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Language of Functions
Whatisamapping?

= Amappingtransforms one setofvalues (inputs)into anotherset of values (outputs)
= Mappings canbe:
= One-to-one
= Fachinput gets mapped to exactly one unique output
= No two inputs are mapped to the same output
= Forexample:Amapping that cubes the input
= Many-to-one
= Fachinput gets mapped to exactly one output
= Multiple inputs canbe mapped to the same output
= Forexample: Amapping that squares the input
= One-to-many
= Aninput canbe mapped to more thanone output
= No two inputs are mapped to the same output
= Forexample:Amapping that gives the numbers whichwhen squared equal the input
= Many-to-many
= Aninput canbe mapped to more thanone output
= Multiple inputs canbe mapped to the same output
= Forexample:Amapping that gives the factors of the input

Whatis afunction?

= Afunctionis amappingbetweentwo sets of numbers where eachinput gets mapped to exactly
one output
= The outputdoesnotneedto beunique

= One-to-one and many-to-one mappings are functions
= Amappingis afunctionifits graph passes the verticalline test
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= Anyverticalline willintersect with the graphat most once

What notationisused forfunctions?

= Functions are denoted usingletters (suchas f, vV, &, etc)
= Afunctionis followed byavariable inabracket
= This shows the input forthe function
» Theletter fisused mostcommo nly forfunctions and will be used forthe remainderof this
revisionnote
= f(X) represents anexpressionforthe value of the function £ whenevaluated forthe variable X
= Functionnotationgetsrid of the need forwords which makes it universal

» f=5whenx=2 cansimplybe written as f(2) =5
What arethedomainandrange of afunction?

= Thedomainofafunctionis the set of values that are used as inputs
= Adomainshould be stated withafunction
= |[fadomainisnotstated thenitis assumed the domainis all the real values whichwould work
as inputs forthe function
= Domains are expressed interms of the input
» x<2
= Therange of afunctionis the setofvalues thatare givenas outputs
= Therange depends onthe domain
= Ranges are expressed interms of the output
- fx)20
= To graphafunctionwe use the inputs as the x-coordinates and the outputs as the y-
coordinates

] l‘(z) =5 cormresponds to the coordinates (2,5)
= Graphingthe functioncanhelpyouvisualise the range
= Commonsets of numbers have special symbols:

* R represents allthe real numbers that can be placed onanumberline
= X € R means Xis arealnumber
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a
= Q represents all the rational numbers —~where aand bare integers and b#0

b

w 7 represents allthe integers (positive, negative and zero)
= 7t represents positive integers

= N represents the natural numbers (0,1,2,3...)

O Exam Tip

= Questions mayreferto "the largest possible domain”
= Thiswould usuallybe X € R unless natural numbers, integers orquotients has already
beenstated
= There are usuallysome exceptions
* e.g. X >0 forfunctionsinvolvingasquare root(so the function canbe 1-to-land
have aninverse)

» e.g. X %2 forareciprocal functionwith denominator x-2
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@ Worked example
Forthe function Ax)=x3+1, 2<x<10:
a)  write downthevalue of (7).
Substitute o =
F) - ¥+

f#): 3uk

b)  findtherangeof f(X).
Find the values of 2341 ‘when 2¢x<10
Lsx <10

x* <000

x*+l <1001

f(x) <1001

"

L)

b
9
9

“n

Piecewise Functions
What are piecewise functions?

= Piecewise functions are defined bydifferent functions dependingonwhichinterval the inputis

in
x+1 x<5
" Fo f(x)_{Zx—4 5<x<10

= Theregionfortheindividual functions cannot overlap
= To evaluate apiecewise functionforaparticularvalue x=k
= Find whichintervalincludes kK

= Substitute X = Kinto the corresponding function
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Forthe piecewise function

f(X)={
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-10<x<10
x>10

2x-=5
3x+1

a) find the values of l‘(()), f(l()), f(ZO).

|dentity the
x:0 is in
x=0 is n
X0 is in

f(0): -5

b) state the domain.

