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Angular Displacement, Velocity & Acceleration

* Arigidrotating body can be described using the following properties:
o Angulardisplacement
o Angularvelocity
e Angularacceleration

* These properties can be inferred from the properties of objects movingin a straight line
combined with the geometry of circles and arcs

Angular Displacement
¢ Angulardisplacementis defined as:
The change in angle through which arigid body has rotated relative to a fixed point
* Angulardisplacementis measuredinradians

Angular displacement tolinear displacement

¢ Thelineardisplacement s atany pointalong a segment thatis in rotation can be calculated
using:

§ =10

* Where:
o f=angulardisplacement, orchangein angle(radians)
o s=length of the arc, orthelineardistance travelled along a circular path (m)
o r=radius of acircular path, ordistance from the axis of rotation (m)

gl e - | " X, DIRECTION O
i S ROTATION
; .
j RADIUST . /
[AXIS OF ROTATIONS—~_
1

¥ RADIUS r

ARC LENGTH s

Anangleinradians, subtended at the centre of acircle, is thearc length divided by the radius
of thecircle

Angular Velocity

¢ Theangularvelocity w of a rigidrotating body is defined as:
Therate of changein angular displacement withrespect to time

+ Angularvelocityis measuredinrads™

Page 1 of 51
For more help, please visit www.exampaperspractice.co.uk




=

EXAM PAPERS PRACTICE

» This canbe expressedas an equation:

A0
N
* Where:
o w=angularvelocity (rads™)

o A@=angulardisplacement(rad)
o At=changeintime(s)

Angular velocity tolinear velocity
» Thelinearspeedvisrelatedtothe angularspeed m by the equation:
V=10

* Where:
o v=linearspeed(ms™)
o r=distance from the axis of rotation (m)

« Takingthe angulardisplacement of a complete cycleas 2m, angularvelocity @can also be

expressedas:
v ;! 2T
_— T = T[ e
@ r g
» Rearranging gives the expression forlinear speed:
- 2nr
v T T

» Where:
o f=frequency of therotation (Hz)
o T=time period of therotation (s)

Angular Acceleration

» Angularacceleration «is definedas
Therate of change of angular velocity with time

« Angularacceleration is measuredin rad s 2
» This canbe expressedas an equation:

Aw
a=—F"
t
* Where:
o a=angularacceleration (rads)

o A®=changeinangularvelocity,orAw = @, — a)‘,(rads”)

'3
o Atf=changeintime(s)
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Angular acceleration tolinear acceleration

« Using the definition of angularvelocity @with the equation for angular acceleration « gives:

* Rearranging gives the expression for linear acceleration:
a=r

* Where:
o a=linearacceleration(ms2)
o r=distance from the axis of rotation (m)
o Av=changeinlinearvelocity,or Av = v — u(ms™)

@ Exam Tip

*  Whilethereare many similarities between the angularguantities usedin this topic
andthe angular quantities usedin the circularmotion topic, make sure you are clear
on the distinctions between the two, for example, angular acceleration and
centripetal acceleration are not the same thing!
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Graphs of Rotational Motion
Graphs of rotational motion can be interpreted in the same way as linear

motion graphs
_ab _
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ANGULAR 6/
DISPLACEMENT
i TIME t
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WEE BT ' ' GRADIENT = 22 — ¢
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Graphs of angular displacement, angular velocity and angular acceleration

« Angulardisplacement, @ is equal to...
o The areaunderthe angularvelocity-time graph

* Angularvelocity, @ is equalto...
o Thegradient of the angular displacement-time graph
o Theareaundertheangularacceleration-time graph

* Angularacceleration, ¢ is equalto...
o The gradient of the angular velocity-time graph

Summary of linear and angular variables

Variable Linear Angular
i S
displacement s =16 0= —
T
, v
velocity V=Tro 0= —
'3
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Equations for Uniform Angular Acceleration

* Thekinematic equations of motion foruniform linearacceleration can also be re-written for
rotationalmotion

* Thefourkinematic equations foruniformlinear acceleration are

v=u-+tat
=g+ 1 2
s=u 54

¥ =gE+ 288

_ (u+ V)t

g /)

e This leads to the fourkinematic equations foruniform rotational acceleration

w, = w t+ a

2 ]
I}
Ag = a.t+ Eat‘?
co22 = co12 + 2aA0
(co + a))r
1 2
AG = 3

« Thefivelinearvariables have been swapped for the rotational equivalents, as showninthe
table below

Variable Linear Rotational
displacement S 0
initial velocity u o]
final velocity v 7]
acceleration a o

time t t
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9 Worked Example

@]
The turntable of arecord player is spinning at an angularvelocity of 45 RPM just

beforeitis turned off. It then decelerates at a constantrate of 0.8 rad s™2.

Determine the number of rotations the turntable completes beforecoming to a
stop.

Answer:
Step1: List the known quantities

 |nitialangular velocity, @, =45RPM

* Finalangularvelocity, @, = 0
 Angularacceleration, a = -0.8rads™2
* Angulardisplacement, A@ =?

