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2.2.1 Quadratic Functions

Quadratic Functions & Graphs

What  are t he key f eat ures of  quadrat ic g raphs?

A quadratic  graph can be written in the fo rm y=ax2+bx+c  where a≠0
The value o f a a�ects the shape o f the curve

If a is po sitive  the shape is co ncave up  ∪

If a is negative  the shape is co ncave do wn ∩
The y-intercept  is at the po int (0, c)

The z ero s o r ro o ts  are the so lutio ns to  ax2+bx+c=0
These can be fo und by

Facto rising

Quadratic fo rmula

Using yo ur GDC

These are also  called the x-intercepts

There can be 0, 1 o r 2 x-intercepts

This is determined by the value o f the discriminant

There is an axis o f  symmetry  at x=−
b
2a

This is given in yo ur f o rmula bo o klet

If there are two  x-intercepts then the axis o f symmetry go es thro ugh the midpo int o f them

The vertex lies o n the axis o f symmetry

It can be fo und by co mpleting the square

The x-co o rdinate is x=−
b
2a

The y-co o rdinate can be fo und using the GDC o r by calculating y when x=−
b
2a

If a is po sitive  then the vertex is the minimum po int

If a is negative  then the vertex is the maximum po int
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What  are t he equat ions of  a quadrat ic f unct ion?

f (x)=ax2+bx+c
This is the general f o rm

It clearly sho ws the y-intercept (0, c)

Yo u can �nd the axis o f symmetry by x=−
b
2a

This is given in the fo rmula bo o klet

f (x)=a (x−p) (x−q)

This is the f acto rised f o rm

It clearly sho ws the ro o ts (p, 0) & (q, 0)

Yo u can �nd the axis o f symmetry by x=
p+q
2

f (x)=a (x−h)
2+k

This is the vertex f o rm
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It clearly sho ws the vertex (h, k)

The axis o f symmetry is therefo re x=h
It clearly sho ws ho w the functio n can be transfo rmed fro m the graph y=x2

Vertical stretch by scale facto r  a

Translatio n by vecto r 

⎛
⎜
⎜
⎜

⎝

h
k

⎞
⎟
⎟
⎟

⎠

How do I �nd an equat ion of  a quadrat ic?

If yo u have the ro o ts x = p and x = q...

Write in f acto rised f o rm y=a (x−p) (x−q)

Yo u will need a third po int to  �nd the value o f a

If yo u have the vertex (h, k) then...

Write in vertex f o rm y=a (x−h)
2+k

Yo u will need a seco nd po int to  �nd the value o f a

If yo u have three rando m po ints  (x , y ), (x , y ) & (x , y ) then...

Write in the general f o rmy=ax2+bx+c
Substitute the three po ints into  the equatio n

Fo rm and so lve a system o f three linear equatio ns to  �nd the values o f a, b & c

Exam T ip

Use yo ur GDC to  �nd the ro o ts and the turning po int o f a quadratic functio n

Yo u do  no t need to  facto rise o r co mplete the square

It is go o d exam technique to  sketch the graph fro m yo ur GDC as part o f yo ur wo rking

1 1 2 2 3 3
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Worked example

The diagram belo w sho ws the graph o f y= f (x) , where f (x) is a quadratic functio n.

The intercept with the y -axis and the vertex have been labelled.

Write do wn an expressio n fo r y= f (x) .
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2.2.2 Factorising & Completing the Square

Factorising Quadratics

Why is f act orising  quadrat ics usef ul?

Facto rising gives ro o ts (z ero es o r so lutio ns) o f a quadratic

It gives the x-intercepts  when drawing the graph

How do I f act orise a m onic quadrat ic of  t he f orm  x + bx + c?

A mo nic quadratic is a quadratic where the co e�cient o f the x  term is 1

Yo u might be able to  spo t the facto rs by inspectio n

Especially if c is a prime number

Otherwise �nd two  numbers m and n ..