Domain s
-10¢ x 1D

x>-10

orect function o wse

-l0¢x¢ld > flo):2(0)-5 =-5
-I0ex<l0 > fao) - 2(w)-5 =15
x>0 ® f(o): 3()+\ = 6]

fo) = 15 “f(20) =6l

the et of inputs

and  x >10
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2.2.2 Graphing Functions

Graphing Functions

Howdolgraphthe function y= f(x)?

= Apoint (3, b) lies onthe graph Yy = f(X) if f(a) =b

= The horizontal axis is used forthe domain

= Thevertical axis is used forthe range

= Youwillbe able to graph some functions byhand

= Forsome functions youwillneed to use yourGDC

= Youmight be asked to graphthe sumordifference of two functions
= UseyourGDCtograph Yy = f(X) +g(X) or y= f(X) —g(X)

= Justtype the functions into the graphingmode
Whatis the differencebetween “draw” and “sketch”?

= [faskedto sketchyoushould:
= Showthe generalshape
= |labelanykeypoints suchas theintersections with the axes
= |abelthe axes
= [faskedto drawyoushould:
= Useapencilandruler
= Drawto scale
= Plotanypoints accurately
= Joinpoints with astraightline orsmoothcurve
= |abelanykeypoints suchas the intersections with the axes
= |abelthe axes

HowcanmyGDChelp me sketch/drawagraph?

= YouuseyourGDC to plotthe graph

= Checkthe scales onthe graphto make sure yousee the full shape
= UseyourGDC to find anykeypoints
= UseyourGDC to checkspecific points to helpyouplotthe graph
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KeyFeatures of Graphs
What arethekeyfeaturesof graphs?

= Youshould be familiarwith the following keyfeatures and know how to use your GDC to find them
= |ocal minimums/maximums
= These are points where the graph has a minimum/maximum forasmallregion
= Theyare also called turningpoints
= Thisis where the graph changes its directionbetweenupwards and downwards
directions
= Agraphcanhave multiple local minimums/maximums
= Alocal minimum/maximumis not necessarily the minimum/maximum of the whole graph
= This would be called the global minimum/maximum
= Forquadratic graphs the minimum/maximumis called the vertex
= |ntercepts
= y-intercepts are where the graph crosses the y~axis
= Atthese points x=0
= x-intercepts are where the graph crosses the x-axis
= Atthesepoints y=0
= These points are also called the zeros of the functionorroots of the equation
= Symmetry
= Some graphs have lines of symmetry
= Aquadratic willhave avertical line of symmetry
= Asymptotes
= These arelines whichthe graphwillget closerto butnotcross
= These canbehorizontal orvertical
= Exponential graphs have horizontal asymptotes
= Graphs of variables which varyinversely can have vertical and horizontal asymptotes
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O ExamTip

= Most GDC makes/models willnot plot/show asymptotes just frominputtingafunction

= Addthe asymptotes as additional graphs foryourGDC to plot

= Youcanthencheckthe equations of yourasymptotes visually

= Youmayhave tozoominorchange the viewingwindow options to confirmanasymptote
= Evenifusingyour GDC to plot graphs and solve problems sketchingthem as part of your

workingis good examtechnique
= lLabelthe keyfeatures of the graph and anything else relevant to the questiononyour
sketch
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@ Worked example

Two functions are defined by

1
x+1

fx)=x2—4x-5and g(x)=2+
a)

Draw the graph Yy = f(X)

Draw means occura‘relg

Use GDC to find vertex roots and y-intercepts
Vertex = (2,-9)

Roots = (-1,0) and (5,0)

y-infercept = (0,-5)

b) Sketchthe graph y=g(X).
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dketch means rough but showing key points

Use GDC 4o find x and 3-m’rercep+s and asymptotes
X-infercept - (‘%, 0)

tj—'m’fer(ep’r = (0,3)

Asamp’rofeb i x:-] and 3:1

1Y
\es
\
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Intersecting Graphs
Howdo | find where two graphsintersect?

= Plotbothgraphs onyourGDC
= Usetheintersectfunctionto find theintersections
= Checkifthereis more thanone pointofintersection

Howcanlusegraphstosolve equations?

