice

= |tclearlyshows the vertex(h, k)
= The axis of symmetryis therefore X = h

= Itclearlyshowshowthefunctioncanbetransformedfromthegraphy=X2
= \erticalstretchbyscale factora

h
= Translationbyvectorr \
\k)

Howdo lfindanequationof a quadratic?

= |fyouhavetheroots x=pand x=q...
= Writeinfactorised form y = a(x —p)(X - q)
= Youwillneed athird point to find the value of a
= |fyouhave the vertex(h, k) then...
= Writeinvertexformy = a(X - h)z +k
= Youwillneed asecond pointto find the value of a
= |fyouhave threerandompoints (xj, ), (x2 V2 & (x3 y3 then...
= Writeinthe generalform y = ax% + bx + ¢
= Substitute the three pointsinto the equation
= Formand solve asystemofthreelinearequations to find the values of a,b& ¢

Q Exam Tip

= UseyourGDC to find theroots and the turning point of a quadratic function
= Youdonotneedto factorise orcomplete the square
= |tis good examtechnique to sketchthe graphfromyourGDC as part of yourworking
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@ Worked example
The diagrambelow shows the graphof Yy = f(X),where f(X) is aquadratic function.

The interceptwiththe y-axis and the vertexhave beenlabelled.
[ |

(-1,8)"
0,6)

Write downanexpressionfor y = f(X)

We have the verfex o use lj=a(l‘h)t+ k
Vectex (-1,3) lj=a(x -(‘l))1 +9
yealer 1) 8
Substitule the second point
x=0,yzb: b=a(0+1)" +38
b
a=-2

“: -2(x+l)" +$

a +9H

"
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2.2.2Factorising & Completing the Square

Factorising Quadratics
Whyis factorising quadraticsuseful?

= Factorisinggivesroots (zeroes orsolutions)of aquadratic
= |t gives the x-intercepts whendrawing the graph

Howdo Ifactorise amonic quadratic of the form x? + bx+ c?

= Amonic quadratic is aquadratic where the coefficient of the x> termis 1
= Youmightbe able to spotthe factors byinspection
= Especiallyif cis aprime number
= Otherwise find two numbers mand n..
= Asumequalto b
= ptg=b
= Aproductequaltoc
= pg=c
= Rewrite bxas mx+ nx
= Use this to factorise x* + mx+nx+c
= Ashortcutis to write:

- (x+p)x+q)
Howdo Ifactorise anon-monic quadratic of the form ax? + bx+ c?

= Anon-monic quadratic is a quadratic where the coefficient of the x* termis notequalto 1
= [f a,b& chave acommonfactorthenfirstfactorise that outto leave a quadratic with coefficients
that have no commonfactors
= Youmightbe able to spotthe factors byinspection
= Especiallyif aand/or care prime numbers
= Otherwise find two numbers mand n..
= Asumequalto b
= m+n=>b
= Aproductequalto ac
= Mn=ac
= Rewrite bxas mx+ nx
= Usethis to factorise ax? + mx+nx+c
= Ashortcutis to write:

(ax + m)(ax +n)
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= Thenfactorise commonfactors fromnumeratorto cancelwiththe aonthe denominator

szwdo luse the difference of two squares to factorise aquadratic of the form a2x?
-c?

= Thedifference of two squares canbe used when...
= Thereisno xterm

= The constant termis anegative

= Squarerootthe two terms a’x? and c?