Step 2: Convert the angular velocity fromRPMtorads™

¢ Onerevolution corresponds to 2mradians, and RPM =revolutions per minute,
SO

@w=2nfandf = (to convertto seconds)

60

_ 2mXRPM _ 2mx45 _ 3m . _
1~ 60 DD

1

(0]

Step 3: Select the most appropriate kinematic equation

*« Weknow thevalues of @ , 0, and ¢,andwe arelooking forangular

displacement 8, so the best equation to use would be

m22 3 m]2 + 2alA0

Step 4: Rearrange and calculate the angulardisplacement A @
0= a)13 + 2aA@
—2aA8 = mlz

32
CzJ12 ~ g

A=y~ 2x-0s8

Angular displacement, A8 =13.88 rad
Step 5: Determine the number of rotations in A 0

* There are 2mradiansinTrotation
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13.88
o =22

¢ This means the turntable spins 2.2 times before comingto a stop

e Therefore, the number of rotations =

Page 8 of 51
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Torque

* Thechangeinrotationalmotion duetoaturningforceis called torque
* Thetorqueof aforce Fabout an axis is given by

r=FIr

« Where:
o T=torque(Nm)
o F=appliedforce(N)
o r=perpendiculardistance between the axis of rotation and theline of action of the
force (m)

Torque of a perpendicular force

AXIS OF
ROTATION

I
[
I
I
I
I
I
I

|
|
-CHAIN RING |
| CCYCLE PEDAL
i
1

The torque appliedby a cyclist on a bicycle pedal can be determined using the magnitude of
the appliedforce, fromthe cyclist, and the distance between theline of action of the force
and the axis of rotation, the length of thecrankarmr

Torque of aCouple

» When appliedto a couple (2 forces), torque can be described as
The sum of the moments produced by each of the forces inthe couple

Torque of acouple on asteering wheel
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VF

The steering wheel is in rotational equilibrium since the resultant force andresultant torque
arezero. This means it does not have linear or angular acceleration.

* Forexample, the torque provided by a couple on a steeringwheel of radius ris
r=(Fxr+{(Fxr =2Fr

» Therefore, the torque of a coupleis equal to double the magnitude of the torque of the
individualforces
* Theforces are equalandactin opposite directions
o Therefore, couples produce a resultant force of zero

* DuetoNewton’s Secondlaw (F =ma), the steering wheel does not accelerate
o Inotherwords, when the force is applied, the steeringwheel rotates with a constant
angularspeedbutremainsinthe samelocation
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9 Worked Example

A grinding wheel is used to sharpen the edges of pieces of woodin a school
workshop. A piece of wood is forced against the edge of the wheel so that the
tangential force on the wheelis a steady 12.0 N as the wheel rotates. The diameter
ofthewheelis 0.13m.

Calculate the torque on the grinding wheel, giving an appropriate unit
Answer:
Step 1: State the equation fortorque
T = Fr
Step 2: Calculate the perpendicular distance from the axis of rotation

¢ Thisis theradius of the wheel since therotation is from the centre of the wheel

]
r= —2— = 0.065m

Step 3: Substitute the values
7= 12.0 X 0.065 = 0.78

Step 4: State the appropriate unit
7= 0.78N'm
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(¢) ExamTip

-
The terminology in this section can get confusing. Forexample, amomentis nota

'turning force' - the turning force is only part of the moment, the momentis the
effect that the turning force has on the system when applied at a distance froma
turning point, or pivot.

This is often linked with content from the moments section of the course.
Ultimately, when you carry out calculations, make sure you can identify

* Themagnitude of the applied force
* The perpendiculardistance between the force and the turning point (along the
line of action)

When considering an objectin rotational equilibrium, choosing certain points can
simplify calculations of resultant torque. Remember you can choose any point, not
just the axis of rotation.

To simplify your calculation, choose a point where the torque of (most of) the forces
areunknown, orwhen you need to determine where the resultant torqueis zero. To
do this, choose a point through which the lines of action of the forces pass.
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Moment of Inertia

Inlinear motion, theresistance to a change of motion, i.e. linearacceleration, is known as
inertia

o Thelargerthe mass anobjecthas, the greaterits inertia
Inrotational motion, the distribution of mass around an axis must be considered, using
moments of inertia

o Thisis the rotational equivalent of mass
The moment of inertia of a rigid, extended body is defined as:

Theresistance to achange of rotational motion, depending onthe distribution of
mass around a chosen axis of rotation

Moment of inertia is measured in kgm?

The moment of inertia of a body corresponds to how ‘easy’ or 'hard' itis torotate, and thisis
dependent on many factors, including
o Thetotal mass(m)
o Howits massis distributed about the axis of rotation(r)
= Forexample, if a springboard diver jumps off a board and does a flip, they tuck
theirlegs closer to their chest. This decreases theirmoment of inertia, as more of
theirmass is distributed over a smaller distance. This makes it easier forthemto
rotate

The change inthe moment of inertia of adiver
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The distance from the axis of rotation changes as the diver curls up andstraightens out again

 This also means that the moment of inertia of a singular object can change dependingon
its orientation in relation to the chosen axis of rotation

« Forexample, the moment of inertia of a thin rod is different for each of the following
orientations:

o Rotation aboutits vertical axis

o Rotation aboutits centre of mass
o Rotation about one end

Different orientations of a thinrod have different moments of inertia

Page 14 of 51
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EASIEST TO ROTATE

HARDEST
TO ROTATE
i e [
R %
=
—>
It
MOMENT OF 1, 1 1
e P =il
INERTIA: Ll 72 Mk g

The moment of inertia of a body can change depending onits orientation relative to the axis
of rotation

« Thesearejusta few of the possible orientations of the axis of rotation for a thin rod
o Thereis aninfiniterange of possible axes, and therefore aninfinite possible set of
values forthe moments of inertia
o This also applies to nearly all rigid, extended objects that could be considered
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Calculating Moments of Inertia

The moment of inertia I of a point mass is equal to
I = mr?