= Onemethodto solve equationsis to use graphs
To solve f(X) =a
= Plotthetwo graphs Yy = f(X) and Y= aonyourGDC

= Find the points of intersections
= The x-coordinates are the solutions of the equation

To solve f(X) =g(X)
= Plotthetwo graphs Yy = f(X) and Y= g(X) onyourGDC
= Find the points of intersections

= The x-coordinates are the solutions of the equation
= Using graphs makesiteasierto see how many solutions an equationwill have
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= Youcanuse graphs to solve equations
= Questions willnotnecessarilyask foradrawing/sketch ormake reference to graphs
= UseyourGDC to plotthe equations and find the intersections betweenthe graphs

@ Worked example

Two functions are defined by

flx)=x3—xand g(x)= %

a) Sketchthe graph Yy = f(X)

Use GDC o find max , min , intercepts

(-0.533, 0:385)

b) Write down the numberofreal solutions to the equation x3—-x=2.

\dea’r‘n(a the number of infersections befuoeen
%:13-ar. and kyl

2
=X -
Y

\6:1
1 idersection

-0.335

1 solution

c) Find the coordinates of the points where Y = f(X) and y=g(X) intersect.
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Use GDC 4o skerch both graphs

(-1.60,-2.50) and (1602.50)

4

Write down the solutions to the equation x3—x=—.
X

Solitions o 13-35% are the x wordiaates of
the  poink  of iffersection

x = ~1b0 and” x=l.bp
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2.2.3Properties of Graphs

Quadratic Functions & Graphs

What arethe keyfeatures of quadraticgraphs?

Aquadratic graphis of the form y = ax?+ bx + cwhere a=0.
The value of aaffects the shape of the curve
= [f ais positive the shapeis U
= |f ais negative the shape s N
The y-interceptis atthe point (O, ¢)
The zeros orroots are the solutionsto ax? + bx+ c=0
= These canbe foundusingyourGDC orthe quadratic formula

= These are also called the x-intercepts
= Therecanbe O,1or2 x-intercepts

b
2a

Thereis anaxis of symmetry at X = —
= Thisis giveninyourformulabooklet
= |fthere are two x-intercepts then the axis of symmetrygoes throughthe midpoint of them

The vertexlies onthe axis of symmetry

b
= The x-coordinateis — 7
2a
b
= The y-coordinate canbe found using the GDC orbycalculating ywhen X = — Z

If ais positive thenthe vertexis the minimum point
If ais negative thenthe vertexis the maximum point
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O Exam Tip

= UseyourGDC to find theroots and the turning point of a quadratic function
= Youdonotneedto factorise orcomplete the square
= |tis good examtechnique to sketchthe graphfromyourGDC as part of yourworking
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@ Worked example
a) Write down the equation of the axis of symmetryforthe graph Yy = 4x2 —4x — 3

Axis of symmetry of the
graph of a quadratic f(x)=ax’ +bx+c = axis of symmetry is x =——
a

FOfmula bOOk‘ef function
o=k b=-4% (¢=-3
4

T

[
X2
b) Sketchthe graph _y=4X2 —4x-3.

Use GDC 1o find vertex  roots and y-intercepts

Vertex = (g, -%)
Roots = (-2,0)  ond* (5,0)

lj-ir\fercepf = (0,-3 )

\3—. Loyt -l -3

3.0)
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Cubic Functions & Graphs

What arethe keyfeatures of cubicgraphs?

= Acubic graphis of the form y = ax3 + bx? + cx + dwhere a#0.
The value of aaffects the shape of the curve

= |f ais positive the graphgoesfrombottomleft to top right

= |f ais negative the graphgoes fromtop left to bottomright
The y~interceptis atthe point (0O, d)

= Thezerosorrootsarethe solutionsto ax> + bx2+cx+d=0
= These canbe found usingyourGDC
= These are also called the x-intercepts
= Therecanbel,2or3 x-intercepts
= Thereis always atleast]
There are either O or 2 lo cal minimums /maximums
= |fthere are O thenthe curve is monotonic (always increasing oralways decreasing)
= |fthere are 2thenoneis alocalminimum and one is alocal maximum

O ExamTip

= UseyourGDC to find theroots, the local maximumand local minimum of a cubic function
= Whendrawing/sketchingthe graph of a cubic functionbe sure to label all the keyfeatures
= X and Y axes intercepts
= thelocalmaximum point
= thelocalminimumpoint
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@ Worked example

Sketchthe graph ¥y =2x3 —6x2+x —3.