= Thetwo factors are the sumof squareroots and the difference of the squareroots
= Ashortcutis to write:

- (ax+c)(ax - )

O ExamTip
= Youcandeduce the factors of aquadratic functionbyusingyour GDC to find the solutions
of aquadratic equation

= UsingyourGDC,the quadratic equation 6x2+ x—2 =0 hassolutions X = —

gand
_1
)

» Therefore the factors would be (3X+2) and (2X- 1)
= e 6x2+x-2=(3x+2)(2x-1)

@ Worked example
Factorise fully:

a x2-Tx+12.
Find two numbes m and n such that
meazbs "t mn=c= 1L
R
St ~Fx up and fachrie
xl -L}.x_ -3.1 t |2
x (-4) =3 (x-t)

(x-3)(x-b)

Shor‘i‘(u'l'
(xc+m)(ocn)

(x- 3)(.1-1-»\

b)  4x2+4x—15.
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Find fwo numbes m and n such that
ma=bs b mn =ac= 4x-15:-60

10 +76: & 0x 76 = 6D

Sp\i‘r b x up and fackorie  Shocteut

[‘_xw. 4 IOJL ‘61 -15 (ax+m2(di’m)

2x(2x +5) -3(2x+5) (thZ)(hré)

(2 -3)(2x+5) 2(2:045) X(2x-2)
4

(21 - 3)(2+5)
¢ 18=50x2.

Factorise the omaton faclor
2(9-254%)
Use Aiqeref\(g o1c Two Squares

12(3- 5a)(3 +5;)
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Completing the Square
Whyis completing the square for quadraticsuseful?

= Completing the square gives the maximum/minimum of a quadratic function
= Thiscanbeused to define therange of the function

= |t gives the vertex whendrawing the graph

= [tcanbeusedto solve quadratic equations

= [tcanbeused to derive the quadratic formula

Howdo lcomplete the square foramonic quadratic of the form x? + bx+ c?

b \2
= Half the value of band write (X + E

\ )
b\? 2
= Thisisbecause (X + E) =x2+bx+ T
b2

= Subtractthe unwanted — — termand add onthe constant ¢

4
( b \2 b2
] X+ — -— 4+ C
\ 2/ 4
Howdolcomplete the square foranon-monic quadratic of the form ax? + bx+ c?

= Factorise out the afromthe termsinvolving x

(24 24)
= alx?+—x|+x
\ a)

= |eavingthe calone willavoid working withlots of fractions
= Complete the square onthe quadratic term

b { b \?
= Half ; and write | X + —

\ 2a
LS
= Thisis because \X 261/ =X aX 442
b2

= Subtract the unwanted term

442
= Multiply by aand add the constant ¢

{X+£Y—b—2 +c

n
[\

\" 2a) 4a
+ 1\2 b—2 +
- ax 2a) 4a ¢
O Exam Tip

= Some questions maynotuse the phrase "completing the square" so ensure youcan
recognise aquadratic expressionorequationwrittenin this form

- alx—h)2+k(=0)
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@ Worked example

Complete the square:

a x2—8x+3.

Haf b and sublradt s square
(x- 4)" —Lrl +3

(x -4) -1}

b)  3x2+12x-5.
Foctorise the 3 from the x termg
3(a +lx) =5
(omplete the square on xt+bex
3 ((;uz)‘- z‘) -5
.Simp'ifg
3((3&*).)7“- Lr) -5
3(xt+2)t -1 -5
3(ocr 2yt -1F
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2.2.3Solving Quadratics

Solving Quadratic Equations

Howdoldecidethebest methodto solveaquadratic equation?

= Aquadratic equationis of the form ax? + bx + ¢=0
= |fitisacalculatorpaperthenuse your GDC to solve the quadratic
= [fitisanon-calculatorpaperthen...

= youcanalways use the quadratic formula

= youcanfactoriseifitcanbe factorised withintegers

= youcanalways complete the square

Howdolsolve a quadratic equationbythe quadratic formula?

If necessaryrewrite inthe form ax2 + bx + ¢=0
Clearly identify the values of a, b& ¢
Substitute the values into the formula

_ —bty b2 —4ac
B 2a

= Thisis giveninthe formulabooklet
Simplify the solutions as much as possible

= X

Howdo lsolve a quadratic equationbyfactorising?