Where:
o I =moment of inertia (kgm?)
o m=mass of the object (kqg)
o r=distancefromits axis of rotation(m)

The moment of inertia for an extended object about an axis is defined as the summation of
the mass x radius?forall the particles that make up the body

I= ) mP

This gives the totalmoment of inertia of the system

Page 16 of 51
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> Worked Example

Two solid spheres form a dumbbellwhen attached to each end of a thinrod. The
dumbbell rotates with the centre of mass of each sphere atadistanceof22cm
from the axis of rotation, as shown in the diagram.

Thethinrod has amass of 20 g. Each sphere has aradius of 4 cmand a mass of 750
g.
AXIS OF ROTATION

S

M

1
Moment of inertia of a thin rod aboutits centre = E mL?

2
Moment of inertia of a solid sphere = 3 mr?

Determine

(a)

the overall moment of inertia of the dumbbell arrangement

(b)

theratio of the moment of inertia of the thin rod to the overallmoment of inertia of
the dumbbell arrangement

Answer:

(a)

¢ Theoverallmoment of inertia of the dumbbell is the sum of allthe moments of
inertia in the arrangement

L 1
=] = — — 2
[= ) mP ZX(Smsphmﬂ)+ lzmmdL
* Where:

o Mass of asphere, msph'eﬂg =750g=0.75kg

o Distancefrom axis toeachsphere,r=22cm=0.22m
o Mass oftherod,mmd=209=0.02kg

o Lengthoftherod,L =2x(22-4)=36cm=0.36m
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. 1
I=2X (g x0.75 ><0.222) o (E ><0.02><0.362)

Moment of inertia of the dumbbell: =0.029 kgm?

(b)
¢« Themomentofinertia of thethinrodis
I =L><002><0362=216><10‘4k m?2
- 2 : . : g

» Therefore, theratiol ,/ Iis
rod

Loa  2.16 x 1074

= 0.0071
1 0.029
¢ This means the rod contributes about 0.7% of the overallmoment of inertia of
the dumbbell
@ ExamTip
w

You will never be expected to memorise the moments of inertia of different shapes,
they will always be given in an exam question where required
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Newton’s Second Law for Rotation

* Inlinearmotion, the forcerequiredto give an object a certain acceleration depends onits
mass

F = ma

« Thisis Newton's Second Law of linear motion, where:
o F=force(N)
o m=mass(kg)
o a=linearacceleration (ms=2)

« Inrotational motion, the torque required to give arotating object a certain angular
acceleration depends onits moment of inertia

7= Ia

s This is Newton's Second Law of rotational motion, where:
o 7=torque(Nm)
o I =moment of inertia (kgm?)
o ¢ =angularacceleration(rads=2)

s

AXIS OF i " POINT MASS
ROTATION
[ TORQUE
'_ T=Fr
i i’
!
LIGHT i ’ ANGULAR
(MASSLESST ! / ACCELERATION
ROD ' i F 2
= 2T
NEWTON'S NEWTON'S
SECOND LAW SECOND. LawW
F=ma FOR ROTATION
T=la

Newton's second law for rotating bodies is equivalent to Newton's secondlaw for linear
motion

¢ This equation comes from the fact that torqueis the rotational equivalent of force:
Force: F = ma
Torque: 7 = Fr

¢ Where:
o r=perpendiculardistance from the axis of rotation (m)

¢ Combining these equations gives:

7 = r(ma)
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« The moment of inertia of arotating body can be thought of as analogous to (the same as)
mass

o Theinertia of amass describes its ability to resist changes to linear motion, which is
referring tolinear acceleration

o Similarly, the moment of inertia of a mass describes its ability toresist changes to
rotational motion, which is referring to angular acceleration

a
Angularacceleration: a¢ = ?

Moment of inertia (point mass): I = mr?
* Usingthese equations with the equations forforce and torque leads to:
7 = {(mra)
= (mP)a

7= la

Comparison of linear and rotational variables in Newton's
Second Law

Linear variable Rotational variable
Force, F Torque, T
Mass, m Momentof inertia, /
Acceleration, a Angularacceleration, ¢
Newton's SecondLaw, F « a Newton's SecondlLaw, T o« &
F = ma t=la
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> Worked Example
@

Ablock of mass mis attached to a string that is wrapped around a cylindrical pulley
of mass M andradius R, as shownin the diagram.