A sum equal to  b

p+q=b
A pro duct equal to  c

pq=c
Rewrite bx as mx + nx

Use this to  facto rise x + mx + nx + c

A sho rtcut is to  write:

(x+p) (x+q)

How do I f act orise a non-m onic quadrat ic of  t he f orm  ax + bx + c?

A no n-mo nic quadratic is a quadratic where the co e�cient o f the x  term is no t equal to  1

If a, b & c have a co mmo n facto r then �rst facto rise that o ut to  leave a quadratic with co e�cients

that have no  co mmo n f acto rs

Yo u might be able to  spo t the facto rs by inspectio n

Especially if a and/o r c are prime numbers

Otherwise �nd two  numbers m and n ..

A sum equal to  b

m+n=b
A pro duct equal to  ac

mn=ac
Rewrite bx as mx + nx

Use this to  facto rise ax + mx + nx + c

A sho rtcut is to  write:

(ax+m) (ax+n)

a

2

2

2

2

2

2
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Then facto rise co mmo n facto rs fro m numerato r to  cancel with the a o n the deno minato r

How do I use t he di�erence of  t wo squares t o f act orise a quadrat ic of  t he f orm  a x

- c ?

The di�erence o f  two  squares  can be used when...

There is no  x term

The co nstant term is a negative

Square ro o t the two  terms a2x2  and c2
The two  facto rs are the sum o f  square ro o ts  and the di�erence o f  the square ro o ts

A sho rtcut is to  write:

( )ax+c ( )ax−c

Exam T ip

Yo u can deduce the facto rs o f a quadratic functio n by using yo ur GDC to  �nd the so lutio ns

o f a quadratic equatio n

Using yo ur GDC, the quadratic equatio n     has so lutio ns     and  

Therefo re the facto rs wo uld be     and  

i.e.  

2 2

2

a)

b)

Worked example

Facto rise fully:

x2−7x+12.

4x2+4x−15.
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c) 18−50x2 .
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Completing the Square

Why is com plet ing  t he square f or quadrat ics usef ul?

Co mpleting the square gives the maximum/minimum o f a quadratic functio n

This can be used to  de�ne the range  o f the functio n

It gives the vertex when drawing the graph

It can be used to  so lve quadratic equatio ns

It can be used to  derive the quadratic f o rmula

How do I com plet e t he square f or a m onic quadrat ic of  t he f orm  x + bx + c?

Half  the value o f  b and write 
⎛
⎜
⎜

⎝
x+

b
2

⎞
⎟
⎟

⎠

2

This is because 
⎛
⎜
⎜

⎝
x+

b
2

⎞
⎟
⎟

⎠

2
=x2+bx+

b2
4

Subtract the unwanted 
b2
4  term and add o n the co nstant c

⎛
⎜
⎜

⎝
x+

b
2

⎞
⎟
⎟

⎠

2
−

b2
4 +c

How do I com plet e t he square f or a non-m onic quadrat ic of  t he f orm  ax + bx + c?

Facto rise o ut the a fro m the terms invo lving x

a
⎛
⎜
⎜

⎝
x2+

b
a x

⎞
⎟
⎟

⎠
+x

Leaving the c alo ne will avo id wo rking with lo ts o f  f ractio ns

Co mplete the square  o n the quadratic term

Half
b
a  and write 

⎛
⎜
⎜

⎝
x+

b
2a

⎞
⎟
⎟

⎠

2

This is because 
⎛
⎜
⎜

⎝
x+

b
2a

⎞
⎟
⎟

⎠

2
=x2+

b
a x+

b2

4a2

Subtract the unwanted 
b2

4a2  term

Multiply by a and add the co nstant c

a
⎡
⎢
⎣

⎛
⎜
⎜

⎝
x+

b
2a

⎞
⎟
⎟

⎠

2
−

b2

4a2
⎤
⎥
⎦
+c

2

2

a
⎛
⎜
⎜

⎝
x+

b
2a

⎞
⎟
⎟

⎠

2
−

b2
4a +c

Exam T ip

So me questio ns may no t use the phrase "co mpleting the square" so  ensure yo u can

reco gnise a quadratic expressio n o r equatio n written in this fo rm
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a)

b)

Worked example

Co mplete the square:

x2−8x+3.