Use GDC fo find min,max, roots and y-infercept
Min = (1.03,-9.043)  Max = (0.0%%, -2.95%)
Rt = (3,0)

y-intercept (0,-3)

3 - |

)

y: 23-bx+x -3

VIR

(oS,

(vai3,-9.013)
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Exponential Functions & Graphs

What arethe keyfeatures of exponentialgraphs?

= Anexponential graphis of the form

= y=ka*+cor y=ka X+ cwhere a>0
= y=keX+c
= Where eis the mathematicalconstant 2.718...
The y-interceptis atthe point (0, k+¢)
Thereis ahorizontalasymptoteaty=c
The value of kdetermines whetherthe graphis above orbelow the asymptote
= |f kis positive the graphis above the asymptote
= Sotherangeis y > C
= |f kis negative the graphis below the asymptote
* Sotherangeis y<cC
The coefficient of xand the constant kdetermine whetherthe graphis increasing or decreasing
= |fthe coefficientof xand khave the same signthengraphis increasing
= |fthe coefficientof xand khave different signs thenthe graphis decreasing
Thereis atmostl1root
= |tcanbe foundusingyourGDC

O Exam Tip

= Youmayhave to change the viewingwindow settings onyour GDC to make asymptotes clear
= Asmallscale canmakeitlookas thoughthe curve and anasymptote intercept
= Be carefulabouthow two exponential graphs drawn onthe same axes look

= Particularlywhichoneis "ontop" eitherside of the y-axis
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@ Worked example

@ Onthesamesetofaxes sketchthe graphs ¥ =2X and y = 3X. Clearlylabeleachgraph.

b) Sketchthe graph y=2€ 3%+ 1.
Ue GDC o find iatercept and asympiote
y-intercept = (0,3)
As\dmpﬁ)’ref '3’-|

(0,3)

"

Y \
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Sinusoidal Functions & Graphs
What arethe keyfeatures of sinusoidalgraphs?

= Asinusoidalgraphis of the form
- y=asin(b(x—c)+d
« y=acos(b(x—c))+d
= The y-interceptis atthe pointwhere x=0
= (0,-asin(bo) + o) for y=asin(b(x — c)) + d
= (0,acos(ba) +a)for y=acos(b(x—c)) +d
= The period of the graphis the lengthof the interval of afullcycle

360° 2m

(indegrees)or ——
b g

b
= The maximumvalueis y=a+d
= The minimumvalueis y=-a+d
= The principal axis is the horizontal line halfway between the maximum and minimum values
= Thisis y=d
= The amplitudeis the vertical distance from the principal axis to the maximum value
= Thisisa
= The phase shiftis the horizontal distance fromits usual position
= Thisisc

= Thisis

O ExamTip

= Make sure yourangle settingisinthe correctmode (degrees orradians) atthe startofa
guestioninvolving sinusoidal functions
= Paycarefulattentionto the angles betweenwhichyouare required to use ordraw/sketcha
sinusoidal graph
= eg. 0°<x<360°

Page 21 of 22
For more help visit our website www.exampaperspractice.co.uk



E=l

Exam Papers Practice

@ Worked example
a) Sketchthe graph y = 3sin(2(x° - 15°)) + 1 forthevalues 0 < x<360.

Use GDC to find max and min

(60,4) (240,%)

\5: Fgin(L(x-157)+

i 0 sol-l) (330,-2)

b) State the equation of the principal axis of the curve.
Pr‘mc\pa\ axis is in middle oF maximum and minimum
Po'\m‘S

b + "2

PR
y=!

c) State the period and amplitude.

Period is how often it repeats

360
= T
Period = 190°

Ampli’rude is distance from principal axis fo maximum

or minimum
b= =1-7233
Amp\ﬁude =3
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