1
The moment of inertia of the cylindrical pulley about its axis is 5 MR2.

When the blockis released, the pulley begins to turn as the block falls.
Write an expression for the acceleration of the block.
Answer:
Step 1: Identify the forces acting on the block
V S
— P | RoTATIONAL [T=Ta

MOTICN T=Fr=TR

M

Step 2: Apply Newton's second law to the motion of the block
F = ma
mg — T = ma eq.(1)
Step 3: Apply Newton's second law to the rotation of the pulley
7= la
TR = Iu
Step 4: Write the equation for the pulley in terms of accelerationa

» Theangularacceleration a of the pulleyis:
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_ 2
=R

» Substitute this into the previous equation:

TR = [~
=R

* Substitutein the expression forthe moment of inertia and simplify:

1
Moment of inertia of the cylinder: I = EM’R2

TR = iMR2 e
| E R

T=(Ltymreld =iy
=2 22—

1
T= EMH eq. (2)

Step 5: Substitute eq. (2)into eq. (1) and rearrange for accelerationa

L
mg — 5M3=ma

1 M
mg=ma+—Ma=a(m+—)

2 2
mg
Acceleration oftheblock: a = —M
+ e —
W
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Angular Momentum

= Angularmomentumis the rotational equivalent of linearmomentum, which is defined by
mass x velocity, or

p = mv
« Therefore, angularmomentum L is defined by
L =lIlw

¢ Where:
o L =angularmomentum (kg mZrads)
o I =moment of inertia (kg m?)
o @ =angularvelocity (rads™)

DIRECTION OF
ROTATION OF
THE WHEEL

L=lw

ANGULAR MOMENTUM
VECTOR

The angular momentum of a rotating wheel is the product of the moment of inertia and
angular velocity of the wheel

Angular Momentum of a Point Mass

« Themomentofinertia of a rotating point mass mwhichis adistance rfroman axis of
rotationis equal to

I = mr?

e Theangularvelocity of the point mass is given by

e
1]
~ | =

¢ Therefore, the angularmomentum of the point mass is equal to

Vv
L = Io = (m) x — = mvr

Page 23 of 51
For more help, please visit www.exampaperspractice.co.uk




9 Worked Example

0
Ahorizontalrigid baris pivoted atits centre so that itis free to rotate. Apoint particle

of mass 3Mis attached at one end of the bar and a containeris attached at the
otherend, both are at a distance of R from the central pivot.

A point particle of mass M moves with velocity v atright angles to therod as shown
inthe diagram.

AXIS

* CONTAINER

i v,’f[' M

3M

The particle collides with the container and stays within it as the system starts to
rotate about the vertical axis with angular velocity .

Themass of therod and the containerare negligible.

Write an expression for the angular momentum of the system about the vertical
axis:

(a)

just before the collision, interms of M, vandR
(b)

just afterthe collision, interms of M, Rand w.

Answer:

(a) Justbefore the collision:
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v
Axis\
)T (O)m
R !/ “\‘
i R i
* Angularmomentum, L is equalto:
L=lw

* The moment of inertia, | of a point particleis
I = mr

» Linearvelocity, mis related to angularvelocity by
vV = @r

¢ Therod, containerand 3M mass are all stationary before the collision, so we
only need to consider the angularmomentum of the point particle
* Where:
o Mass of the particle, m = M

o Distance of the particle fromthe axis,r = R

x| <

o Angularvelocity of the particle, @ =

» Therefore, the angularmomentum of the system before the collision is:

L=1+ow

v
L = (MR?) . — 2 MvR

(b) Afterthe collision:

» Thewhole systemrotates with an angular velocity of
* Therodandthe containeras massless, sowe onlyneed to consider the
angularmomentum of the twomasses M and 3M
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» Therefore, the angularmomentum of the system afterthe collision is:
L = Hiw)
L =(MR)w + (3MRY)w
L = 4MR?w

O ExamTip

-
You should know that objects travellingin straight lines canhave angular
momentum - just make sure you understand that it all depends on the position of
the object inrelation to the axis of rotation being considered

v e v h\ v
l o= | :

IF THERE IS NO THE PARTICLE IF THE PARTICLE
SPECIFIED AXIS, CAUSES THE ROD HITS THE AXIS,
WE CAN'T SAY TO ROTATE, SO IT IT WILL NOT

IF THE PARTICLE MUST HAVE ANGULAR CAUSE ANY

HAS ANGULAR MOMENTUM RELATIVE ROTATION
MOMENTUM TO THE AXIS
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Conservation of Angular Momentum

¢ Aswithlinearmomentum, angularmomentumis always conserved
¢ The principle of conservation of angularmomentum states:

The angular momentum of a system always remains constant, unless a net torqueis
acting on the system

* This conservationlaw has many real-world applications, forexample
o Apersonon a spinning chair spins fasterwhile theirarms andlegs are contracted and
slowerwhile extended
o QObjectsinelliptical orbits travel faster nearer the object they orbit and slowerwhen
furtheraway
o |ceskaters can change theirrotational velocity by extending or contracting theirarms
o Tornados spinfasteras theirradius decreases

SMALLER MASS DISTRIBUTION
AROUND AXIS OF ROTATION =
SMALLER MOMENT OF INERTIA

GREATER MASS DISTRIBUTION
AROUND AXIS OF ROTATION=
GREATER MOMENT OF INERTIA

SMALLER RADIUS =
HIGHER ANGULAR
VELOCITY

LARGER RADIUS =
SMALLER ANGULAR
VELGEIY

[}
AXIS OF
ROTATION

ANGULAR MOMENTUM = CONSTANT

Ice skaters can change theirmoment of inertia by extending or contracting their arms and
legs. Due to the conservation of angular momentum, this allows themto spin faster or
slower

¢ Problems involving a change in angular momentumcan be solved using the equation:

Lo = Lo,
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* Where:
o I}. =initial moment of inertia (kg m?)

o a)j,zinitialangularvelocity(rad s7)
o If=ﬁna| moment of inertia (kg m?)