3x2+12x−5.
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2.2.3 Solving Quadratics

Solving Quadratic Equations

How do I decide t he best  m et hod t o solve a quadrat ic equat ion?

A quadratic equatio n is o f the fo rm ax2+bx+c=0
If it is a calculato r paper then use yo ur GDC to  so lve the quadratic

If it is a no n-calculato r paper then...

yo u can always use the quadratic f o rmula

yo u can f acto rise  if it can be facto rised with integers

yo u can always co mplete the square

How do I solve a quadrat ic equat ion by t he quadrat ic f orm ula?

If necessary rewrite  in the fo rm ax2+bx+c=0
Clearly identif y  the values o f a, b & c

Substitute  the values into  the fo rmula

x=
−b± b2−4ac

2a
This is given in the f o rmula bo o klet

Simplif y  the so lutio ns as much as po ssible

How do I solve a quadrat ic equat ion by f act orising ?

Facto rise  to  rewrite the quadratic equatio n in the fo rm a (x−p) (x−q)=0
Set each facto r to  z ero  and so lve

x−p=0⇒x=p
x−q=0⇒x=q

How do I solve a quadrat ic equat ion by com plet ing  t he square?

Co mplete the square  to  rewrite the quadratic equatio n in the fo rm a ( )x−h 2+k=0
Get the squared term by itself

( )x−h 2=−
k
a

If 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
−
k
a  is negative  then there will be no  so lutio ns
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If 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠
−
k
a  is po sitive  then there will be two  values  fo r x−h

x−h= ± −
k
a

So lve  fo r x

x=h± −
k
a

Exam T ip

When using the quadratic fo rmula with awkward values o r fractio ns yo u may �nd it easier to

deal with the "  " (discriminant ) �rst

This can help avo id numerical and negative erro rs, impro ving accuracy

a)

b)

c)

Worked example

So lve the equatio ns:

4x2+4x−15=0.

3x2+12x−5=0.

7−3x−5x2=0.
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2.2.4 Quadratic Inequalities

Quadratic Inequalities

What  a�ect s t he inequalit y sig n when rearrang ing  a quadrat ic inequalit y?

The inequality sign is unchanged  by...

Adding/subtracting a term to  bo th sides

Multiplying/dividing bo th sides by a po sitive term

The inequality sign �ips  (< changes to  >) when...

Multiplying/dividing bo th sides by a negative term

How do I solve a quadrat ic inequalit y?

ST EP 1: Rearrange  the inequality into  quadratic fo rm with a po sitive squared term

ax + bx + c > 0

ax + bx + c ≥ 0

ax + bx + c < 0

ax + bx + c ≤ 0

ST EP 2: Find the ro o ts  o f the quadratic equatio n

So lve ax + bx + c = 0 to  get x  and x  where x  < x

ST EP 3: Sketch a graph o f the quadratic and label the ro o ts

As the squared term is po sitive it will be co ncave up  so  "U" shaped

ST EP 4 : Identif y  the regio n that satis�es the inequality

If yo u want the graph to  be abo ve the x-axis  then cho o se the regio n to  be the two  intervals

o utside  o f the two  ro o ts

If yo u want the graph to  be belo w the x-axis  then cho o se the regio n to  be the interval

between the two  ro o ts

Fo r ax + bx + c > 0

The so lutio n is x < x  o r x > x

Fo r ax + bx + c ≥ 0

The so lutio n is x ≤ x  o r x ≥ x

Fo r ax + bx + c < 0

The so lutio n is x < x < x

Fo r ax + bx + c ≤ 0

The so lutio n is x ≤ x ≤ x

How do I solve a quadrat ic inequalit y of  t he f orm  (x - h)  < n or (x - h)  > n?