= Factorise to rewrite the quadratic equationinthe form a(X —p)(X - q) =0
= Seteachfactortozero and solve

= x—p=0=>x=p
= x—g=0=>x=¢g

Howdolsolve a quadratic equationbycompleting the square?

= Complete the square to rewrite the quadratic equationinthe form a(x - b)2 +k=0

= Getthesquaredtermbyitself

 (x-hpr=

£)
= |f (— — ]is negative then there willbe no solutions

a)
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= |f (— ;) is positive then there will be two values for X — h
k
= x—h=*,/——
a

= Solveforx

k
= x=h#,[——
\ a

Q Exam Tip

= Whenusingthe quadratic formula with awkward values orfractions youmayfind it easierto
dealwiththe " b2 —4ac" (discriminant) first

= This canhelpavoid numerical and negative errors,improving accuracy

@ Worked example

Solve the equations:

a  4x2+4x-15=0.

This @an be {Locforised
(2x +S)(Lx-3) =0
2x+3:0 or 2x-3:0

. -5

3
X7 T 0fe xEey

o) 3x2+12x—-5=0.

This on not be factorised but 3x* and 12x have a common
factor so omplete the square

3(x+2)" 13 = 0

oy . 7 . Re

3
Xt 2 = iﬁ\ﬂemem&r T

x = -2 tj_%_

c)  7-3x-5x2=0.
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“\is (an nof Be Fod’orised SO use 1cormu|a

Solutions of a quadratic —b+Ib* — dac

FOfmu‘G bookle‘f equation ax’+byte=0 = x=———— , a0

a: -9 b:-3 (-}

-(3) +J(33) -4 (-5)H
2(-5)

3t \(q+ 140

=10

:_3:t i

|0

"

X
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2.2.4 Quadratic Inequalities

Quadratic Inequalities
What affects theinequalitysign whenrearranging a quadraticinequality?

= Theinequalitysignis unchanged by...

= Adding/subtractingatermto bothsides

= Multiplying/dividingbothsides byapositive term
= Theinequalitysignflips (<changesto >)when...

= Multiplying/dividing both sides by a negative term

Howdo Isolve a quadraticinequality?

STEP 1:Rearrange the inequalityinto quadratic formwith apositive squared term
= axl+bx+c>0
= ax’+bx+cz0
» axl+bx+c<0
» ax’+bx+c<O0
STEP 2:Find theroots of the quadratic equation
= Solve ax’+ bx+c=0to get xjand x, where xj < x2
STEP 3:Sketchagraphofthe quadratic and labeltheroots
= Asthesquaredtermis positive it willbe concave up so "U" shaped
STEP 4:ldentify the regionthat satisfies the inequality
= |f youwant the graphto be above the x-axis thenchoose theregionto be the two intervals
outside of the two roots
= |f youwant the graphto be below the x-axis thenchoose the regionto be the interval
betweenthe tworoots
= Forax’+bx+c>0
» Thesolutionis x<xjor x> xz
» Forax’+bx+cz0
= Thesolutionis x<xjorx=xz
= Forax’+bx+c<0
= Thesolutionis x<x<xz
» Forax’+bx+c<0
= Thesolutionis s x<xo

Howdo Isolve a quadraticinequalityof the form (x-h)? <nor(x-h)2 > n?

= Thesafestwayis byfollowingthe steps above
= Expand and rearrange

» AcommonmistakeiswriingX—h< *./norx—h>%./n
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= Thisis NOT correct!
= Thecorrectsolutionto (x-h)? < nis

= |x—h| <\/Ewhichcanbewrittenas —\/H<X—h <\/E
. Theﬁnalsolutionisb—ﬁ<x<b+ﬁ

= Thecorrectsolutionto (x-h)2 > nis

] |X—h| >\/Ewhichcanbewrittenasx—h< —\/EorX—b>\/E
= TheﬁnalsolutionisX<]1—\/EorX>b+\/E

Q Exam Tip

= |tiseasiestto sketchthe graphof aquadratic whenithas apositive X2 term,so rearrange

firstif necessary
= UseyourGDCto helpselectthe correctregion(s) forthe inequality
= Some makes/models of GDC mayhave the abilityto solve inequalities directly

= Howeverunconventional notation maybe used to displaythe answer(e.g.6 > x > 3

ratherthan3 < x < 6)
= Thesafestmethodis to always sketchthe graph
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@ Worked example

Find the set of values whichsatisfy3x2 +2x— 6 > x2 +4x—2.