° W= finalangularvelocity (rads™)
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9 Worked Example

The diagram shows the different positions of a diver between jumping off a
springboard and entering the water.

During theirfall, the diver pulls theirarms and legs into a tight tuck position while in
the airand straightens them before entering the water.

Which row correctly describes the changes to the diver's moment of inertia and
angularvelocity as they bring theirlimbs closerto theirbody?

moment of inertia angular velocity
\ Al |  increases | increases
B. decreases increases
C- increases decreases
D. decreases decreases
Answer: B

« Afterthediverleaves the springboard, thereis nolongeraresultant torque
actingonthem
o This means theirangularmomentum remains constant throughout the
dive

* Duetotheconservation of angularmomentum:
I},a)f, = Ifcof = constant
* When the divertucks theirarms andlegs in closer to theirbody, they decrease

theirmoment of inertia
o This eliminates options A& C
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* Therefore, to conserve angularmomentum, when the diver's moment of inertia
decreases, theirangular velocity mustincrease

9 Worked Example

@
Aspherical starof mass M andradius Rrotates about its axis. The starexplodes,
ejecting mass in spaceradially and symmetrically. The remaining staris left with a

| 1
mass of EM and aradius of ﬁR

Calculate theratio of the star's final angularvelocity toits initial angular velocity.

2
The moment of inertia of a sphereis 3 MR?

Answer:
* Beforethe starexplodes:
o |nitialmoment ofinertia.fj. = — MR?

o Initialangularvelocity = @,

* Afterthe starexplodes:

201 | 2
o Finalmoment of inertia, Ir = g(ﬁ M)(E R]

o Finalangularvelocity = @,

e Fromthe conservation of angularmomentum:

I:.a)!. = I!mf
(EMRZ = (2 L v ( l RZ
B =\5* 0™ *\ 50
2 _
M“’ (;)‘/) 25000 “

¢ Therefore, theratio of the star’'s finalangular velocity toits initialangular
velocityis:

o,
— = 25000
OF
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Angular Impulse

* Inlinearmotion, theresultant force on a body can be defined as therate of change of linear
momentum:

Ap

F=7

s This leads to the definition of linearimpulse:

Anaverageresultant force F acting fora time A f produces a changeinlinear
momentum A p

Ap = FAt = A(mv)

« Similarly, the resultant torque on a body can be defined as therate of change of angular
momentum:

AL
T Ar
* Where:
o t=resultant torque onabody (N m)
o AL =changeinangularmomentum (kg m?s)
o At=timeinterval(s)

» This leads to the definition of angularimpulse:

Anaverage resultant torque 7 acting fora time A t produces a changeinangular
momentum AL

AL = At = Allw)

+ Angularimpulseis measuredinkgm?s-',orNms
« This equationrequires theuse of a constant resultant torque
o Iftheresultant torque changes, then an average of the values must be used

« Angularimpulse describes the effect of a torque acting over a time interval
o This means a small torque acting over along time has the same effect as a large
torque acting over a short time

Angular Impulse on a Torque-Time Graph

» The areaunderatorque-time graphis equalto the angularimpulse orthe changeinangular

momentum
o Thisis becausethearea, angularimpulse,is a fraction of the base x height, torque x
time, AL = At

o Thefraction of torque x time depends upon the shape of the area under the graph
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TORQUE / Nm

kAHEA = ANGULAR IMPULSE

= CHANGE N ANGULAR

MOMENT UM
When the torqueis not constant, the angularimpulse is the area under a torque-time graph

TIME / 5
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Worked Example

The graph shows the variation of time t with the net torque 7 on an object which has
amoment of inertia of 6.0 kg m?.

t (Nm) A
10
5
1 2 3 4 5 t
5

Att =0, the object rotates with an angular velocity of 2.0 rad s~! clockwise.
Determine the magnitude and direction of rotation of the angularvelocity att=5s.
In this question, take anticlockwise as the positive direction.

Answer:

* Theareaundera torque-time graph is equalto angularimpulse, orthe change
in angularmomentum

A= T
t(Nm) A |
o Area = A(lw)
1 ) Positive
| ___Ex10x3—']5 Nms angular
. A impulse
I _5 X 2 = -10 NmS
> -
y 2 3 7 5 t(s)| Negative
. [ angular
impulse

1
» Theareaunder the positive curve (triangle) = 5 X10x3 = 15N ms

¢ Theareaunderthenegativecurve(rectangle)=—5X2 = — 10N ms

Therefore, the overallchange in angularmomentumi is

AL =15—-10=5Nms

Thechangein angularmomentum is equal to
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AL = K(ls) = [o,- w)

* Where
o Momentofinertia, I = 6.0 kgm?
o |nitialangularvelocity, @, = -2.0rads™ (clockwiseis the negative

direction)
s Therefore,whent=5s,theangularvelocityis
6% (@, = (—2)) =g

Gmf+(2x6)=5

6w,=5 - 12

— _7 —
.= ? = —1.17

Anti-clockwise is positive, so @, = 1.17rad s™'in the clockwise direction

@ Exam Tip

-
Many applications for angularimpulse willbe related to sports. These are similarto
thelinearimpulse topic.
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Work Done & Torque
Work Done by a Rotating Object

* Workhas tobedone on arigid body when a torque turns inthrough an angle about an axis
o Forexample, rotating cranes and fairgroundrides