The safest way is by fo llo wing the steps abo ve

Expand and rearrange

A co mmo n mistake  is writing x−h< ± n  o r x−h> ± n

2

2

2

2

2
1 2 1 2

2

1 2

2

1 2

2

1 2

2

1 2

2 2
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This is NOT  co rrect !

The co rrect so lutio n to  (x - h)  < n is









x−h < n  which can be written as − n <x−h< n
The �nal so lutio n is h− n <x<h+ n

The co rrect so lutio n to  (x - h)  > n is









x−h > n  which can be written as x−h<− n  o r x−h> n
The �nal so lutio n is x<h− n o r x>h+ n

Exam T ip

It is easiest to  sketch the graph o f a quadratic when it has a po sitive     term, so  rearrange

�rst if necessary

Use yo ur GDC to  help select the co rrect regio n(s) fo r the inequality

So me makes/mo dels o f GDC may have the ability to  so lve inequalities directly

Ho wever unco nventio nal no tatio n may be used to  display the answer (e.g. 

 rather than  )

The safest metho d is to  always  sketch the graph

2

2
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Worked example

Find the set o f values which satisfy 3x2+2x−6>x2+4x−2.
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2.2.5 Discriminants

Discriminants

What  is t he discrim inant  of  a quadrat ic f unct ion?

The discriminant o f a quadratic is deno ted by the Greek letter Δ (upper case delta)

Fo r the quadratic functio n the discriminant is given by

Δ=b2−4ac
This is given in the f o rmula bo o klet

The discriminant is the expressio n that is square ro o ted in the quadratic f o rmula

How does t he discrim inant  of  a quadrat ic f unct ion a�ect  it s g raph and root s?

If Δ > 0 then b2−4ac  and − b2−4ac  are two  distinct values

The equatio n ax2+bx+c=0  has two  distinct real so lutio ns

The graph o f y=ax2+bx+c  has two  distinct real ro o ts

This means the graph cro sses  the x-axis twice

If Δ = 0 then b2−4ac  and − b2−4ac  are bo th z ero

The equatio n ax2+bx+c=0  has o ne repeated real so lutio n

The graph o f y=ax2+bx+c  has o ne repeated real ro o t

This means the graph to uches  the x-axis at exactly o ne po int

This means that the x-axis  is a tangent  to  the graph

If Δ < 0 then b2−4ac  and − b2−4ac  are bo th unde�ned

The equatio n ax2+bx+c=0  has no  real so lutio ns

The graph o f y=ax2+bx+c  has no  real ro o ts

This means the graph never to uches the x-axis

This means that graph is who lly abo ve (o r belo w) the x-axis
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Form ing  equat ions and inequalit ies using  t he discrim inant

Often at least o ne o f the co e�cients o f a quadratic is unkno wn

Questio ns usually use the letter k fo r the unkno wn co nstant

Yo u will be given a fact abo ut the quadratic such as:

The number o f  so lutio ns  o f the equatio n

The number o f  ro o ts  o f the graph

To  �nd the value o r range o f  values  o f k

Find an expressio n f o r the discriminant

Use Δ=b2−4ac
Decide whether Δ > 0, Δ = 0 o r Δ < 0

If the questio n says there are real ro o ts  but do es no t specify ho w many then use Δ ≥ 0

So lve  the resulting equatio n o r inequality
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Exam T ip

Questio ns will rarely use the wo rd discriminant so  it is impo rtant to  reco gnise when its use is

required

Lo o k fo r

a number o f ro o ts o r so lutio ns being stated

whether and/o r ho w o ften the graph o f a quadratic functio n intercepts the -axis

Be careful setting up inequalities that co ncern "two  real ro o ts" ( ) as o ppo sed to  "two

real distinct ro o ts" ( )

a)

b)

Worked example

A functio n is given by f (x)=2kx2+kx−k+2 , where k is a co nstant. The graph o f 

y= f (x) has two  distinct real ro o ts.

Sho w that 9k2−16k>0.

Hence �nd the set o f po ssible values o f k .
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