Stee | : Rearran%e /\
(31‘+2x~6) "(xHLx-l) >0 "\ This way

22y b 30 gves a>0
Xt -x-2 5 04>Div\de bﬂ fochr of 2
Svee 2 Find the roots
xt-x-2 =0
(x =2)(>c+1)=0
.x=2 or X*° “

Stee 3¢ Swetch

Stee &4: |o\en+ift\ region
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Discriminants
Whatisthediscriminant of aquadratic function?

= Thediscriminantof aquadratic is denoted bythe Greekletter A (uppercase delta)
= Forthe quadratic functionthe discriminantis given by

= A=b%2—-4ac
= Thisis giveninthe formulabooklet
= The discriminantis the expressionthatis squarerooted inthe quadratic formula

Howdoes thediscriminant of a quadratic function affectitsgraphandroots?

» IfA>Otheny/ b2 —4ac and —+/ b? —4ac are two distinct values

= The equation ax2 + bx + ¢ =0 has two distinct real solutions

= Thegraphof ¥ = ax2 + bx + Chas two distinct realroots
= This means the graph crosses the x-axis twice

= [fA=0then4/ b2 —4ac and —4/ b2 —4ac arebothzero

= Theequation ax2 + bx + ¢ =0 has one repeated real solution

» Thegraphof y= ax? + bx + chas onerepeatedrealroot
= This means the graphtouches the x-axis at exactly one point
= This means that the x-axis is atangent to the graph

» IfA<Othens/ b?2 —4ac and —=+/ b? =4 ac are bothundefined

= The equation ax2 + bx + ¢ =0 has no real solutions

= Thegraphof ¥ = ax2 + bx + chasnorealroots
= This means the graph nevertouches the x-axis
= This means that graphis wholly above (orbelow) the x-axis
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Forming equations andinequalities using the discriminant

= Oftenatleastone of the coefficients of aquadratic is unknown
= Questionsusuallyuse theletter kforthe unknownconstant
= Youwillbe givenafactaboutthe quadratic suchas:
= The numberof solutions of the equation
= Thenumberofroots ofthe graph
= To find the value orrange of values of k
= Find anexpressionforthe discriminant
= Use A=b?—4ac
= DecidewhetherA>0,A=00rA<0O
= |fthe questionsays there arerealroots butdoes notspecifyhow manythenuse A>0
= Solve theresultingequationorinequality
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O Exam Tip

= Questions willrarelyuse the word discriminant so itis important to recognise whenits useis
required
= |lookfor
= anumberofroots orsolutions beingstated

= whetherand/orhow oftenthe graph of aquadratic functionintercepts the X -axis
= Be carefulsettingupinequalities thatconcern"two realroots” (A 20)as opposed to "two
realdistinctroots" (A >0)

@ Worked example

Afunctionis givenby f(X) =2kx?+kx—k+2 ,where Kis aconstant.The graphof
y= f(X) has two distinctrealroots.

a) Showthat 9k? — 16k > 0.

Two distind red ok =  OA>0

Formula bopklet ~ [piscriminant =
a: 2k bek (:(-k+2)
A = kP - b(20)(-k+2)
k* +8k" - lbk
=16k
0 = 9k*-l6k >0

A

v

b) Hence find the set of possible values of k.

Solve the '\neclualifa

k*-1lbk=0

k(9k-16)=0 0 >0
k=o or k= %’ 4
16

q

k<D or k>
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