* Insystems with linearacceleration, work Wis the product of the force and the distance
moved
* Therefore, the work done for a rotating object is defined by the equation

W= 10

* Where:

o W=workdone(J)

o T=torque(Nm)

o @=angulardisplacement (the angle turned through by the rotating object) (rads)
* Work can also be calculated by finding the area under a torque-angular displacement

graph

Torque-angular displacement graph

AREA =

TORQUE T /Nm WORK DONE

® /rad
ANGULAR DISPLACEMENT

The work doneis the area under the torque-angular displacement graph

» This is analogous to the work done being the area under a force-displacement graph

Power Output of a Rotating Object

* Poweris therate of doingwork, andis defined by

P_AW_&‘:B_ AO
T At At At

P= 10

¢ Where:
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o P=power(W)
o @=angularvelocity (rads™)
* This equationis the angularversion of thelinearequation P = Fv

¢) ExamTip

-
Don't forget that dis always in radians when you're doing conversions fromrevs s~
orrevmin~',
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Frictional Torque

In rotational mechanics, frictional forces produce a specific torque called frictional torque
o Thisis the torque caused by the frictional force when two objects in contact move past
each other

Frictionaltorque can be defined as:

The difference between the applied torque and theresulting net, or observed,
torque

This means that the net torque is the sum of the applied and frictional torque
Net torque = applied torque + frictional torque

In rotating machinery, power has to be expendedto overcome frictional torque
o Thisis duetoresistive forces within the machinery
In most cases, frictionaltorqueis minimised to reduce the kinetic energy losses transferred
toheatandsound
However, sometimes a frictional torqueis applied, such as whenusing a screwdriver
o When a screwdriveris gripped and turned, this increases its rotational kinetic energy
The frictional force must always be added to the torqueresulting from a force to get
the total torque inthe system
Frictional torqueis calculated using the same equations as torque

F— IT— I

The only differenceis Fis the frictional force instead of an externally applied force
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> Worked Example
@

The figure below shows a type of circular saw. The blade is driven by an electric
motorand rotates at 3100 rev min~' when cutting a piece of wood.

A constant frictional torque of 2.7 N macts at the bearings of the motorand axle.

SAW BLADE- «WOOD
_ 45N
o o
o ‘ 22cm

CASING AND
GUARD NOT SAFETY
SHOWN BRAKE

Ahorizontal force of 45 N is needed to push a piece of woodinto the saw. The force
acts on the blade at an effective radius of 22 cm.

Calculate the output power of the motorwhen the sawis cutting the wood.
Answer:
Step 1: Calculate the torque onthe sawblade

T=Fr=45x022=99Nm
Step 2: Calculate the total torque

Totaltorque = torque on the saw blade + frictional torque
Totaltorque=9.9+2.7=12.6 Nm
Step 3: Calculate the angular velocity
Trevolution = 2mradians
3100 revmin~'=3100 x 21

min-'ssec =+ 60

27
3100 rev min~! X o0 - 324.63 rad s™!

Step 4: Calculate the output power

P =10

Page 38 of 51
For more help, please visit www.exampaperspractice.co.uk




7=

EXAM PAPERS PRACTICE

P =12.6 X 324.63 = 4090.338 = 4100 W
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Rotational Kinetic Energy

* Abodymovingwith linear velocity has an associated linearkinetic energy given by

I

A 2
Ek zmv
_ P
e

* Similarly, a rotating body with angular velocity has an associated rotational kinetic energy
given by

1
B, = Efmz
LZ
Ek = E

¢ Where:
o Ek =rotational kinetic energy (J)

o I =moment of inertia (kgm?)
o @ =angularvelocity (rad s
o L =angularmomentum (kgm?Zs-1)

Rolling without slipping

¢ Circularobjects, such as wheels, are made to move with bothlinear and rotational motion
o Forexample, the wheels of a car, or bicycle rotate causing it to move forward

* Rollingmotion without slippingis a combination of rotating and sliding (translational)
motion

¢ When a discrotates:
o Eachpointonthedischas adifferentlinearvelocity dependingonits distance from
the centre ( V r)
o Thelinearvelocityis the same at all points on the circumference

¢« When adiscslips, orslides:
o Thereis not enough friction present to allow the object toroll
o Eachpointonthe objecthas the samelinearvelocity
o Theangularvelocityis zero

So, when a discrolls without slipping:

Thereis enough friction present toinitiate rotational motion allowing the object to roll
o Thepointin contact with the surface has a velocity of zero

The centre of mass has avelocityof v = @r

Thetop pointhas avelocityof 2v or2 or

o]

o

o]
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ROTATION | + | TRANSLATION |

ADD TOGETHER
—

CAMCEL QUT

—— V= 2ar
d{z?/’

\ -§V=m

e
V=0

Rolling motion is a combination of rotational and translational motion. The resultant velocity
at thebottomis zero and theresultant velocity at the topis 2v

Rolling down a slope

(usually a ball ora disc) rolling down a slope

E
p

Anothercommon scenarioinvolving rotational and translational motion is an object

Atthe top of the slope, a stationary object will have gravitational potential energy equal to

mgAh

As the objectrolls down the slope, the gravitational potential energy will be transferred to

both translational(linear) androtational kinetic energy

EK fotal

BALL HAS
GPE ONLY o

INITIALLY

mgah

-

At the bottom of the slope, the total kinetic energy of the object will be equal to

1
Emvz + —Io?

2

BALL GAINS BOTH
TRANSLATIONAL AND
ROTATIONAL KINETIC ENERGY

7 2
Extora = E ma’r

MOMENT OF INERTIA
(SOLID SPHERE): | = 2 2
5

The GPE store of the ball is transferred to the translational and rotational kinetic energy
storeas it rolls down the slope

« Thelinearorangularvelocity can then be determined by

o Equatinng andEK -

o Usingthe equation for the moment of inertia of the object
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o Usingtherelationship between linearand angularvelocity v = @r

* Forexample, foraball (a solid sphere) of mass m andradius r, its moment of inertia is

2
I—gmﬂ

* Equatingthe equations for Ep andE

K total and simplifying gives

1 1(2
i S 2
mgAh 2m(aJr) + Z(Smﬂ]a}

1 1
mgAh = Ema)zr2 + gmaﬂr’z

7
mgAh = Emaﬁﬂ

Page 42 of 51
For more help, please visit www.exampaperspractice.co.uk




=

EXAM PAPERS PRACTICE

> Worked Example

A student carries out an experiment to determine the moment of inertia of a
turntable. The diagram shows the turntable with a smalllump of gum held aboveit.
An optical sensorconnectedto a data recorder measures the angular speed of the
turntable.

OPTICAL
SENSOR

Theturntable is madetorotate and thenitrotates freely. The lump of gumis
dropped from a small height above the turntable and sticks toit. The results from
the experiment are as follows.

massofgum=9.0g

radius atwhich gum sticks to the turntable =117 mm

angular speed of turntable immediately before gumis dropped = 3.28 rads™
angular speed of turntableimmediately after gumis dropped =3.1Trad s™!

Calculate the changeinrotational kinetic energy of the turntable and gum from the
instant before the gumis dropped untilimmediately afterit sticks to the turntable.

Answer:
Step 1: State therotational kinetic energy equation before the gumis dropped

+ a=3.28rads™'(before gum dropped)
e wp=31rads™ ' (after gumdropped)

{"language":"en","fontFamily":"Times New
Roman","fontSize":"18","autoformat":true}

Step 2: State therotational kinetic energy equation after the gumis dropped
» Thegum hasits owninertia, which must be added to the totalinertia

{"language":"en","fontFamily":"Times New
Roman","fontSize":"18","autoformat":true}

Step 3: State the difference between therotational energies equation
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{"language":"en","fontFamily":"Times New
Roman","fontSize":"18","autoformat":true}

Step 4: Calculate the moment of inertia of the turntable

¢ Fromthelaw of angularmomentum, the angularmomentum of the turntable
before the gumis droppedis the same as the angularmomentum after the
gumis dropped

* [=angularmomentum of the turmtable

*» m=massofgum=9.0g

» r=radius atwhich gum sticks to the turntable = 117 mm

{"language":"en","fontFamily":"Times New
Roman","fontSize"."18","autoformat":true}

{"language":"en","fontFamily":"Times New
Roman","fontSize"."18","autoformat”:true}

"

{"language":"en","fontFamily":"Times New
Roman","fontSize";"18","autoformat":true}

"

{"language":"en","fontFamily":"Times New
Roman","fontSize":"18","autoformat":true}

{"language":"en","fontFamily":"Times New
Roman","fontSize":"18","autoformat":true}

Step 4: Substituteinthe values

",

{'language":"en","fontFamily":"Times New
Roman","fontSize":"18","autoformat":true}

T

{"language":"en","fontFamily":"Times New
Roman","fontSize":"18","autoformat":true}
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Flywheels in Machines

s Flywheels areusedin machines to actas an energy reservoir, by storing and supplying
energy when required
« Theyconsist of a heavy metal disc orwheel that canrotaterapidly and so has alarge
moment of inertia
¢ This means it has:
o ahighmass
o alargeradius
* This means once they start spinning, itis difficult to make them stop
¢ Anexampleis a treadle (pedal) sewingmachine
o This consists of a big flywheel, connected to a small wheel by a rope which drives the
sewing machine
o Apedalis pressedwhich causes the flywheel torotate, and alsorotates the smaller
wheel which drives the machine
o When the pedalis not pressed, the smaller wheel will still rotate for some time due to
the energy stored inthe flywheel
o Thisis because the flywheel has stored the rotational energy, which it can now transfer
for some time after thereis noinput. This is used extensively in machines to control
energy transfers

Application of a flywheel in a treadle sewing machine

A flywheel is usedin a treadle sewing machine to create motion, even when the pedal is not
pressed
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¢ Flywheels are primarily usedin engines in vehicles where they accumulate and store
energy
* Asitspins,itsinputtorqueis convertedintorotational kinetic energy whichis stored in the
flywheel
o Thisis aresult of resisting the changes torotation
o The greaterthe moment of inertia of the flywheel, the greaterthe energy stored
o This means a hoop (wheel)-shaped flywheel (I = mr?)is preferred over adisc-

1
shapedone (] = Emﬂ)

Flywheel shapes: a uniform solid disc and a spoked wheel

I= %Mﬁ2 I=MR?2

Neglecting the mass of the spokes and axle, a disc-shaped flywheel has a smallermoment
of inertia than a wheel-shapedone

+ Theseflywheels were often fitted in large Victorian steam engines used in pumping
stations and textile mills
o Theyhada hugerim fitted with spokes
o This gave a greatermoment of inertia than if the same mass hadbeenusedto create a
solid disc flywheel of the same diameter

« Aflywheel transfers just enough powerto a wheel to overcome frictional torque as it
rotates

e When poweris neededto therest of the engine, the flywheel canreduceits speed and
transfer some power

¢) ExamTip

-
Questions about flywheels involve calculating torque and moments of inertia, so

make sureyou're confident with these calculations. Flywheels are just one common
application of torqgue and moment of inertia
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Flywheels for Production Processes
Uses of Flywheels

* Flywheels areusedto:

o Smooth out fluctuations in rotational speed/ torque/power(such as invehicles)

o Storerotational kinetic energy
Smoothing Torque & Speed

* Powerinan engineis not produced continuously, only in the ‘power stroke' or'combustion’

part of an engine cycle, soitis releasedin bursts
o This causes an engine to produce a torque that fluctuates

* Thetorque makes the flywheelrotate, moving a vehicle forwards

« [fthetorqueis uneven,itwill cause ajerky motion and unwantedvibrations willoccur. This is
awaste of energy anduncomfortable forthe passengers

* Theflywheeladdedwill speedup or slow down over a period of time because of its inertia
andas aresult, the sharpfluctuations in torque are ‘'smoothed'

Uses of a flywheel in afour-cylinder engine

*FLYWHEEL

Flywheels smooth out the rotation of a crankshaftin a four-cylinder car
* Thegreaterthe moment of inertia of the flywheel, the smaller the fluctuationin speed

Regenerative Brakingin Vehicles
* |nconventional braking(say, on a bike), the kinetic energy store of the vehicle is transferred
as waste through to the thermal energy store
* Instead, when regenerative brakes are applied, a flywheelis engaged and will'charge up'

by using the energy lost by braking
o When the vehicle needs to accelerate later, the energy stored by the flywheelis used

todo this
* Thesesystems are sometimes called 'KERS' (kinetic energy recovery systems)

Diagram of aregenerative braking system
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MOTOR —

FRICTIONAL .
BRAKE DI:I

é
eVt

Aregenerative braking systemuses a flywheel which charges up from the energy lost by
braking

FLYWHEEL

i

I

Production Processes

* An electric motorinindustrial machines can be used along with a flywheel

* Themotoris used to charge up the flywheel, which can then transfer short burst of energy
(such as needing to connect two materials togetherin a riveting machine)

* This prevents the motor from stalling, and a less powerfulmotorcan be used

Factors Affecting the Energy Storage Capacity

* Themass of the flywheel
o Sincethemoment of inertia, | is directly proportionalto the mass, m, as mass increases
themoment of inertia alsoincreases
o Therotational kinetic energy is directly proportional to the moment of inertia, so this
alsoincreases
* Theangular speed of the flywheel
o Therotational kinetic energy is proportional to the square of the angular speed
o Iftheangularspeedincreases, therotationalkinetic energy stored alsoincreases
» Friction
o Althoughthey are very efficient, flywheels can stilllose some stored energy as friction
and airresistance between the wheels andits bearings
o Thefriction can bereduced by:
= |ubricating bearings
= Usingbearings made of superconductors, so the flywheel can levitate and have
nocontact
= Usetheflywheelin avacuum orsealed containertoreduce airresistance
* Theshape of the flywheel
o Forasoliddiscofradius R, thickness t, mass M and density p

M = pV = nR2tp

o Themoment ofinertia about the axis of rotation fora discis
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1 1
I=s—=—MRt= E(Hthp)Rz = E(mp)R“

B | —

o Therotational kinetic energyis therefore

1
Ek = Efmz

1{1
= —| = 2
E, 2(2(mp)R“)w

o Sincetandpareconstant
E, « R’

o Therotational kinetic energy stored therefore depends onthe moment of inertia,
determined by the shape of the flywheel

9 Worked Example

®
Amoving bus is powered by energy storedin a rapidly spinning flywheel. The bus

travels downhill.

Suggest two advantages of keeping the flywheel connected to the driving wheels
when the bus travels downhill.

Answer

e Theenergythatwouldbe otherwise dissipatedinthebrakes is now fedback to
the flywheel

» Theflywheelstores this energy andit will be usedlaterwhen the bus is
acceleratingagain
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> Worked Example
@

Aflywheel of mass M andradius Rrotates ata constant angular velocity @about an
axis throughits centre. The rotational kinetic energy of the flywheelis EK.

1
The moment of inertia of the flywheel is 3 MR2.

1 1
Asecondflywheel of mass 5 M andradius 5 R is placed on top of the first

flywheel. The new angular velocity of the combined flywheels is 3 .

Flywheel [] i

Rotation axis

Whatis the new rotational kinetic energy of the combined flywheels?

2 4 T8 24
Answer: A

» Thekinetic energy of the first flywheelis

1 1 1
= =Tk = — x| = 2 2
EK 2!0) 2><(21"vj'R)><a)

1

— MR2
EK 4MR(D2

* The combined flywheels have a totalmoment of inertia of

I =Il+12

new

I —lMR2+llM(lR2
new = 2 2\27)\2
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¢) ExamTip
= A question might ask about the function of a flywheel, or an application. These are
two different things.

Thefunction is why we use a flywheel - this is to store rotational kinetic energy. An
application might be degenerative braking
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